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PREFACE, 



IN the following Treatife are laid dy&m 
the Principksjhr the Menhration ^Mag-- , 
miutky "with Jkeh othelt Parts of the Ma^ 
tbeinatfcks i>nly^ as are neceffaril) kading there'- 
/fe, and their Appiication in the ^iDefiigating 
and Demmfirating the federal theorems for. 
mtajkrtng tho/e plain Surfaces and Solids^ which 
ihtfre immediately belong to Gauging : 7be whole 
being origfnaify dejigridfor the benefit of the 
Officers of the Excife, that they might not only- 
be^^cyuainted with the mojl eafy and exaB Me^ 
tbods fot Pra^icey but be at the fame time cer-^ 
titmof^'^rulb of the Rules made ufg of 

i^att biAs been taien t^ 4tvoid meddling with 
the* Methods pra^ijed b^Jbme others -, or any 
way to be concerned in refutir^ their Errors ; 
t^fit i)efe the Unfy bufnefs ils^ to give the ne^ 
f^'ary Rules for the juji and ready PraSiice df 
thf Ar't ^G^u^ing\pewing the' Manner of co^ 
Mtngatthofi Rules^Jrom Principles within them* 
filfdeifhe fn^ferfe^ of all iuman Knowledge i - 

For that Endy if is hoped^ every thing here 
treated ^ i's esfptain'd in jo eafy a jnanner^ as to 
• A be 
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be within the reach even of Beginners^ that 
iViH give thai Attention which is unawidahfy' 
required in the Study of every Part eftbe Ma^\ 
tbematicks : And it may mtkfafety be (ijirm^d^ 
that withofft a competent ^kiU i% AJgebra nffd 
Geometry^ it is ai^uteJy impoj^lefor amy P^r- 
fontb determine y nvbetber the Rules given by 
common Writers upon this SubjeSl be true orfalfe^ 
and kiucbhfito make avy {evc^ the leqfi) fme 
provement in this Part ^f Science. 

Tho' the Pra&ice .^ Gaugipg may be ai*^ 
loiwed to be a fuffident ^sfaltficatimi for yw- 
ry .Officer I Tet^ *tisv>eU knwmfrom commm 
Experience t that ^ by far the great eft Part i^ 
themy neither iv^t Abilities to underjiand^ $r 
Ambitim^ tif have a reafonable Proof of the 
Truth of the Rules, and Jjdetbods ^. wbkb tbt 
PraBice is founded^ \ . 

And as no Writer hitherto has thm^ht jit 
to give both the Theory and Praftice of Cm^t 
ing in one and tie fume Booi^ I hope that mayh 
be Igpk'd m as a fufficient Apology for my Vn^ 
dertflking to do what I here ^er^ npb$(;b is di^. 
Vfded into three Parts^ , . 

. ^he.frji^ ^ as an IniroAidiiofi io \tbe others 
parts ^ containing the Method of xomputing de^. 
cimaifyy by the Pen^ with all the uftful Con^ 
tra^ons : And by the Sliding-^fttde v^th itSi 
ConftruSlions^ and a very full and .particular 
Account of its Ufe^ together with the Reafini of 
^hejeyeral Oj>eratigns made by eqcb Method. 
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• -fe tht ftcmi Part^ ^ert are pnt tf the, 
primary Principki ^ plain Ge&metry^ with, 
tbofe of the Cokic Sextons ^ m preparatory ttf 
wbitt foUov)s* : Where fuch genial Prop^ions^ 
J^^ the Meafming x^ Plant Surfaces And So^ 
Mds^^ireiaidJmn^ that the Pukfformeft of. the 
a^mmon mes^ are deduced by way afCeroUar^s^ 

2bu have here particular Psilts for Me^^ 
ration of all right-lined Plane Surfaces i Ctr^^^^ 
cles, Conic SeBiom^ and for Solids^ fiicb as ParaU 
kldpipedomi Prifms^ Conoids, Spindlesf with the 
Segments and Fruflums of tbefe t Some of thefe 
perhaps were not publifhed before ^ Jiich I fip^^ 
pofe^ art the Series for the Circle {in Pag. igo,)^ 
for the liyperbola {in Pagk 109.) and the Theo^ 
rems for miafidring the Circular^ Elliptic ^ and. 
Hyperbolic Spindles {in Pag. 156. ) T'hen are 
given the Invejiigation of fheorems^ for redu^ 
ci^g ^je Ssiids nearly into Cylinders of the 
JameL^tb: From whence is deduced, occa^ 
Jfonalfy^y the common fxed Multipliers, andjloewn 
how far they may be depended Upon^ in the 
Pr4xSiceff Gauging. Next, a general Theorem 
is given, for the Menfuration of all Pyramfdi-^ 
cm or Qmic Hoofs, and the fame is accompUfS d 
in the three Ha^s of an upright Cone, and 
that of the Square Pyramid : On this depends 
the method rf Gauging an inclined Pyramidical 
Cornell ^un. . 

:'^ lifen the Method is fbtwn of Meaftiring by 
Appn^imation, which, ^ if brought into Vfei 

A 4 would 
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mmid rei^'der the Art ^Gauging far nitre (M* 
pleat ^ than it has ie^n hitherto : For by tbii 
Metbody the Meafure of any.CaJk^ Tun^ Qf^ 
per^ or Still may be found within any dtfired 
Degree of^ruth^ and that by only taking a fuf- 
ficient Number of Dimenfons^ n»bicb will ever 
be lefs than what is required in the common me* 
thods of gauging Coppers, and the Conclufons ^iU 
be much nearer the ^rutlx Butjor Cafits:^ 
there /j, befides the ufual Data, required only d 
Diameter in the Middle between the Head and 
the Bung 5 from which the Form of the Cajk^ 
infome Degree, is determined. 

^his perhaps may dtfirji be looked upGft as a 
Dejign to introduce No*oelty in a Matter ficfflr 
ciently confirmed by Experience, and by that 
means be rejeBedas a fpeculative Nicety. 

But if it be confidered that the prefent Prac^ 
tice of Gauging depends upon afjigning fomt 
kntmn Form to the Tun or Cafk to be gauged % 
and without ajj'uming that Form^ we cannot 
make one Step towards computing its Mta-- 
Jure : So that if we are not exaB in our Af^ 
fnmptiony it is not pojfible we Jhould be exaSl 
in its Content. And it may be with truth 
ajirnidy that there never was^ p'iSifyJpeaking^ 
a Cafk in the Shape of any one of thofe Solid 
Figures whofe Names they bear ; fnce it never 
could happen Jo, unlefs perfeSlly by Accideta % 
The Maker handing tut thought of denning them 
as Juch'y and bejides, fiiould a Qapi app^oack 

nearly 



PREFACE H 

murfy^n Figure U fitch a Sitidj yef the Officer 
has m manner tf Rule to aji/i Um in afier^ 
taining the fame I fi that it is bit mere guef 
fatg at heft^ 

But kf the 'Method I here propqfk^ there h 
ahwayi a Certainty y ejtber to have the CofOent 
€»a£tfy true^ or exeeedin^hf near the Truths 
wither is^ there any Difficulty ,m taking the 
fourth Jyimenjim required among the Ihtziond ' 
the OperatiM will he very eafy by the Sliding^ 
BuJer^ 

Tie third Part ofthi$ Book is ivholfy taken 
up with the FraStice of Gauging 5 arid is on-^ 
fy a more full and particular Illujhation of 
ncbat was delivered in the Second Part : The 
Meafure here being efiimated by Gallons ot. 
Bujhelsy whichy there^ were Cubical Ikcbes. 
-Hm^e isjhewn the Manner of Cajk-Gauging j 
Firfiy on the Suppo/itim of a Cajk hai)ing a 
known Form : Secondly j Without any Regard 
to the Form^ by the Help tf a Fourth Dimen^ 
fiM taken yfo that every one may folhw ttaf 
^whichjiems to him hefi. 

Then the PraBice oflJllaging Cajksjlanding 
or fyif^ is delivered in a Method^ which wilt 
befoul more univerfal and exaEl^ than what 
is given for that Purpofe^ by the Line mark'd 
S^. fta. cr Seg. ty. ( which fgnifiet Scgmcnte 
ibfiding^ ^r S^ments lying) on the Slidir^ 
Muieri which certainty can ferve but one fort 
^ C(^s^ and thut mujl ^ fimilar to the 
" Ca^ 
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Ca^^ from v)bena ibi Lines tbemfelves were 
made. 

Afternvardi fdhws the fever al Rules and 
Precepts for Gauging Tuns^ Coppers^ Stithy 
Cifiernsy 6cCi mth Eitafnpks ht large to each 
And that nothing might be wanting on iny Part 
to render this I'reatife as compkat as poffibly 
I iouldy I have carefully confulted all that 
b4s been wrote hitherto upon the SubjeSt^ and 
particularly J. Kepler^ Pi Gpildin, J/Wallis^^ 

W. Jones, Sharp,^ and J. Mat, Hafius; be^ 

ing the mofi conjiderable Authors who have de- 
iivered, any thing to the purpoje about this Af^ 
fair^ and at the fame time have demon/lrated 
the Rules they gave. 

From thefe I have feleBed whatever was 
thought might conduce either to the Improvement 
cf the Pradiice of Gauging^ or that might make 
the Reafon of the Methods already given more 
eafy to be comprihended. ' ^ 

And as to the Way taken in finding out 
the feveral Rules herein delivered^ 1 have not 
fcrupled to make ufe of either the Arithmetic 
^ Infinites^ or the Method of Increments^ ac^ 
cording as I imagined the one or the other 
would render the Inveftimtion the moji eafy* 
Jn this I have followed the Example rf one of 
the ingenious Authors above-^mentioned^ whofe 
judgment in thefe Matters will never be doubt* 
ed^ he having deduced the Solutions of feveral 

Pro- 
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]Prapofitipm in his, §ynopfis afi^r the fif^ 
planner. 

J b^e the Reader mil. fimurably fa^ mer 
^«y Inaccuratj^ of Siiyk M may p^bfy imet 
mth^ and €xcufe fuch Brrors as t^.cffof HC^ 
im.in ^ubjeSis of this Nature. 



Oaobcr 3P, 1740, 
fmlani-Jh^etf^ Cornrf 
of Mfrimer'-JireH^ 
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• The Theorem, ^.272. is deduced from Cok 2. 
Page 191. thus, Jet MN»»i {Fig. 74.) be any Part of 
the Fruftum of a Sphere, and nrV a Diameter there* 
of, in the Middle betwixt the extreme ones MN,«w, 
continue nm^ and thtcf m' draw a Line pcrpendicn^ 
lar to M»,MN, let it meet the firft in R» the other 
iny, and the Circumference in P; alfo put »«=gr, 
MNsx*, Oa=/, Rf :?5/, jPrs?;, and nifn':=M the Mid. 
Diam, then by Corol. 2. Page 191. theMeafureof 

M)»»N=y*^-4»»^:.^» X 7* . Ndw 'tis manifcft 

from 3. EhcI. 36. feir>cR»=RPx w'P ;' alfo by the 
3S of the fame Elements^ w'jxjPisMjx^ 5 but 



Rto'.= ^, alfo«/^=-7^ ?i' = «^' M? = ^^ 

jNaciv^* — ?s---22?, hence the above E- 

quations &vt ^ x^ = '"^ = i+ v X ^ 

end ' '' " =v% -^ the latter taken from the for-' 
4 * 

tner leaves 7—^ ss y* therefore 4»*«4/*4W 

*^*+J^*> put this for .4JW* in the above Exprcflion^ 
then we nave the Meafure of Mj»»N g^ 

^*-♦-y*+4/*^-2^*+2^* x4 -^^+^ Xii/iqi 
cubic Inches, w ^:!i2! ^ilx/x,oo34. ^ £. O. 



2 



THofc that are inclined toliavetheSHdlng-Rule^' 
as conftrufted Page 240. may have it accu- 
rately made by the ingenious Mathematical Inftru- 
ment-makers, MrJJobn CoggszxA Mr. William tfyetb^ 
near St. I>u7^aif% Qhurch in Fleetjlmi, 



:■ © ^ g^.*' ^^ ^ /<^ ^^^^ 
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ERRATA. 

Tiyfge 3. Suii^for /^y three, read 3. four. P, 14, /. 28. n 
-^ + -^. ^.14. /. 20. y^r-^, r. -T^ . ;^. 15. /. 5,'6, 

7, 8, 9, 10. /^r r4r, r. r4 #. /. 6. r^-^' • /;» 19* AaSv 

/cr right, r. left. p. 34. /. 31. fof J^,'':?^,- r.^V> '/c^ /^. 35- 
/. 2t.far on, - r,.to. ^. 37. ./..l8./or l^- r. 36. /, 31. r. 
firft, I. on. p. ^9. /[ 9. r. reprefented by a. /. 18. r. di- 

ftance. ^.42li.\. r. — x — x — ==• ^- 45- 'i iQ. fol" 

C, r., f. y^r — 2L : r. r. iLia-^rh: c. p. ^g. I i.for — ' 
fy,=. ^.50. Li^.fir proportionals, r. Propofitioni. p.^i:L 
29. for ^, r. /. p. 52. /. 4. y^r L, r. /. ^ 53.,/. 26. rf^& 
each of. ^. 55. /. 8. for their Divifion, r. Divifors. /. 57, 
/. 31. r. furface.^. 64. /, 19. for B^ *tis, r. B and dc drawn 
'tk, ^. 66. /, 5, for AG, r. AP. p. 67. refer to Fig. 17, 
'lU, A 34. r. the half Sum. p.^t: /. 16^ r. Fig. 2r.* /; ult. 
f'. rijghtLine?. /^: 83:^1 19. r. an Hyperbola. ^. 86. /. 6. 
Ibr ^, r. 5. p.'Sj. Lij. for r^'-^2, r.v^-^5.* />! 88v/. 2: 
for r. r. «. /. 16. for o^ r. a. ^.92. L 4.. y^r jxiki, r. 
♦l-f-i-|-i. P'90. i. 20. ijf^A are. ^. 109. /. 10. for-mv^ -Xm. 
mv'^. />. no. /. 18. for foil. r. above., p. 115.' /, 3. /^r 
'iquare, r. folid. j&. 121. /. 33. -/^r and^r, add. ^» 125. i 
antepenult, for fruftum, r. conoid, p, 126. /. 6. y2>r conoid, 
r. fruftum. ^. 128. /. 13. for 216. r. 816. p. 136/A i8,/^ 
2.3. r. I. 3. j)* 141. /. I4.y^r r^i, r. 3^*. /. ij.forzKy^.oz 

;-:-4«;*, r. j^/^2— 4z%. /. 142. /. 12. for — , r. — .- i 

^2 .12' 

144. /. 5. for^. r. q, p. 152. 1, 7, for refpeclively, r. on r 
icfpeftively; p. 156./. 10. for —^ r. -f. , /i. 159 /. 71 
fory=.24, r. A~24. p. 165. /. 2.' for 6m^, r 6^. /. 3. 
•^r /- X T^^, r. TT X -J§. ^. 173. /. 19. after ifofcelea, r. and 
the bafe circular, p. jjb. / 9. for D, r. d. j>. 183. 
^A/6. /^r Hoof, r. Fruftum Ho J. p. 192. /. 13 /^r lafl^ 
y, I V. /. 26. r.. Axis of the Section, p. 193. /. 7. /^r WB, 
r. W= B. /. 8. for Line, r. Cone. /►. 194. /. 25.y^rmti€h^ 
r. little. />. 199. /. 27. for ^8. r. 59. 
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C H A P. J. 

Of Decimal FraBio^. 

?Ec I M A L Fraftions are of fuch great Im- 
portance not only in Gauging, but all 
kind of numeral Computations, where 
Fraftions are concerned, the Operations 
being performed with the fame eafe as by whole 
Numbers only •, and the SUding-Rule, on which 
the Praftice of Gauging fo much depends, being 
decimally divided, it feemM unavoidable in this 
Treatife to give a (hort Account of Decimal Aritb- 
fnetick. But fince in the common Occurrencies in 
life, the Integer is feldom decimally divided, for 
a Pound Sterling is divided into 20 equal Parts, 

B each 
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each of which is one Shilling ; a Shilling into 12 
equal Parts, each of which is one Penny -, and 
each of thefe again into four Parts, each of Which 
is one Farthing : So a Foot is divided into 12 
equal Parts, each of whjch is one Inch 5 a Year 
into 365, each of which is one Day, and fo on. 
We muft therefore in the fkft place fay fome- 
thing of dividing an Integer in general ; for every 
"Whole may be conceived as divifible into any 
Number of equal Parts, any Multitude of which, 
lefs than the Whole, is in general (properly; calPd 
a FraSion. But it is manifeft in order to form an 
Idea of the Magnitude or Value of any given 
Number of Equal Parts of any Whole, we muft 
not only know into how many Parts it is divided, 
but alfo how many of them we would exprefs 5 
thence jt is, that to denote any Fraftion, we are 
obliged to ufe two Numbers, each of which has 
its peculiar ofiice, the one to fignify into bow many 
equal Parts fhe whole is divided, called the D^- 
nominator ; and the other the Number of them we 
want to exprefs by the Fraftion, called the Nu- 
merators the latter of which is ever placed above 
the former. 

Ex.gr. If the Integer was divided into four 
Parts, then one of them is exprefled thus ~, two 
two of them thus •J=^, and three of them thus -Jf 
of which I, 2, 3 are the Numerator, and 4 the 
Denominator. 

But if the Integer be fuppofed divided deci- 
mally, that is into 10, 100, 1 000, &fr. equal Parts, 
then any Number of thefe, lefs than the whole, 
is called a Decimal Fraction : In this way of divi- 
ding the Integer fmce the Denominator is ever i, 
with a certain Number of Cyphers, therefore here 
, to know the Value of any Fradion, we need only 

know 



PRACTICE^ GAUGING. 3 

know the Numerator, and the Number of C7* 
J)hers in the Denominator, and that may be done 
by prefixing Cyphers to the Numerator, till they 
with the Numerator, be equal in Number to the 
Cyphers in the Denominator ; thus, tV is exprefs*d 
by ,5 ; -rh^ by ,05 ; and ^nr^ by ,005 ; fo on 
the contrary, from any Decimal Fraftion given. 
We may go back and reduce it to the Form of a 
Vulgar one •, thus, 15 is equal to tw ' 05 - ig^ ; 
^oi2=Two?£^^.This Thought (to whomfoever we 
are indebted for it) is no more than a Continua- 
tion of the common Scale, which is alfo Decimal ; 
for in that any Figure is but ^^th, -r^th, -rcWth, 
what it would be if placed one, or two, or 
three, £s?f. places more towards the left Hand ; 
and thus by going on till we pafs the Place of U- 
nits, we then fall in with the Fradional Scale. 

Thus in the Expreffion 6543210,123456 ; to 
exprefs the Value of any particular Figure of the 
integral Part, we annex to the Figure it{tlf as ma- 
ny Cyphers as it is diftant from (o,) the Place of 
Units, fo to exprefs the fourth Figure from o, 
which here is 4, we muft annex three Cyphers, 
and it , becomes 4000 ; but if we would exprefs • 
the fourth Figure in the Decimal Part from o, 
we muft prefix three Cyphers, and it becomes 
,0004 ; fo that the common Scale continued be- 
low Units is a$ here under. 

Jr5 • • 

^ ^^ 

vV *: ^ 

^j5 ^^ 

fcfr. 6 5 4 3 2 I o, I 2 3 4 5 6 tfr. 

B 2 From 
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From what has been faid it appears that Fraftions 
commonly firft prefent themfelvcs in the common 
Form, therefore in the following Propofition we 
Ihall Ihew how to reduce them into Decimals. 

PROP. I. 

Any Vulgar FraSfim being given^ to reduce it to a 
Decimal Rule. 

Annex to the Numerator a competent Number 
of Cyphers, let this be a Dividend^ and the De- 
nominator the Divifor 5 the Quotient of this Di- 
vifion if there is no Remaiiwer, is the Decimal 
fought : But (hould there be a Remainder, you, 
may approach to any degree of Exadbnefs, by an- 
nexing more Cyphers. 

Examples^ 

Let it be required to reduce ^, 4> and -^ ta 
Decimals. 

Operation. 

4) ^300 {,TS=^ ^) 5000 (,625=4 
28 48 . 

20 20 

20 16 



40 

40 



m 
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16) gfooooo (,5625==!^ 
80 



100 

96 



40 
32 



80. 
80 



The Invention of this Rule is as follows. Letj 

1>e any Vulgar Fraftion which is to be reduced to 
a Decimal, and put x for the Numerator or Deci- 
mal fought, then 'tis plain ^ = -^, (^c. and 
multiplying the Equation by 1000, l^c. we have 
y=z ?^'^ ^ -j €5?r. but to multiply any Number by 

1000, (^c. is only to annex Cyphers to the Num- 
ber itfelf, whence the Rule is manifeft. 

Having now fliewn how to turn any vulgar 
Fraftion into a^ Decimal, in the next place we muft 
Ihew the Method of computing by them after they 
are fo reduced. 

P R O P. II. 

jirty Number of "Decimal FraSiions being given j it 
is required to find their Sum ? 

Set them under one another, as in common A- 
rithmetick, i;/z. tenths under tenths, hundreds un- 
der hundreds, thoufands under thoufands, &?r. 
then add them together as whole Numbers, and 

B 3 place 
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place the decimal Point of the Sum dircAIy under 
thofe of the Terms, fo ihall you have the Sum re» 
quired. 



Examp. I. 


II. 


III. 


IV. 


»i543 


1,4238 


64,521 


743. 


.2754 


,5784 


8;,043 


82,4765 


< ,0132 


7,2189 


7,218 


1549,32187 


,8054 


6,5432 


054 


8,0431 


,7268 


,0741 


es,— 


,07285 



^^975^ 1518384 223,836 2382,9143^ 
SubftraSiion of Decimals, 

P R Q P. III. 

Any two decimal FmSions being given ^ to find their 
Difference \ or two ^entities being given^ com^ 
fofed of Integers and Decimals^ from the greater 
to fubJiraSi the Lefjer. 

Rule. Place the Terms under one another by the 
iame Rule that was given in the above Propofition, 
then fubftraft them as if Integers, placing the de-. 
cimal Point direftly under thofe above, fo fhall 
you have the Difference fought. 

Examp. I. II, III. 

From ,5743 8,7284 460,0954 
Subftraft ,2579 I55896 29,7387 

■ g ■ ■ ■ ' 1' ■ " ■ ■ ■ ' ■■ ■ ■■* 
Remainder ,3164 7,1388 43<i,35^7 
IV. 
9438,0000 
72»5847 

93^5»4i53 

Mil' 



PRACTICE ^/-GAUGINa 7 

Multiplication of Decimals. 

PROP. IV. 

^wo ^antities eompofed of Integers and Decimals^ 
or Decimals onfyy being given^ to find their PrO' 
duSt.^ 

Set the Units Place of the Multiplier under the 
laft Figure of the Multiplicand, and the reft in 
order ; then multiply as in common Arithmetick, 
always placing the firft Figure of every Multipli- 
cation under the multiplying Figure, fo fhall each 
Figure of thefe Produds when added together, be 
of the fame Name with that Figure of the Multi- 
plicand, under which they ftand. 
Examp, I. II. III. 

Ij3^5 • 33754 ,135272 

56,3 :::o,754 ::,: 1:0,00425 



3915 ::i5oi6 

7830: : 18770: 

6525 : : 2^278 : : 



: : 676360 
1270544: 
541088 : : 



73.47^5 ,2830516 ,00057490600 

^ Corol. Whence the Number of decimal Places 
in the Produ6t, Is equal to the Sum of decimal 
Places in the Fadors. 

When the Multiplicand and Multiplier together 
contain more Decimals than we would chufe to have 
in the Produft, they may be contraftcd to any 
defired Number, and yet the Produdl be as true 
to fo many Figures, as if the Fadlors had been 
multiplied at large ; for which obferve this Rule. 
Under that Place of the Multiplicand which you 
would have fecured, fet the Units Place of the 
Multiplier, and write the reft in an inverfe Or- 

B 4 derj 
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der; then let each Figure in the Multiplier begin 
to multiply that of the Multiplicand under which 
it ftands, (but fo as to have due regard to the In- 
creafe that would be brought thither fron> the 
foregoing Figures) and the reft towards the left 
hand as in common Multiplication, fetting the 
firft Figure of every Produft under the Units 
Place of the Multiplier, or under that of the Mul- 
tiplicand, whofc Place is to be kept in the Pro- 
duft, and the Sum of thefe Products gives that 
fought. 

Examples. 
Let ,248264 be multiplied by ,725234, and fix 
Figures, or five Figures, or four Figures, of the 
Product only required. 

For fix Fig. Far five Fig. For four Fig. 
,248264 ,248264 ,248264 

432527*0 432527*<> 43527*0 



173785 ' 


17378 


»738 




: : 4965 


= 497 


49 


: : 1 241 


: 124 


12 


: : : : 50 
:::::7 

• • • • • T MiM- 


: 5 


I 




,i8oo 


• • • • • X ^— ~ 


,18005 






,180049 






But if the above Faftors 


,248264 


were nniltiplied at 


large. 


0,725234 


the Produdt- would be as in 




the Margin, 




: 993056 






: 74479* 








: 496528 : 








: 1241320: 








: 496528 : : 








J737848:::: 


; 




The 








,i8po4949377 
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The Reafon^ of the prececding Rule may be 
(hewn after thi$ manner 5 let a^ by Cj dj C^c. reprc- 
fcnt the Primes^ Seconds^ Tiirds^ Fourths^ &fr. re- 
fpeftivcly of any Muhiplicand, (as 24826, fc?f. 
where azz.2y ^==4, ^=8,^=2, fcf r.) and ^,/, gy by 6? f . 
the Primesy Seconds y Thirdsy tfc. of the Mdtiplier 
(fuppofe ,7252, £5?r. then ^=7, /i=2, g=^s^ ^^* 
here then the Multiplicand will be reprefented 

thus, f. + -i. + -i- + -^ (^c. and the Mul- 

10 100 1000 lOOOO 

tiolier thus, -^ -] h -^ + -*- — G?^. or for 

'^ ' 10 ' 100 * 1000 ' loooo 

brevity fake put »:=io, and the Terms when 
placed in order ftand thus, 

the Produft is as follows ; 



'- ' '■ +«-+»-? + ^ + «- 1 








4./^ 
»' 







But if the Multiplier is placed under the Mulri* 
plicand by our Rule, they will ftand thus, 

&c. t + L^d^LA^L+oUniifPlace. 

And from hence 'tis apparent, the Sum of the In- 
dcx;es of every two Terms that ftand under one 
another, is exaftly equal to the Index of that 

Term 
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Term of the Multiplicand under which is (o) the 
Place of Units, viz. »* the Place in this Example 
to be kept ; and therefore in multiplying the Fac- 
tors thus placed, you need only begin with that 
Term of the Multiplicand which is above the mul- 
tiplying Term of the Multiplier ; for thereby it 
is evident you'll have every Term of the Produft 
. to the nUb Place, in the fame manner as if they 
are multiplied in their natural order ; which will 
appear more evident by comparing theabove Exam- 
ple (at large) with the following one (contrafted.) 

fie. L+t+i + i.+oWiftii'W. 

ta I eh 1^ ££ I id 



»3 X «4 T^ ;r? 



+ ba 



Divifion of Decimals. 

PROP. V. 

two Decimal Fr anions being given^ or two Ramifies 
compofed of Integers and Decimals ^ to find the ^o- 
tient arijtng from dividing the one by the other. 
If there are more Figures in the Dividend than 
in the Divifor, divide them after the fame man- 
ner as you do in whole Numbers; if not, fupply 
the Defeft by annexing Cyphers to the former •, af- 
ter which, profecute the Divifion, and cut off from 
the Quotient as many Figures for Decimals, as 
there are Decimals in the Dividend more than 
3 the 



PRACTICE of GAUGING. It 

tfie Divifor -, but when this cannot be done, you 
muft prefix a fufficient Number of Cyphers to the 
Quotient to make good the Defe^, and place the 
decimal Point on the lefc hand, fo Ihall you have 
the Anfwer, if there is no Remainder ; but when 
that happens, you may continue the Quotient at 
pleafure, by conllantly annexing a Cypher to each 
Remainder. 

Example I. Let ,13975 be divided by 43, the 
Worfe is ^ follows ; 

43)^13975(325 
129 



107 
^6 



215 
215 



Now becaufe there are five Decimals in the Divli*^ 
dend, and none in the Divifor, there muft be five 
Decimals in the Quotient, which is therefore 
•00325. 

Examf. If. Let 5,29125 be divided by 4,25 
then we have the following Procefs. 
4,25) 5>29i25 (1,245 
425 



1 041 
850 



1912 
1700 



2125 
2125 



The 
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The Quotient being 124^, and becaufe there are 
five Decimals in the Dividend, and but two in 
the Divifor, the Quotient by the Rule will have 
three Decimals i and from thence it isi, 245. 

Scholium, When the Terms in Divifion each con- 
fift of many places, and but a few Terms of the 
Quotient required, the Work may be fhprtned after 
the fame manner as before in Multiplication : For 
all thofe Terms of the Multiplier, which when 
multiplied by the Figure laft put in the Quotient, 
wduld give an Index more diftant from Unity, 
than the Index of the lowed Place required in the 
Quotient, I fay all fuch may be omitted by only 
confidering the Increafe to be brought from them 
to the firft of the rctaiq'd Figure: This will be 
plain by an Example. Let it be required to di- 
vide ,743268 by ,54213 and only to have fix Fi- 
gures in the Quotient ; the Operation as under. 

' 35 Ul 2 I I I 3)^743268(1,37102 

54213 

201138 
162639 

38499 • 
37949 

550 
' 542 

8 

Having now given the fundamental Rules of 
Decimal Arithmetick, it remains only that we add 
to what has been faid, the Method of reducing any 
.Decimal to the known Parts of Meafure^ Weight or 
Coiny and that is performed by the following Rule, 

Multiply 



-^ 
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Multiply the Decimal given by a Number which 
is equal to the multitude of Parts in the Denomi- 
nation required, that makes an Integer of the Deci-- 
xnal given ; then cutting off from the Produft as 
many Figu;res from the right hand as is lequal 
in Number to thofe of the Decimal given, fo ihall 
thofe on the left hand of the feparating Point 
be the Anfwer, and the Remainder (if any) a De- 
cimal in that Denomination, 

What are the Values of ,84375 of a Pound 
Sterlingy of ,75 of a Tardj of ,754 of a Tear ? 

MZ75 

20 Shillings in a Pound. 

16,87500 

12 Pence in a Shilling. 

1750 
^75 



10,500 

4 Farthings in a Penny^ 



2,000 



^75 754- 

3 Feet in a Yard. 13 Months in a Year. 

2,25 9,802 

,12 Inches in a Foot. 4 Weeks in a Month. 

3>oo 3>2o8 

7 Days in Week. 

i>456 

So that the firft is 16 j. loi. d. the fecqnd 2 Feet 

3 Inch, the third 9 Months 3 fP'eeks i,t44 Days. 

But to find the Value of the Decimal of a Pound 

Sterlings the following Rule is fufficienty and very 

ready in Praftice. If 
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If the Figure in the PJace of Seconds be above 
4, add I to twice the Figure in the Prime's Place, 
fo you have the Shillings. Secondly, The Excefs 
of the Figure in the Seconds Place above 5, or 
the Figure in the Seconds Place if under 5, mul- 
tiplied by 10, and added to the Thirds, is Far- 
things, which are eafily reduced to Pence ; but 
if tfe Farthings exceed 12, fubftraft one from 
theifl, and 2 when they exceed 37, fo have you 
the neareft Value (in Englijb Money) of the Frac- 
tion given. 

Mr. Malcolm and Hill direft to fubftraft r, 
when the Farthings exceed 23, and the firft bids 
fubftraft 2 when they exceed 40, both which are 
deficient. 

The Invention of this Rule is as follows. Put 
fy Sy /, for the Figures ftanding in the firft, fc- 
cond, and third Places of the Decimal refpcftive- 
ly, that is, p is the Primes, s the Seconds, and / 
the Thirds ; alfo put, S the Shillings, and F the 
Farthings fought. 

Then, — 4--^ — ^ ~ is the Fraftion given, but 

that by Suppofition is equal to S Shillings plus 

F Farthings ; but S Shillings is equal to --tbs of a 

Pound, and F Farthings is equal to^bs of a 

Pound ; hence have we this Equation, 

i J 4. — - 4- -7- , which multipled by 

10 ^ 100 »^ 1000 20 • 960 * ' 

F S / 

^o, gives S+— = 2^4-^+- : Now s divi- 
ded by 5, muft cither give in the Quotient i or o, 
(for it can't exceed 9) therefore put q for i or o, 
(the Quotient) aini r the Remainder, that is, let 

s 
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\ = J + J, then S+~2f-\-i-\'^+^, thence 

I? # 

S = 2/-f-f the Shillings, confequently -^ r= - -j ' 

or F = •^— r^; — = — 2?^» ^^^ ^*^^ '"^y "^ ^^ 

duced to F= lor+r-*- i2I±!L: Now if ior+f ex- 
« 25 

ceed 12, then 12!^ is greater than ~, and b 

lor-f-r — — !±5 is neareft equal to lor+r— i ; 
25 * 

but if lor-fc exceed 37, then ^^-- is greater 

then I-J-, and confequently lor^-^^ — 15^5 is neareft 

to lor+r — 2 ; from whence the Rule and Cor- 
reftion are evident. Q;^0, E. 

Rules fimilar to this might be invented from 
thefe Principles, to value the Decimal of any other 
Integer, but I cannot. fay whether or no with equal 
Succcfs in Simplicity of Expreffion. Seeing that 
the Multiplication is often performed with greater 
cafe than Divifion, e^ecially when the Divifor 
confifts of many Figures, therefore before we finifh 
this Chapter of Decimals, it will not be amifs to 
Ihew how fuch Divifors may be converted into 
equivalent Multipliers, which is done by this Rule. 

Let Unity with a competent Number of Cy- 
phers (as Decimals) onnext, be divided by the 
Divifor given, and th^ Quotient wifl be the Mul- 
tiplier fought : for let Q^be the Quantity divided 
by dj and m fuch a Quantity that multiplying Q^ 
this ProduA and the former Quotient, may be 

equal j hence wc have this Equation, ^:s«sfxQ, 

or 
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or wj, or thus, 7 =Qx7, hence 7 turned into a 

Decimal, is the Multiplier fought. 

We (hall illuftrate this from the Divifors for 
reducing the Content of any Body in cubick Inches 
to Gallons. 






inCL 



Thta<^=frineGall. 

r i»=-xTT=»oo3546 the Multiplier for 
Ale. 
Whence < «»=-rTT= 0043289 the Multiplier for 
Wine. 
i»—.j.j.^j^— 0004651 the Multi- 
plier for Malt. 



CHAP. 11. 

Of the Square Bfiot^ 

Defin. I.^T^HE fquare Root of any Number or 
X Quantity is that which multiplied 
by it felf, ihall produce the faid Number or Quan- 
tity. Thus, I, 2, 3, 4j 5f 6, 7, 8, 9, 10, 11^ 
12, (^c. are refpedively the fquare Root of i, 
4, 9, 16, 25, 36, 49, ^4, 81, 100, 121, 144, 
(^c. becaufe ixi, 2x2, 3x3, 4x4, 6x6 j &?r. pro- 
duce thofe Numbers ; hence this Table of fimple 
pie Roots and Squares : 
Roo^s, |i|2|3| 4 1 U 6 1 7 1 81 9\^c. 

Square, | 1 | 4 I 9 h6 j 25 | ^6 | 49 | 64 | 8l | ^c. 

Defin. II. The fquare Roots of Numbers are of 
two Sorts, fimple^ when they confift of one Figure 

only \ 
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t>nly ; and cmf&undy wlien of more than one ; 
therefore the Square Root of ev^ery Square Num- 
ber of lefs than three Figures, is Simple, and maj 
be had from the above Table ; but to obtain thofe 
which are compounded, we muft premife the fol- 
lowing Lemmas^ 

• Xi£ MM A. 

if n he the Nuwier ^ iutegrul Figures in the 
$fi0r€ Rmt ef (uy Number^ then n4-i Jball be the 
mmhr fif Figurej in the Square Root if the fame 
ifnmker ivbm two Figures are jmne^t to it* 

Fof let Qbe the Number whofe Square Root j 
cpttfifts ^ vF^urcsi, this when c^o Figures are an- 
ijext wiil be looQ^ but fincc ^/O by Suppofi- 
tion,> therefore loofZasiooQ^, andttiercfore loj 
is cbe Square Root cdF lOoQ^ but there is n Fi^jcs 
IB ;, and therefo^re n^i Figures in lOf, or ui the 
Square Root of O, when two Figures are anjjcxt. 

Corel. I. Hence if any Number be divided fn- 
to Parts of two Figtu-es, each by beginning at the 
Right4iand, and fo on to the Left, the Square 
Root will coofift ofas many Integral Figures as are 
in the Number of Pointe more bv one ; that is, if 
P be the Number of Points, tnen P+i is the 
Number of Integral Figures iii the Root : Alfo the 
Square Root of the firft Divilion to the Left-hand^ 
if a Square Number, or the Root of the neaet Iefs> 
if otbcrwile, will be the fkft Figure of the Root. 

C Thus 
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Thus let the Number be 1 743268 this divided as 
above Hands thuS) 1.74.32.68; from whence it 
appears there will be four Integral Figures in the 
Root, and the firft Figure will be one. 

It is common to point the above Number thus, 
1743268, and then the Points ftand under the laft 
Figure that is brought down at each Operationf 
and we have followed this method to prevent Con- 
fufion to fuch as have been ufed to the fame, tho* 
the firft feems moft natural ; but *tis probable the 
laft waschofe to avoid Miftakes when the Root of 
« mixt Number was fought, that confifted of In- 
tegers and Decimals, becaufe of the Refemblance 
of the Point (.) and the Decimal Mark (,) 

Carol. 2. By the. fame way of Reafonihg it may 
be fhewn, that if q the r Root of any Number Q^ 
confift of n Integral Figures, then the Root of the 
fame when r Figures are annext to it, Ihall Qonfift 
of »-f. 1 Figures. And therefore uniyerfally if any 
Number whofe r Root is fought, be divided from 
the Right-hand into Parcels, each of which has 
r Number of Figures, the Root fhall confift of as 
many. Figures plus one, as are the Number of 
feparating Points. Thus the by-quadrate Root of 
1726854396, (hall have two Figures in it, becaufe 
when divided, it ftands thus 17-2685-4396, and 
2 is the firft Figure of the Root. 

Corol. 3. Therefore if any Square Number, 
(whofe Root is required) be pointed, by placing 
one Point over the Units, another over the Hun- 
dreds, and fo on for every other Place to the 

left 
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left hand, then from the above Lemma, the Root 
will confift of as qiany Figures as in the Number 
of Points placed above the fame. 

Lemma II. 
If «* denote any fquare Number wanting the 
two laft Figures, j^nd b be put for them, then Ihall 

{e) the remaining Figure of the Rpot be -^ » 

•or 6=20) ^~ (nearly : for ioo4*-f^ is the giveft 

iquare Number, whofe Root is fuppofed lo^rf-^, 
therefore 7oS4^*=iooi2*+20i?tf4-^^==iooa*-f^, 

whence ^= — -^ , but loa is much greater than 

T L 
€f whence — , or lo is nearly equal to e : Con- 

iequently if j^ be divided by 2^, fo that 4 the Quo- 
tient being annexed on the right hand 2^ , and that 
multiplied by ^, the Produ6t may be equal to ^, 
then is loa-^e the Root foucl^t; but if no fuch 
Number (e) can be found, take the next IcfSj and 
place it on the right hand 2a as before, the Pro- 
dudl of which, and the Divifor fo found, muft 
be taken from ^, and the Remainder (hews how 
much the faid Number exceeds an exaft Square 
Number. From hence, and the firft Lemma, we 
deduce this Rule. 

Tofnd the fquare Root of any given Number. . 

Let the Number whofe Root is fought be point- 
ed, beginning at the Units place, and fo on to- 
wards the rigl^t h^nd, placing a point over every 
other Figure : Then feek among the fimple Roots, 
that, whofe Square is equal, or the next Icfs, to 
the firft Period, this is the firft Figure of the Root*, 

C 2 let 
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let it be fquared.ahd taken from the firft Period, and 
the next Period annexed to the Remainder, fo 
have you what is called a liefohend ; let this want- 
ing the Units place (which is equivalent to A\ 

be confidered as a Dividend, and twice the firft Fi* 
gure of the Root the Divifoi', the Quotient of 
this Divifion is the fecond Figure of the Root, 
which being anne:«t to the faid Divifor, the Pro^ 
dudl thereof by the faid fecond Figure, muft be 
taken from the Refolvend, and another Period 
annexed to the Remainder, will form a new Refold 
vend ; this wanting the Units PJace, is again to be 
confidered as a Dividend, and twice the Figures 
already found of the Root the Diviforj the Quo- 
tient of which is the third Figure of the Root, 
which being (as before) annext to the laft Divi-^ 
for, and the whole multiplied thereby, the Pro^ 
duft taken from the laft RefoJvend gives a Re- 
mainder, to which another Period muft be annext 
for a new Refolvend •, and with this, and the Fi- 
gures already found of the Root, you muft pro- 
ceed as before, to get the fourth Figure, and fo on 
till all the Periods are brought down : But if 
there fhould be ftill a Remainder, then the givca 
Number has no exaft Root, but you may approach 
it at pleafure, by annexing two Cyphers t6 everv 
fuch Remainder, for a new Refolvend i this will 
be made plain by the following Example. 
Example I. Let it be required to find the Iquare 

Root of 273529, thi§ pointed, ftand^dius 273529, 
frx)m whence it appears (from Lemma I.) there is 
three Figures in the Root (if afquare Number) ; 
The firft Period is 27^ which is not an exaft 
fquare Number, but the next lefs is 25, whofe 
Root 5 is the firft Figure of the Root fought ; 
then 25 taljen fromi 27 leavc$ a^Uqwh^ch | annex 
' \ ' ^ 35 
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35 (the fecond Period) fo we have 235 for the firtt' 
Refolvend, of which 23 is the Dividend, and 10 
(the double of 5) the Divifor; but 23 divided by 
10, gives 2 in the Quotient, which is the fecond 
Figure :of the Root, and this-annext to the Divi- 
for 10 gives .102,. and 102 jnultiplied by 2 gives 
204, which taken from the Refolvcnd 235 leave 
31^ to which I annex 29 (the next Period) fo we 
have 3129 for a new Refolvend, of which 312 is 
the Dividend, and 104 (the double of 52) the Di- 
vifor. Then 312 divided by 104 gives 3 in the 
Quotient, which annex'd to 104 makes 1043, this 
multiplied by 3 gives 3129, and jhis taken from 
3129, the laft Refolvend, there remains 1(o) : And 
becaufe all the Periods are brought down and no 
Remainder, we may conclude 523 is the Root 
fought. See the following Work, where^ obferve 
a denotes the firft Figure of the Root, a' the .two. 
firft, a^\ the three firft, 6?f. alfo e denotes the fe- 
cond Figure of the Root, / the third Figure, e^ 
the fourth Figures, &c, R is the firft Refolvend, 
R' the fecond, R^ the third, fcfr. fo that a^z=:ioa^+^ ' 
af^zTzioa'-^-^e^ tf^=io''4-^> ^^^ But when any of 
the ^*s is a Decimal, then the next a is only equal 
to the Sum of this ^, and the laft a. For in that 

Cafe a^^=a*-^k=a*+2ae'^ee^ or ^=^-i— 

and a'=a4-^9 which will be manifeft from the 
following Example. 
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Jl?x^0i^.n. What IS thefquareRoot of 4786954 1{ 

this being ppinted ftand thus 4786954, (o that bf 
I>mma Id, there will be four Figures in the 
integral Part of the lloot, the Operation as foi- 
lows. 
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And if to this Remainder two Cyphen were ad« 
ded» ^and a/'' doubled as Wore, we might pro- 
c^ to find another Figure, and fo another, tnl as 
many Figures were had as would be fufficient } 
but after the Root is found pretty tiear, a good 
many of the remaining Figures will be had by 
diyiding by the laA Divifor % thus in the prefent 

C 4 Cafe^ 
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I * ■ . 

if 3*8319 be divided by 4375,8 the Quotient, 
0,00876 are the Figures to be annext to 2187,91 ; 
fothat the fquareRoot 0^4786954 is 4187,91087(5 
nearly, which was required : Or having- obtained 
the Root pretty near, you may treble the Figures 
of the: Root already found by this Rule ; let QJ)e 
the Number whofe Root is fought, and r denote 
• any of the above Remainders which we exprefled 
by R, R^ K\ R^, (^c. with remaining Figures 
annext ; alfo put q for the Figures already found 
-pf the Root, when the Remainder r was got, thtn 
the Figures ftill wanting of the Root will be ex- 

prefs'd by "XH. > ^"d in this if r be ,fo fmall in 

refpefl: of 43* that it may be neglcftcd, then this 

Expreffion becom<:s ~i the feme with what we 

have above in Words. Put to fave the trouble 

of fquaring 2q in order to get 4^*', you need only 

fubftrafb r from (^ and the Remainder is^y*. 

The Reafon of this is oniitted, as being eafi- 

If deduced from Dr.' Hall/ s^ Rational Theorem 

for Pjire Powers^ wherein he' fhcws if b denotes 

•how much any Nuinber exceeds the i»th Power 

of a^ that thi i»th Root thereof fhall exceed 

ak^ . • ^ 

^ by m . w— I ly or that ; 6* +-i> == n 4- 
■' tna + . ^ 

z 

ah 

m . w— I b troxime. 
fa H — — /^. 

If the Number given was a decimal Fraftion, 
or compofed of Integers and Decimals, then the 
Units place being found, let the Integers (if any) 
be pointed as before, and for the Decimals a point 
muft be put over every other Figure towards the 
right hand, beginning at the place of hundreds, or 
feconds ; after which the Method of Operation 1s 

the 
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t)>e fame as if the whole were Integers wty rc- 
ipember to feparate as many Figures for Deci- 
mals in the Root, as are the Points oyer the Deci- 
mal Parts of the Number it felf. This will be 
plain from an Example, X/Ct it be required to find 
the Square- Root of 4226,754695, tKis pointed 

ftand thus 4226,754695, from whence it appean 
there will be two integral, and three Decimal P|io 
gures in the Root. The Operation follows. 
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And here If the Remainder ,06442^ be divided by. 
130,02, the laft Divifor, the Quotient 10004955 
is. nearly the remaining Part ^the Root, which 
therefore is 65,0134955 : but we (halt take thia 
Opportunity to iUuftrate what was (aid of tripling 
the Figures already found of the Root i in dua 
Ettmpb (^3pt6,754695, and having mt mo 
figufcs of die Root» (vioL 6$) we find 8^,175, 
to which add the o^er figutev and we have 
rssi, 754695, whence (^rs«;*=4225, as is evi- 
dent, (for 9S65J hence 4;* = 16900, therefore 
4«'+r5:i690it754695f tnd 2rjaBi 30x1,754695 

8=228,11035, thegefore li^lf/j^ . ^the remain- 



•75469^ 

ing part of the Root nearly i but is this Divifion 
we need only fix Figures of each, t^e Operadon is 
la as hereunder, 

i|%|oli|8) 228,110 (,013496 
1 6901 8 

59092 
50705 

8387 
6761 

1626 

III I I W 

105 

■ ■ I III » 

102 
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CHAP. III. 

^e ConJlruSiim of the Sliding-Rule^ with the 
< iffe thereof and the Reafon of the Method (f 
Operation thereon Demonjirated. 

SI>ic>E, as we obferved before, the Pradice of 
Gauging almoft entirely depends on the Know- 
ledge of the Sliding-Rule, it muft be of great Im- 
portance to the Gentlemen of the Excife to be ac- 
Suainted, not only with the Method of Operation 
lereon, but the Reafoh thereof: 'Tistrue indeed, 
fo many have already wrote on this Subjeft, that it 
will feem fuperfluous to attempt any thing of this 
kind at prefent ; but befides obferving that thofe 
. Authors, (efpecially the moft modern) not being 
fufficiently acquainted with the Theory, have chief- 
ly confined themfelves to the Praftice ; fo what 
they have done even in that is fo irregular, that 
I fear few of their Readers have a fufficient ac- 
quaintance with the Nature and Properties of this 
valuable Inftrument. Therefore in what follows I 
defign to trace it from its Original, and that in 
fo regular and plain a Manner, as to render the 
Coiiftruftion and Ufe thereof fo eafy, as to comie 
within the Power of thofe but indifferently verled 
in Mathematical Knowledge : And in order to this, 
in the firft place, the Nature and Properties of 
Logarithms mufl be firfl explained, becaufe the 
principal Lines on the Sliding^Rule are logarith- 
mical, for which purpofe we fhall lay down the 
following Dodtrine. 

Sect. L Of the Properties of Powers and 
Exponents. 

In Specious Computations,* every one is at Li- 
berty to chufe after what manoer he will fignify 

the 
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the Sum, DifFerence, P/oduft or Quotient of any 
Quantities a, ^, r, J, fcfr. for it is a matter of In- 
difference by what . figns or Manners they are re- 
prefented, fo that we are conftant in our Praftice^ 
wd always follow the fame Rule ; for theret3y we 
Jhall ever be able to go back from any Sum at 
Produd to its component Faftors, which is fuffi- 
cient in all kinds of computation : It is common 
to eiprefs the Sum of the above Quantities thus,- 
a^b^c+d i^c. and their Product thus, tfx^xocrf 
tSc, or for brevity fake, fome omit the mark (x)< 
and fignify their Produft thus, abcdj by joining the 
fevcral Faftors together, as in forming Words 
from Letters. From this laft way of cxpreffing a 
Produft,. if the feveral Faftors were the fame^ 
(viz. tf), then thofe Produfts would be thus aaaa^ 
&c. which are called the Powers of the Quantity 
a i the firft being ^, the fecond aa^ the third aaa ; 
that is any Power of j, exprcfled after this man- 
ner, is fignify'd by as many a*$ fet together, p 
is the Number expreffing that Power. But it is 
found troublefome to exprels large Powers of 
Quantities after this manner, hence fome who hafl 
no occafion to confider any Powers beyond the 5th 
or furfolid, chofe to denote the feveral inferiour 
Powers by a particular I^etter or Letters adjoined 
to each, as the Square of A, was denoted by Aj > 
the Cube of A, by A.f j the fourth Power of A^ 
hy A.qq % the fifth Power of A, by A.yr^ and fo 
on : but this, as obferved already, is only fitted 
for fmall Powers, fo that the firft Method was 
preferable. But the moft illuftrious Newton h^s 
introduced a new Method for this purpofe, both 
more eafy and more general tha,n the others, ex- 
tending to Roots as well as Powers, and that how 
.high fqever ; the Properties of which we (hall de- 
liver in the following Propofitions, after whicji 

the 
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. the Reafon of the Method «*f Operation by Log*- 

rithm$ will be ejifir. , ^ ., :. ^ 
D^nition, Any Power of a QoanWy », w «- 
preffed by the faid Quantity «, with a Number 
«lled/Af //*?«?) placed aborc towards the r^ 
hand, expreffing the Place it has from Unity » a 
Geomctrick Scries, whofe firft Tenn is i, ana 
Ratio the Root it fclf tf, as i, «, aa, aas, aaaa, 
Maaa, (Sc. thus for Example, aaaa, being the 
4th Term from i, is exprcfled by «♦ * a^«>f'*^» 
being the 5th Term from i, is exprcfled by 4 , 
^jmd fo of others. 
• Prop. I. 

ne Index of the PreduStofatiy 2 Powtrs eftbe fame 
. ^Mtity^ is equal to the Sum of tbe two Indem «/ 
the FaSers, viz. a"xa'' = a"*+"* 
The Indexes both here and in what follows* arc 
fuppofed Inters. ' . 

For by what was faid above 4*=xtfiM*«, »f. 
till the Number of <f% is w, and o'z=aaaaa, (^c 
tiU the Number of a*s is «•, whence rf"xtf*» 
aaoMaaaaa. (^e. till the Number of «» s « «i+». 
which Power of i» (by the DeHnition) is exprcfled 

Prop. H* 

ybe Index of tbe mtbPowew^it wz. a«, raifeito 

tbe ntb Power, viz. ?^, is/i""^ to mxn. 

For, by the Definition, Pi=: a*X »* X a* xfl* 

(^c. till tbe Number of Faftors U », ^tf ^f 

X aT'xa" &e. U, by the kft, ecjual to tf«rf^«'+*' 

■ fcff. and the Number of »'s being «» *m evident 

^ ^- O- Prop. 
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Prop. ill. 

^e Index of the ^ofient of one Power ofaty ^an- 
tity, viz. a"", divided by mother Power of the, 
fame ^antity^ viz. a", is equal to tie Index of 
thtDivifor n, taken from that of the Dividend. 

a" 

For put — c=tf*, and let the Equation be 

multiplied by tf", then, by Propojtf. I. we havq 

a^zzzjuT^^ . therefore, fince the Roots are the fame 
and the Powers equal the Indexes muft be fo too, 
whence w=»-+-x, or xz=zm — n. Q. E. O. 

Cot. I. From this Propofition it is plain a^^ss^i 

for if !»=:», then x=o, but — =i, therefore 



^'ssa^ssi 


■ • 


1 




Cor, II. 


Alfo from hence 


it follows a"— ^ 
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" ^ hence if «=o then — =r ^""'* 


but 
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ice a ^=s a . 







Sbct.. II. franjition to Logarithms. 

From thefe Propofitions we are enabled to de- 
monftrate the Method of Operation by Loga- 
rithms : For 'tis moft evident, if between i and 
any Number (fuppofe I o,) an infinite, or only a 
Tery great Nu mber of Proportionals loooooo be ta- 
Tien, thereby forming a Geometrical Scries, fome of 

them 
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them muitv^proach very near to thenatural Num- 
rjbeta^ 2^ 3i 4, 5>/» 7» 8, 9 ; and by continuing 
thisSeneSy the itlbfequent Terms will alio ap- 
pfioach very near the Following Numbers 11, 12, 
13> i4t (^c. till the Wh<^e &ale idf Numbers to 
any defired one, (a$ looooo the Extent of the 
largeft Table of Logarithms) is compleat : Hencei - 
thro', the namral Numbers themfelves do not form ' 
a geometrlck Series, yet on the above Suppofition^ 
tiiey will obtain Places, very near, in imch a Se- 
tk^% and then, 

Ddinition. ^e Plactfrem i, wbieb ufr/ cf ibtm 
tas in that Series^ nobicb is ever the Index €f the 
fecond 7<r«r, // called il Logariibms/ 

Thence it follows that Logarithms may be faid 
to be the Eocpments of Ratio's. 
" - Ham% given this Idea of the Nature ^.Lc^* 
rithms, we fhoold proceed to Aew how ^ey 
tnight be computed: But fintfe every 1x>dy at 
prefent may be fuppofed fami&'d with Tables^ 
wt ih^U from then^ take fucb as will cnab^ us 
to find the Diyifions on the Sliding-Rule : IBut 
thatnothing might be omittod tomnder tins T]n»> 
\ti(e compleat, we ihall add, at the End, Rules 
for computing them, as delivered by the income 

Parable Dr. Oall^ ynsAi fome others, xeady in 
i^&ice. 

Now let a denote the firft Term of the infinite 
Scale of Proportionals, which is taken betwisftt a 
and ID; and let us denote the Lc^irithm of any 
Number by the Number it felf with L: (n^fixt: 
'Thus die Logarithm of 2 -we cxpiefs by L s 2 ^ 
the Logarithm of 3 by L : 3 ; the Logarithm of 4 
by L : 4, &r. then ^tis manifeft this infinite Scale 
01 Proportionals will .ftand thus, i» a^ ^*, «% 4% 

♦ , . . . 2=/j^ •*..., 3=ia^ '• 3 . • . 4=«^- ♦ 
k . . , (Sc. iossa'^^^% iie. 

Prop, 
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^e Sum of the Logariibms of any NumUrs^ is equdt 

to the Logarifbms of the ProduH oftbofc Numbers. 

For let the two Numbers be denoted by A and B, 
then I fay, L : A-f L : B =L: A xB, 
' By what was juft obferved it is plain, A=tf^ *• ^ , 
and B=tf^ • ^, therefore A xB:=si^ : A + L : B ^^^^ 
i^rop. I. of the laftSeaion,) but {per Definition) the 
place which any Number obtains in the Series is 
jts Logarithm, and that is ever the Index of ^ the 
fe^ond Term ; whence L : A-j-L : BcxL : A x B. 

Prop. IL 

^be Logarithm of tbe ^otient of any two Numi- 
' hers^ is eqUal to tbe Logarithm of tbe Divifory 
\ taken from that of tbe Dividend ^ 

tbat is, L : Y = L : A— L :B. 

; For if the ibove Value of A be divided by 

•that of B, we have -g =<*^ ' ^"^^ * ^y ^Y P^^Pifi^ 
III. foregoing. Whence by what was already ob^ 
iferyed, L:r^stL: A— L ': p. ^ E. 0. 

■ ^ , Prop. IJI. . ^ 

Sie Logarithm of any Power of a ^antity is, equal 
- fo the Logarithm of the Siuantity it felf multi- 
: plied hy its. Index y tbat is L : A* = m x L : A, 

; Pbr fince hz=ui^'^^y 'tis manifeft, [by Prop. II. 
§f tbe lafi Seaion ) AT = 4*^^ ^ : A^ yjl^^nct 'tis 
CFidenti»^L:A=:L:A^ ^E.O. 



J 
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. Cor. From this Propofition it appears, if there 
ire two Scales of Logarithms, in which the Lo- 
garithm of any Number in thq one is double of 
the Log. of the fame Number in the other, then 
the Logarithms of all Numbers taken from the 
former, (hall be the Logarithms of the Square of 
the fame Numbers taken fk)m thekttcr: For 
we have ihewn thit L i A^==w)iL : A,^ therefore 
if m=2 then .L : A*i=:2 x L : A. Again, if there 
are two Scales, or forts of Ldgdrithrns, where the 
Logarithm of every Number. in the brie is triple 
the Logarithm of the fame Number in the dther^ 
then the Logarithms of all Numbers in the for- 
mer fhall be the Logarithms of the Cubes of 
the fame Numbers taken from the latter: For 
ih the jaft by making /»==3 we have L :A^ 
«= jxL: A,, apd^A is put indefinitely for any 
ifJumber. Thefe Corollaries niuft be Well con* 
fidered, becaufe on them depends the Reafdn of 
the Operation of a fingle Radius (of the Rule) Ai- 
ding againft a double or triple one, by which we 
find a fourth Proportional to thefe three Quanti- 
ties, (V : R* : S : or to thefe three, Q? : R^ : : S: 
when tKe Value of Qj^ R and ,S are only given. 
Having now denionftrated the method of the O- 
peration by I^ogarithmi, which Was nevpl- gene- 
i;ally done before, we fliall pfocfeed tb the Con- 
ftrudkion of the Sliding-Rulc. 

Sect. til. the Conftru^kh of the Slidin^-Ruk. 

The Rule we are to cbnfthid, is ift the Form! 
<jf a Parallelopipfcdpn, on three Faces of which are 
three graduated Sliders, Aiding by fix gKiduated 
Lines on the Rule j the firft Face is reprefented 
by Fig. 1. (Plate i.) thfe fecond is reprefented by 
'to Fig^ 
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Fig. 1. the third by Fig. 3. and the fourth by 
Fig, 4* of each of thefe in their order as they are 
marked A, B, C, D, E, MD, SL, SS, and N. 
The Lines graduated on the firft Side> are four 
Lines of Numbers, or L(^rithms, or rather threes 
becaufe the Sliding-piece.marked B has two Lines^ 
each divided in the fame manner : A is the firft 
' of tJiefe Lines ; to delineate which, let the ScStot 
be opened till 10, 10, on the Line of Lines be 
equal to the Diftance betwixt one and ten on A ; 
then fmce the Logarithms of i, 2, 3, 4, 5, 6, 7, 8^ 
9, ro, are o, 30i,477» 602, 699, 778, 845, 703, 
954, 1,000 rcfpcdlivcly from the Line of Lmes 
on the Sedor thus opened, take thefe Numbers, 
and lay them refpeftively from z along the fame 
Line A, Co fhall you have the Points anfwering 
the Numbers, whereof the faid Diftances are Lo* 
garithms ; the fame Diftances laid from 10, (which 
on the Rule is only marked i) will give tile other 
Divifions on this Line, it containing its Radius 
twice ; then fince the firft of thefe Diftances, (viz. 
betwixt I and 2) is divided into 50 Parts, let the 
Logarithms of i-^y t.^ 1.^4, i^, Gfr. be ta- 
ken from the Table of Logarithms, and the di-» 
ftance anfwering thofe Log. taken from the Se6tor 
. opened as before, and laid from i along A ; fo (hall 
you have all the Divifions of the Space i, 2. Again 
the Space 2,3; 3,45 4,5 are each divided mto 20 
Parts; wherefore, let the Logarithms of 2. »4. 2.^^^ 
2.tI, i.i49 &<*• bealfo taken from the Sedlor opened 
as before, and laid from i along A, fo will you 
have all the Divifions to 3, then the Logarithms 
of 3> 3-^9 3y^ 3tI> (^c. to4; then the Log* 
of 4 5 4.TV* 4-1^ 4-?4» 4>r^Mt* to 5, and thfe 
diftances correfpondihg to thefe feveral Loga- 
rithms, beine fucceffively taken, from the Seftor 
opened as before, and laid from i toiitrards A, will 
give you tsdl the Diyifions betwixt 2 and 5 in bodi 

Ra* 
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kadiui?$« Irhen fince the remaining Spaces, vi^ 
5,69 and 6,7) and 7^8, and 8,9, an^ 9,10, are 
each only diviiUd into ib Farts ; let the Loga- 
ridims of s-ri^ s^j 5-r^ (^c. to 6 be found; al* 
fo thok of 6t4i 6xff' 6t4, £?*f, to ^, and food 
tUl you have found all the Logarithms of the Se*- 
ric$, 5t4> 5Trr» Srny^ .6, 6^5^, 6-rJ^ 6xli . . i 

7"i4> 7ir^ 7-rS-> • • • ^i^> ^r^ ^T^f * • '^-rs^ 9t4i 
9i49 . . • lO ; then let the Diftance correfponding 
to each of thefe , Logarithms be taken from the 
3e£bc»r. (ftill opened as before,) and laid from i a* 
loog A, fo will you have all the Divifioiis on this , 
Line. 

The Lines B, C,^ are exadly the f^me with A^ 
to nothing further is neced^ry td be faid on them, 
but only inftead of A in the above Conftrudlioni 
to read B or C i the line D has a Iingle Radius 
dsi&lf double to A, B, (^c. fo that the Diftance 
from I correfponding. to every Number on this, 
is juft double tif die Diftance from i correspond- 
ing to the fame Nucdber on any of them. 

The Line £ has a tidple Radius, each df which 
is a third Part of the Radius t>, fo that the Di- 
fiance froni i correfponding to any Number on this 
Line is. esca&ly 4 of t^e Diftance from i on the 
(ame Number on D, or two thirds of the Eiiftance 
betwixt one and the &me Nuaxber on any of ttue 
Lines. A, B, and C ; whence it is iftanifeft frorci 
ikt DiviAons on A, all thqfe on B, C, D and £ 
tfe iaunfiediately bad. We are now come to the 
ifine mark'd Md^ which is alio Ld^rithmetic^ 
alid the feme with A, B, Q D, but inverijedy. and 
does not &^in itoJfi i as the others do, but fromi 
i'i.504^, and £0 on in an iaverted Order, fy 
jAm, the cinder of the Numbers an this Line are 
a^or 200) w, p, 8, 7, 6, 5, 4, g^ 2, 1, ■9„8, 7, 6^ 
S7 4p 3r ^^^ the laft Divifion h 2,4504^, by 

P 2j whicK 
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ivhich dividing 215, you have 100 for the Qud- 
dent, which is the fame widi the laft Divifion on 
A, B» C, and D ; by which tneans it will be found 
that the Point t will be exa&ly over againft the 
Points on A, marked with M B, and a Btafs Pin, 
which correfponds with the Number 2150,41, or 
215,042, or 21^5042 : the firft of thefe being the 
cubic Inches in a Bulhel of Malt, for if from the 
Logarithm of 16, or 100, the Logarithm of 
2,15042, or 21,5042 be taken, the Remainder 
fhews the Diftance of one from the end of the 
Line MD, which is exadly the fame with the Di- 
ftance of the Points MB from the end of the Line 
Af that being alfo equal to the Difference betwixt 
the Logarithm of 10 or 100, and 2,15042 or 
21,5042. The Realbn why this Line is inverted, 
and its b^inning and ending as above, will be 
fhewn when we come to the Ufe of the Sliding*> 
Rule. 

Cor. From what has been faid, it is plain the 
Sliding-Rule is analogous to a Table of Loga^ 
rithms, the Diftances of the Divifions on A, B, 
Q D and E, being as the Log. of their Ratios. 

Having now fhewn how the Lines on two op- 
polite Faces of the Sliding*Rule are obtsuned, we 
come to the other two ; on one of which are four 
Lines, viz. a Slider with two Lines, which may 
be reduced to one, they being only the fame Di- 
Vifiohs, continued to its two Edges, and two o- 
thers on the Rule it felf, to cerate with the Sli- 
der; %ht Slider itfelf mark'd N, is exaftly the 
fame with the Lines A, B, C* already defcribed^ 
fo that what was laid of them is lufficient for 
this. One of the fix'd Lines on this fide is marked 
with S : L : or Seq. ly. whofe office, with the aflift- 
ance of the Slider, is to find the Quantity of Li* 
quor drawn) qt remaining in a Caik not full, and 

whofe 
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whofe Axis is parallel to the Horizon : The other 
fixed Line is mark'd SS, or Seq. Si. whofe Ufe is 
to find the Quantities of Liquor drawn out of a 
Cafk when its Axis is perpendicular to the Hori« 
zon : But the Conftru&ions of thefe Lines depend- 
ing on Principles not yet laid down, we (hall fq/i" 
pcne them till we come to Ullaging^ which is 
handled in the laft Part. 

On the other Side oppofite this are 3 fixed Lines, 
whereon is wrote Spheroid Variety^ &f ^. whofe Ufe» 
are to find what is called the mean Diatneier^ orto re- 
duce a Caik of any ofthe three Varieties to Cylin- 
ders ; but that being of little ufe, and fo eafily done 
without a mean Diameter, it is not worth fpending 
any Time on their Explication. On the Infides 
of the two firft Sliders are placed two Lines, the 
the one numbred from 13 to 16, and the other 
from ,42 of a Gallon to 3,61 Gallons; which is 
only a Table to'ihew the Contents in Ale Gallons 
of all Cylinders, whofe Depths are i Inch, and Di- 
ameter from 13 Inches to 36 inclufive, which are 
eafily computed from the Rule following for 

guging Cylinders, fb that we fliall not dwell any 
iger on them, but proceed to 

Sect. IV. the Ufe of the Sliding^Ruk. 
Andfirft^ of Numeration^ or the Method of efii- 
mating the Values of the Divijlons on the Sliding" 
Rule J for which this is a general Rule : For the 
Lines A, B, C, D, MD and N5 the Value of the 
firft on the Rule may be aflignM at plcafure, ci- 
ther X, 10, 100, 1000, ^c. or ,1 5,01 iooi, Gfr. 
and whatever that is, the firft 2 is twice as much, 
the firft 3 thrice as much, the firft 4 four times as 
much, and fo on to the fecond i, which is te« 
times the firft ; the fecond 2, 3, 4, (^c. beu^ ten 
times the Value of the firft 2, 3, 4, 5,6,6*!^. And 

D g ^hcrc 



3« 



3»^ THEORY «*/ Ch.ra. 



^here there are three I's, or a triple Radius, the 
thi^ I, a, 3, 4, 5, 6, ^c. are 100 times the Value 
of the firftp or ten times thofe of the fecond \ and 
this niay ferve for the integral Divilions ; but thofe ' 
being known, the intermediate ones are eafy ; for 'tis 
but coniidering into how many Parts the Space be- 
twixt any two of the integral ones is divided, and 
the difference of their Values, for then the firft o^ 
them i$ eftimated by a Fradiion, whofe Nume- 
rator is the Difference of the Values of the adjar 
cent Figures on ea^h fide, and its Denominator is 
the Number of Parts into which the Space betwixt 
the Integers is divided \ the fecond Divifion is 
twice the Value of the firft, the third thrice it^ 
Value, &r. and if tp any of thefe be addeld the 
Value of the preceding Figure, you will have 
the Number to which that Divifio« on the Rule 
correfponds. ^c will ilkiftrate this by an Exam- 
ple or two on the Lines A,£. Ijet the firfi: i at 
the end of the Rule on A Hand for i, then the fe- 
cond 2 ftands for 29 ; no^ fince the Space betwbct 
the fecond 2 and 3 is divided into 20 Parts, this. 
Is the Denominator of all the Divifions betwixt 
the fccprid 2 and 3, and the Difference betwoct the 
fecond 2 and 3, viz. 30 — 20 is 10; fo from the 
Rule given above, the firft DivifKMi after the fe- 
cond 2,^ is 2o4^s;20t; ihe fecond Divifion 
2D-f-l^!^=:2i ; the diird 20-f-i.i^s=2i4, £jfr. 

Let us take a fecdnd Example on the Lihc E^ 
which hafi a triple Radhis, and fet the firft t ftand 
for iOi) then tiie third 1, (which often is marked 
io) figntfies 1000 ; and' the third 5 ftands for 
5000 ; tlim becaufe the S{)aCe betwixt this 5 zsifA, 
the ibllowing 6 is divided into ten i^arts, and die 
DWerence of their Divifioos is ipoo; the ficft Di^ 
^ilion after the third §, ^gjnifies 5000-4^^1?^ s: 
5<X)o-h«>cte5ioo, the iftcand lis ^ooo-fzxi^^^ 
=t5CK50+29o=:520O| alod fo of the reft. 
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Multiplicatim by the Sliding-Ruk. 

Prop. I. 

Two Numbers being given ^ it*s reauired tofnd tbdr 
Produff by help of the Sliding-Rule. 

Rule. Set I on B to either of the Fa<^rs on A« 
then againft the other Fa&or on B is the Produft 
on A. 

For the two Numbers being reprefenfed tf, ^, 
and their Produft by p^ we have ay(k=^j or ( ^ 
Prop. I. of the 2d SeS.) L : j) = L : ^ +L ib 5 now 
'tis plain, when i on B is removed to correspond 
with a on A, then the Divifion on A, which is^ 
oppofite to b on B, fhall be diftant from i on A^^ 
by the Sum of the Diftances belonging a^b*^ but 
thofe Diftances are Logarithms of the Numbers a^ 
b^ by what hath been faid above ; whence th^ 
Pittances of the Divifion on A, which is oppofice 
by on B (hall be exprefled by L : ^-jrL : b ; but 
the L : a^t* } fc=L ip from the forgoing, whence 
the Number anfweriag thatDivifion is equal xx>p^ 
the Produft of «, ^. Q^E. O. 

Example 1. Let the Produ£i; of 15 and 12 be 
ibught. By the above pire&ion, fet s on ^ to 12 
on A, then againft 15 on B, I find (by the pre- 
ceeding I^umerationJ is. the Number 1,80, the 
Produ£i: fought* 

There may occur fome Difficulties to Beginners 
in thefe Matters, for it may h^en eidier Siat af- 
ter I on B is placed to one of die Faftors on A, 
the other Fadtor may not be found on B, becaufc 
of the fliortnefs of the Rule, or of its not having 
a fufficient Number of Radius's, or that when the 
fecond Faftor is found on B, it falls beyond the. 
JLinp As in both which Cafes youmuft divide 

P 4v one. 
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one or both the Terms by lo, lOO, looo, &?r. 
not only till they are both to be found on their re* 
fpcftive Lines, but alfo that the Divifion corrc- 
ponding with the Number on B, may fall oppofite 
ibme Divifion on A : and then you are to muhi- 
ply the Produd thencp arifine; by what both the 
radkors were divided by. The Reafon of this is 
' maiiifeft ; for the Faftors being tf,^, and their Pro* 

du<a P, viz.^ avb^p^ then -jj- = -, confequently 

^x»r=f, ^t will illuftrate this by Example^. 

Example I. Let the Produft of 3 and 245 be 
required", 'tis plain the firft i on B being efteemed 
J, the laft Divifion on that Line is ,100, and 
therefore 245 is off the Rule j but let 245 be di- 
vided by 10, and the Faftor become 3 and 24,5, 
which by the Rule gives 73,5 for the Produft ; 
therefore bccaufe 245 was divided by 10, I mul- 
tiply 73>5 by 10, and get 735 for the Produdk of 
3 by 245. 

Eotample II. Let the two Numbers be 409 and 
350, hiere taking the firft i on B for (me i$o is 
off the Rule, fo I divide it by 10, and have ^5 ; 
tut when i oh B is fet td 400 on A, (the firft 
1 on that Line being called lob) then 35 falls be- 
yond iht Line A, fo I divide it again by 10, 
that is 350 is divided by 100, and againft the 
Quotient (3,5) on B is 1400 ; but feeing 350 was 
divided by 100, I multiply 1400 thereby, and 
have 140000 for the Produdt of 350, by 400, ' 



1 
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Dhifion by the Sliding-Rule, 

Prop. II. 

^wo Numbers being given^ ^iis required to find their 
^otient by help of the Sliding-^Rule. 

Rule. Set i on A to the Divifor on B, then op- 
pofite the Dividend on B, is the Quotient on A. 
' The two Numbers being as above called tf, *, of 
which b is the Dividend, and a Divifor, and the 
Quotient y , then — =?, Qr L : ^— L : tf=L : q {by 

frop. 2. Seff. 2.) 

But when i on A is fet to ^ on JB, *tis evident 
fhe Number on A oppofitc b on B, {hall corre- 
fpond to the Excels by which the Diftancc from t 
to b, exceeds that from i to j; and thefe Diftan** 
ces being Logarithms of thofe Numbers, it follows 
that the Diftance from i on A oppofite'i on B, 
fliall be expr^is'd by L : b — L : a^ whence per 
Prop. 2. Seliii. the Number belonging to that Di- 
ftance is J= ?• Q;^E. O. 

Examp. Let the, Divifor be ^, and dividend 96. 
According to the Rule I fet i on A to 6 on B, 
then oppofite 96 on B is 1$ on A, which is the 
Quotient fought. 

But here as well as in the precceding Propofi- 
tionsi fome feeming Difficulties analogous to thofe 
there mentioned may occur, but the feme Remedy 
is fufficient. For let both the Terms be divided by 
any Power of 10, as 10, lOo, 1000, fcfr. and 
the (>aotient thence arifing is to be multiplied 
by a Fraftion, whofe Numerator is the Divifor of 
the Dividend, and Denomuiator that of the Divi- 
for ; but both here and in the preceeding Pl^opo- 
fltion, 'tis fcarcQ ^yer neceflkry that any morcitban 
'' * ' ^ ■ one 
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one of the f^a£tors, or Terms, need be divided i 
the ReafoQ.of this is evident, for fince i.s=; \ ifm 

and » are aiiy Powers of lo, then — )— (^=— * 
therefore if x i!^ = i.=;^. 

mb n d **. 

One Example will be fuflicient to ilhiftrate this : 
Let it be required to find the Quotient arifmg from 
1944, being divided by 54 ; then calling the firft 
I on Aone^ and the firft i on B ten^ and letting 
one on A to 54 on B, the other Term 1544 is^not 
onB, but dividing by 10, the Quotient 1945+ on^ 
B is againft 3,6 on A 5 this multipled by V- (for 
die above Rea&n) and 1^ find 36 foi the true. 
<^uotient. 

'JhRukaf'TbreebytbeSUMrig-Rule..^ 

Prop, III. 

Any three Numbers being given^ Uis required tojnct 
a fourth^ which Jhall be to the thifd^ as thefe^^ 
cond is to thefirjl. 

Solution. Set the firft on JB, to the fecond on A,. 
then oppofite the third on B, is the fourth on A. 

For let us denote the three Numbers by a^ Ij Cy 
and that fought by ^, then a : h : : c :.x i therefore 

(0r 16. VI/^ Euclid) ^=^% and (ferPrf^. u 
and 3 SeB. 2.) L : ir= L : b^L, : ^-f-L :/. 

Now when « on B is fet to ^ on A, then 1 on B* 
is diftaflt from i on A *by the Difference of the 
Spaces agreeing to <p, 3, that is by the Diflfcrence 
of their Lc^arithms ; hence the i on BJs diftant 
from tlie fame on A, by a Space expreffed by 
L : >— I^ : a : and therefore the third Term on B^ 
is' d^nt from i on A, hy its Log, added to the' 

former 
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former diftance, viz. by L : ^— L : a-\-h : r ; but 
L : i — L : a-^^L : ^==L : x, hence the Number on 

A oppofite the third Term on B is *te= ^. Q. 

Here if when the firft on B is put to the fecond 
on A, the third cannot be found on B, or that bet- 
ing found, it happens beyond the Line A ; any» 
or all the three Terms may be divided by any 
J^ower of ten, till all the four Terms happen on 
the Rule: then the T^rm thence arifing is to be 
multiplied by a Fradlion, whofe Numerator is the 
pi!odu<a of the Divifors of the fetond and third 
Terms, and Denominator the Divifor-of the firft 
Term ; for put w, », r, to denote 10, 100, looo, 
6fr. the refpeftive Divifors of the firft, fecond^ 

and third Terms, then- : -•:- : ^^557. .but 

this multiplied by ~ gives — =^, the fame 

as was found before the faid Divifion : And thefe 
are the Propofitions whofe Solutions are had by help 
of the Lines A, B, that is by two Lines of Num- 
bers of equal Radii, or made from the fame Scale 
of equal Parts. We now proceed to confider thofe 
which are had by a fingle Radius, Aiding againft 
a double or triple one, or fnch ^»rtiere oiie is made 
from a Scale either double or triple to that ^irom 
whence the firft was made. 

QfextraSif^ the Square Rooty hf ^ 

Prop. IV. 

'AfiyNumier leif^given^ ^tis required iojmi its 
S^n JUQf hy the Sliding Rule. 

The 
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The firft i on r Handing againft the firft i on D« 
againft the given Number on ^ is its Root on D. 

For fince the Radius on D is double that on C, 
*tis evident the Diftance of i from any Number 
on D, is double the Diftance of i and the fame 
Number on C •, therefore in this Pofition of the 
Rule, againft any Number onD, is its Square on C« 
by Ccr. Prop. 3. Se£f. 2, whence on the contrary 
againft any Number on c is its Square Root on D 

Q;E. D. 

But if when ;he firft i*s on each Rule are one, 
the Number etven cannot be found on c^ let it be 
divided by 10^* or To^* orTo"* (^c. till it can 
be found ori c ; then if the Number oppofite this 
Quotient on D, is multiplied by the Square Root 
of the faid Divifor, it will be the Root fought. 

for let QJ)e the Number given, and q its Root, 
then y*=Qi but when.Q^is divided by any Num'- 

ber n*j we have ,7 = ^ and - = -^^ , whence if 

this Roo.t is multiplied by », the Square Root of 
n* (the pivifor of Q^), you'll have j, which hy 
fuppofitron is the Root of Q. ^. E. O. 

Exap^le. Let it be required to find the Square; 
lloot pf 15129, the firft ^'s on C,D, being pncy 
'tis plain the greateft Number on C is 100, and on 
P ID, therefore I divide 15129 by^*=:iopoo, 
and the Quotient is ]:,5I2'9 ; againft which on c 
is 1923 on D, but becaufe 151 39 was divided by 
»♦, I multiply 123 by i?* =100, and that gives 
123 for the Square Root of 15 129. 

Prop. V, 
/fyy tbree Numbers being given^ let U he required to * 
find a fourth^ which Jhall be to the third Oflthf 
Square of the Jecond is to tbeSijuare of thefirfi\ 

Solution^. 
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Soluiipn. Set the firft Root on D to the third 
Term 6n C^ then on G oppofite th^ fecotid Root 
on b, is the Term required. 

For let the three Terms given be denoted by a^ 
K ^> and X the Term fought^ then « * : ** r : ^ : ir by 
the Condition of the Queftion,or (by the i6th VI. 

£«fjx = — r^, whence (from Prop, i^ 2, 3^ of 

St£l. 2.) we have L : ^=L i 2L : *-^2 L i a+h :c. 
NoW when ^ on D is fet to r on C, then i on 
D ftands oppofite a Number on C which is diftant 
from 1, by the fpace belonging to the Number r, 
^ and the Difference betwixt the Spaces cofrcfpond»- 
Ing to 3, J on D : but thefe Spaces being JLoga- 
rithms of the Numbers themfclves, and the Radiiis 
of D double that of C, 'tis evident the DiflFerence 
of thofe Spaces onD is expreffed by 2L : ^ — 2L: a 
to the Radius of C, to which the Log. of r being 
added, viz.hiC: we have 2L:^ — 2L:r, for 
the Diftance of a Nunfiber from i on C to the Ra- 
dius of C, oppofite to b on D. Whence the Num- 
ber on C agreeing this Diftance is— x^=:— 7-^1 

but that by what was faid above is equal to x^ 
the Term fought. Q^E. O. 

Example. Let the Numbers given be 4, 5, and 
18, fo that the Term or Number fought, is a fourth 
^Proportional to^* : 5^* : : 18, by the Rule, I fet 4 
on D to 18 on C, then on C oppofite 5 on Dis 
284^ the Term or Number required. 

But the chief Ufe of the Lines C, D, is in 
meafuring of Cylinders,, and confequently the 
Globe, Spheroid, Cone, arid conic Conoids, which 
(excepting the Hyperbolics) are in a given Ra«* 
tio to meir circumicribing Cylinders. For it 
is demonftratcd further on, if D be the Diame- 
ter 
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tst of any Cylindet^3 Bafe, b its height, and t;ss 
1284, (^c. tl^ Diameter of a Circle whofe Area i^ 

Unity, then the Mcafurc of its Sdlidity is H!|Sf 

call it S^ then ^==:S, or t;* : D* : : A : & 

whence from this Prop* we have the following 
Rule to meafure any Cylinder by the Lines C. D. 

Rule. Set 1,1284 on D to the Cylinder's beigbi 
C ; thin oppofite the Diameter of its 6afe on D, is 
its Content on C. 

Let the C^linder*s Height be 6 Pecu and the 
Diameter of its Bafe 3 Feet 6 Inches. 

Then fetting 1,1284 on D, to 6 oh C ; againft 
3,5 on D is sy^y on C : which is the Number of 
foizd Feet in the Cylinder given. The fame Dif- 
ficulties may occur ii) the ufe of thefe Lines as iit 
thofe above : for It may happen that after the firfl: 
Root or Term on D, is fet to the third Tcrni on 
C, the third Term or Root cannot be found on 
P ; or that being found, it happens off or beyond 
the Line C; in this cafe let the given Terms be 
each divided by 10, 100, 1000, (S'c or any Mul- 
dple of thefe as occafion requires y then let the 
Term found be multiplied by a Frafti(»i, whofe 
Denominator is the Square of the Divifor of th& 
firft Term^ and its Numerator the Product of the 
third Term, Divifor by the Square of that of the 
fecond, fo (hall you hatre the Number fought. 

Example I. Let the three Numbers given be jy 
fo, 7, fo that the Term or Number required is a 
fourth Proportional to^^ : 60^* : : 7, hence by 
the Rule I fet 3 on D to 7 cm C, then 60 on D i* 
off the Rule, therefore I divided it by la, anj 
the Quotient 6 on D is oppofite 28 on C ^ tk& 
becaufe the firft Term was divided by 10, the fe- 
cond by one^ and the third by one^ the multiplying 

Fra6tioi» 
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(^ Fraaionis*-^=io^» hence 28x1000=2800 is 

I the Term fought. 

* Example IL Let the three Terms given be 2, 

j So, 9, fo that the Term fought is a fourth Pro- 

^ portional to 2^* • 80^* : : 9 : — now fetting 2 on D 
^ to 9 on Cj then 80 is off the line D t let it be di- 

■ vided by 10, thfe Quotient 8 is on the Line D^ 

^ but does not fall againft any Diviflon on Q 
whence divide 80 by 20, and the Quotient (4) qb 
D, is againft 36 on C, now here the multiply- 

iag Fradion is "77* =400, therefore 14400 is 

J the Number fought. But we may obferve there ia 

' ieldom occafion to divide any but the fecond Term> 

the Reafon of this will be evident from hence ; the 

three Terniis given being 4, ij c and ;r, that foughf 

^ is fyund equal to— ^ . Now if ^, i, c^ are divi- 
ded by m^ Hj t rcfpcftively, then a fourth Propor- 
tional to ~ • ^ • • * is ^*^^^'**,, whence this 
«onai to ^» . ^» . . ^ IS ^»)^^»)^^ 

multiplied by -jr- gives -^, which is the 

fourth Proportional to u* : ^* 1 1 r, the Term 
fought ; but if the feCond Term b is only divided, 
ite Term that is then found muft be multiplied by 
n^ only \ becaufe here m azid r become each i. 
We proceed in the next Place to iliew the Ufe of 
die Line D E» m which the Radiusrof the former 
J is.triple the latter, it being laid down from aScale 
three tfima as lar^« as that of D« 



^ 
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The Ex tr off ion of the Cute Root iy the Sliding^ 
Rule. 

Prop. VL 

Any Ntimbtr being given^ tofin4its Cube-Root by 
the SMng'RuIe. 

The flrft I's on the Lines D, E ftindirigagaihft 
fcach other, let the Number glVen be fdund on E, 
then oppofite it on D is the Rctot fought. For 
the Radius of the line D being triple each one of 
E, every Numbfef on the former is at a triple Di- 
ftance from i, that the fame Number on the latter 
is from i, hence the Number on D that ftands op- * 
polite any Number on E, is the fame that Would 
vtic found at 4 of the Diftance on E, but thefe Di- 
ftances are Logarithms of the Numbers : hence if 
Q^be the Number given, and y its Root, •then 
j'sbC^ or {per Prop. 111. Se£f. 2.) 3L : jskL : Q^ 

therefore L : y = -^-^ that is 4 part of the Di- 
ftance between i and Q^on Ei to which corre- 
fpondsthe Number D oppofite Qon E is the Lb^. 
of the Root fought, and therefore the Number it 
felf is the Root of Q^ ^ E. O. 

But if Q^is fo large that it cannot be found on 
E, then let it be divided by'io^S or io^% orTo^^, 
and the Cube Root of this Quotient niuft be mul- 
tiplied bjr the Gube Root pf the faldDivifof. One 
Example will be fufficient ; Let it be recjulred to 
find the Cube Root of 219^ : Here thfe firft i on E 
being one^ the greateft Number on E is 1000, fo^ 
that 2197 is not on the Line E, therefore I di- 
vide it by7o^% and on D againft the Quotient 
2,197, on E is 1,3; this is multiplied by 10, the 

Cube! 
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Cube Root of 10* % gives i^ foir the Cube Root 
of -2197. The Reafon of this dWding, and it^ 
cgnfequent multiplying may be ihewn after this 
manner 9 Q^ is the Number whofe Cube Root b 

^, let r be the Cube Root of ^^ then r» = jjj» 

or r JW = i/<Xl=y, whence m being 10, 100, iooo» 

tSc. or 3w'-^% To^*, 10^^ ISc. the thing 19 
manifeft. 

Prop. Vlt 
Jbrf thru Numbers being given j *tis required to find 
H fourth^ which may be to the thirds as the Cube 
cfthefecond is to the Cube of thefirft. 

Solution. Set the firft on D to the third on E» 
then oppofite to the fecond on D is' the fourth 
on E. 

For let us again denote the three given Num- 
bers by tf, i, c^ and x for that fought, then by 
thft Condition of the Queftion a'^ : b^ : : ci x, 
therefore by Se(f. II. we have L : x=3L: ^— 3L : 
tf-j^L : c. Now when 4 on D is fet to c on E, 
then * on D ftands oppofite a Number on E, 
which is diftant from i by the Difference of the 
Spaces ij a: i, ^ on D, and the Space i, Cy on E ;. 
therefore thefe Spaces being Logarithms of their 
Numbers, the Number on E oppofite ^ on D i^ 
diftant from i by a Space expreflfcd by 3 L : ^— 
3L:tf+L.:f, to the Radius of E, but that hy 
what was faid above is equal to the Logarithm <>f 

Pf, hence the Number its felf is equal to — j- 

thcrcfore the Prc^rclonal fought. ^ E. O. If ei- 
ther the firft or fecond Terms cannot be found oa 
■ D, they muft be divided by 10, 100, 2000, 6fr. 
till they each obtain a Place thereon, and alfi> 
till the Place of ^ (divided) on D^ is oppofite fome 

£ divifion 
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divifion on E, and the Anfwer that dicncfc arif^ 
muft bc^ moltiplicd by a Fra^on, whofc Ntnne- 
fatoris the Cube of the fecond Term's Divifor, and 
penojninator, the Cube of the firft Term's Divi- 
for ; for the Terms being a^ by Cy and the Term 

fought ~ if f<>r ^> h c, we put i , ^ , c, we 
Ihall have the fourdi Term to thefe ii^g^^ 
whence if this be multiplid by ^, it witl give 

^lyf the Term required. 

Examf. Let the Numbers given be 2, 80, 9, here 
when 2 on D is fct to 9 on E, 80 is off the Line 
D, but dividing it by 10, againft 8 Tthe (^otient) 
on D is 576 5 whence, bccaufe 80 was divided by 



10' 



10, and 2 by I, I multiply 576 by -=^ =1000, 

and it gives 576000 for the Term required. 

To thefe three Proportionals we may add, that 
iince it is dcmonftrated that all fimilar Planes are 
to each other as the Squares of their homologous 
"Lines ; and all fimilar Solids as the Cubes o^ 
their homologous Lines r thence by help of thefe 
three Lines C, D, E, all Spaces are meafiirable 
which are homologous to any given Plane; and 
^11 Solids which are Homologous to a given Solid. 
\ We are now got to the Line MD, whofe firft Di- 
vifion at the right hand correfponds to ,215042, 
or 2*i504.2> or 2i»5042» or 215,042, t^c. by 
which means the firft i thereon is againft 2,15042, 
or 21,5042, Or 215,042, 13 c. fefpeftively on A 5 
the Values of the Kvifions on MD incredllt)g ^to- 
iwards the left hand, as diofe on the reft do to* 
wards the right. Why it Ihould begin thus, »fid 
'not it mc^ ^ the others do> will be evid^t^ after 

•we 
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we have laid down the two. fipUowing Propoil^ 
tions^ but we rouft obferve the ufe to which this 
Line with the others on this. Side the Sliding.Rulp 
are applied, is in Malt-Gauging \ the Vcffels in 
which chat is qfually put being in the Forms of 
Parallelopipedoos, having Reftangular Bafes. Now 
if the Length of any Parallelopipedon be /, its 
Breadth by and Hckht or Depth b in Inches, lyhyb 
is the Number of Ciibick Inches it contains, as is 
demopftrated farther on ; or the Area, or Meafure 
of the Bafe being y, the Cubic Inches thereof is 
ezprefied by ^, but there are 2150,42 Cubic 

Inches in a Bulhel of Malt, therefore i^^^, or 

2150,42 

i^ — , is the Bufliels of Malt in the faid VcfleU 

whether Floor,' Couch or Ciftern, having the abov^ 
Form. 

Prop. VIII. 

7be Meafure of the Sides of any r elf angular Paral- 
lelogram being given^ to find ils Meafure by tic 
Lines ^ and MD. 

Solution. 5et th/e Length on B te the Breadth on 
MD, then oppofuc 1 (or unity) on* MD is the ' 
Meafure on b. 

For the Meafure of the Breadth being ^, and[ 
that of its Length /, the Meafure of the Rectangle 
i§ ix/, as is demonftrated farther on, hence j=3x/, 
or L : qsiL : ^^"Li : / : (per Prop. L Seff, 2.) Now 
when i^ on B is iet to / on MD, then i qn MD 
is againft a Number on B, which is diftant from 
•^towards the right hand by the Space i, /, fQ 
that I on MD is againft a Number on B, which 
is diftant from i by the Sum of the Spaces 1, ^, 
and I,/, but thofe Spaces are Logarithms of their 
Numbei:^ ^ whence the Diftance of the Number 

E 2 on 
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on B, oppofite i on MD is exprcfs'd by L r^-f^ 
L : r ; and therefore from what was faid abovc^ 
the Number it feif is Lx^ or gC ^E. O. 

Of Meajurtfijt Floors^ Couches^ or Cijferns By 
the SMng-RuIe, 

Prop. IX. 

^be Lengthy Breadth^ and Height {pr Depth) df 
any Couch^ Floor y or Gift em being given ^ iofind 
the Number of Bujbels of Malt it contains. 

Solution. Set the Length on B to the Breadth 
on MD„ then againft the Height on A is the 
Content on B. * 

For the Length being /, Breadth 3, Height b^ 
and the Area of the Bafc j=/x^ ; the Content is 

&t — as obfcrved before : but by thelail Propo- 
J 1 50,42 ' 

fitionq is againft i on MD» therefore by Propofition 

3, foregoing,^ if 2150,42 on A ocf fet to j on B, . 

then oppofite i& on A is — — on B. But we ob- 

2150,42 

ferved above, that 2150,42 on A, is oppofite i on 
MD, and 1 on MD has been already (hewn to be 
againft jon B,. therefore 2150,42 on A is againft 
jf on B, whence againft b on A* is the Content on 

215042 ^^ 

In the Ufe of thefe Lines, A, B^ and MD to^ 
gether, there may arife fome Difficulty about efti- 
mating the Value of the Numbers found by thefe 
Direftions, which muft be cleared up before we 
finifti this Chapter of the Ufe of the Slidingr 
Rule. 

In the firft place therefore it is to be noted, you 
muft always have i on MD, reprefcnting Unity 1 

othei;- 
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Othgjways the Area of the Bafe or Produft of Ixb 
Cannot be direftly found onB : but you'll have t4^ 
-1^5^, ten times, loo times, fc?f. that Area according 
to the Value put for the firft i, to the right hand 
MD ; wherefore that the direft Value may be had, 
let that ever Hand for ^ or i. If it rq3refent i, 
then the Number oppofite on A (where is a Brafs 
Pin marked MB) Ihould be 2150,42, the cubic 
Inches in a Bufhel of Malt ; but by having that 
fd large, it will commonly happen that the Height 
or Depth which is to be found thereon, is off the 
Line, for the leafl: Number on that Suppofitioii 
is I GO; wherefore to remedy that, you arc to 
diminifli the feveral Meafures by dividing them 
by 10, 100, 1000, {^c. till each (when the firft or 
fecond i on MD is unity) may not only have a* 
place on its refpeftive Line, but that the Term re- 
quired may alfo have its place on B : and whate- 
ver is the Produft of all thefe Divifors of/, ^, b; 
the Number 2150,42 muft be divided thereby, by 
which tfie Value of the Divifors of A will be 
Jcnown. The Reafon of this is thus made out, 
, put B the Bu(hels of Malt in the Ciftern, Couch, 
&c. whofc Length is /, breadth ^, and height b^ 

thenB=— — - : But let each of thefe Meafures 
2150,42 

be divided by /w, », r, refpe6lively, which are al- 
ways 10, I op, ^oop, &c. then I fay, if 2150,42 is 
divided by the Produft of thefe Divifors, the Pro* 
duft of the former (>iotient divided by this lat- 
ter is ftill equal to B, the Content of the faid 
Couch or Ciftern, i^c, 

^ 2150,42 \ / k h fiXifXh ^ 

We fliall make this Obfervation plain by Ex^m-*^ 
pies. 

Example 1. Let the Breadth of a Couch be 56,2 
Inches, its Length 270, and Height 5,^ Inches-^ 

£ 3 now 
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now in order that 5,2 miay he found on A, the 
firft I muft be cither -rr or i 5 let it be i, then 
the fecond MB on A is 21,5042 ; whence in this 
cafe 2150,42 is divided by 100, therefore let 273 
be divided by 10, and 56,2 bv 10, thdn fcttihg 
27 on B to 5,62 on MD, againft 5,2 on A, is 36,7 
on B, which is the Number of Bufhelis in the 
Couch propofed. 

Example 2. Let the Breadth be 72 Inches, Leilgdi 
140, and Depth 18,2. Now that 18,2 may be oa 
A, the firft i may be cne by which the fecond MB 
is 21,5042, fo that 2:15042 is again divided hf 
100, therefore let 140 be divided by 10, and 7a 
by 10 ; then fetting I4i=i{4 on B, to 7,2 ^txsji^oti 
MD againft i;8.2 on A, is 85,3 on B, which is 
the Content fought. 

^Example 3. Let the Breadth be 13 Inches, the 
Length 36 Inches, and the 'Depth 9 Inches, there- 
fore the firft I on A may be cither t4 or i, for 
in both cafes 9 may be found on A ; Jet it be i, then 
(the fecond Brafs Pin being mark'd MB) is 
2 1,5042, fo that2i5o,42 is divided by ibo^ there- 
fore let the Breadth be divided by ;o^ and the 
Length by 10, fo that both together are divided 
10x10=100, and they become 1.3, and '3.6 j then 
fetting 3.6 on B, to 1.3 on MD againft .9 6h A,'is 
f .96 on B for the Content. - • 

Example 4.. Let the Length of a Floor be 1250. 
iTichcs, Breadth 360 Inches, and Depth 9 Inches, 
and let the firft i on A be -t4, then the fecond; 
MB is 2,15042, fo that 2150,42 is divided by; 
1000 ; therefore let 1250 be divided by 10, and 
360 by 100, fo we have 125 and 3^6; then -fet* 
ting 125 on B to 3.6 on MD againft 9 on A> is 
1884 on B^ which is the Coritdnt' fought. 

So that you fee the firft i to the right handnon 
MD has ever "been dtie^ the firft J;;^ on B ridler ' 
^OjOr 100, or 1000, &ff. and the' firft 1 an A was 

,- Tfiricd 
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' varied as occafion required, which was always de^ 
tcrmined fo as the Height might be found there* 
on» and alfo ^t th^t njiig|f( f^l againft fome 
Number on B ; but from thence we determined by 
what the Divifor 2159,4.2 was divided, and then 
the Divifors of the lichgth and Breadth : For the 
Produd of their pivifipa muft ever be. equal tc^ the 
Pivifor of 2150,42. In the Uft Cafe, the' fccond 
Point Mp beirjg 2150,42 vy-as takqpfoif 2,15042 ; 
fo that it was divided by 1000, and tbfi Lcngdi 
J 2 59 w^ divided by 10, and the BiesLd^hY ^^o, 
bec^ufe iqxip^ciooo, the Divifor of 3; 150,42 5 
fo that from theft Di^eftions the Re^d^r wiVr ^^" 
ver bq at a lof^ to eftimate the Value of th(: pivi;- 
fors op the Sliding-Ru^e according ^s occafion pre^^ 
fents. , 

The freqq^nt ufe that is made of this Rule by 
^y Brethrep of the Excife, made me the fuii5r 19 
this particular, that they plight not only \)C ac- 
fluainted with its Ufe 5 but alfo the BL^afon of the 
Methqd of Operation, ^yhich I have laid d<f)\?n iii 
* ^ ipanner as ftriftly inathematical, as the N^jurc of 
the Thing admits, and yet fo illuftrat^d by verbal 
JLuIes and Examples, that I would fain hppc it 
wili not be oijt of the reach eyeir of the L^arner^ 
which I think ha? not been done before ; fo that 
we lha-11 difmifs it for the prefent till we come to 
fhe Praftice, whi?re thi; Reader will find a furthcf 
Application of it in meafuring the various S^lidi 
fh^t occur ip Gap Gi N Q. 
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P A R T IL 

CHAP. I. 

Of Geometrical Definitions and Theorems. 

IN the preceding Chapters we have laid down 
the Method of computings both by the Pen and 
Sliding-Rule ; it remains that we (hew hoiy thofc 
Rules are applicable in finding the Contents or 
Meafures of Magnitude. For as on the one hand, 
knowing for Example, that the Meafure of any 
Parallclopipedon is equal to the Produft of the 
Meafures of its Bale and Height, I fay as this 
could be of little Service, without knowing how 
to compute by Tuch Meafures: So on the other 
hand it would be of little Ufe to be able to com- 
pute without knowing when to multiply, when to 
divide, fe?^. and alfo the Terms by which thofe 
Operations are to be made. Therefore having laid 
down the Method of computing, we (hall now 
proceed to fhew how thofe Rules are to be made 
ufe of in Meafuring of Magnitude, 

Definitions. 

\ I. Magnitude is whatever is extended, and 
therefore may be conceived to be contained or li- 
mited by fome certain Term or Terms. 

I. A Point is that which has no Parts, or con- 
fidered as indivifible, and fo of it felf no Magni- 
tude, and yet in fome meafure may be taken for 
the beginning thereof. For, 

3. If we conceive A {Fig. 6.) to be a Point, an^ 
any how moved towards B, by this Motion we m^y 
conceive to be generated a| Magnitude AB, of one 

Dimcn* 
S 
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IXmenfion only, xhdX is. Length without Breadth, 
or Thicknefi ; and this is called a Line. 

4. When A moves towards B the fhorteft way, 
AB is called a Right Une. 

5. But if the Direftion of the point A be 
changed in every point of its Path or Way, as Ar, 
bcy be^ &ff. (Fi>. 7.) then the generated Magni- 
tude is a C«rv^J L/»^ ; the Species of which are 
infinite ; but fuch of them as are ufeful in Gauging, 
fliall be confidered farther on. 

6. If the Line AB be alfo conceived to move in 
a reftilineal Oireftion E ^, its extreme Points A, B 
will dcfcribe other Lines AC, AB, and the Line 
itfelf will have generated a Magnitude AD of two 
Uimenfions, having both Length and Breadth^ but 
no Thicknefc ; and this is c?Jled a Plane Surface^ 
tk fimply a Plane. * 

7. If this Surface AD be conceived to move for- 
ward or backwards in the reflilineal Diredion 
E e {Fig. 8.) its oppofite Points A, D„B, C, will 
again defcribe other Lines AF, DK, BH, CO, ff?r. 
and confequently each of thefe Lines other Planes, 
and thence by this Motion we tnay conceive to be 
generated a Magnitude of three Dimenfions, Lengthy 
Breadthy and ThicknefSy called a Solid. But here 
as before in the Generation of Lines, ftiould the 
Direftion of the Generating Line, or Plane, be a 
curve Line, then the Plane, or Solid, will accor- 
dingly be contained by a curve Line, or curved 
Solid. 

fVe gave this Generation of Magntiude^ lecaufe 
0f its great Ufe and Extent in the DoSrine of curve 
LineSy and confequently the fvhole of Mathematical 
Philofophy. But yet L muft confefsy by thofe of a 
wrangling or fophiflical Temper y it may be objeSled 
that we have given the Generation of a Subjiancey 
from a Nothing^ or an Attribute y which is. a fort of 
Contradiilion } for it's moft certain y Points and Lines 

are 
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are only Attributes cfBotb. And fome whofe Geo^ 
metry feems to be confined to feeing only, bav^ 
objeHed to the Ekmentor^ for bis negative JDiefiniti^ 
ens of a Pointy Une and Surface \ or rather denied 
tbfltfucb Points^ Lines and Surfaces e:ciji at all. 
To the firjt i^ P^ay be r^lieJj We do not fq mucb pre- 
tend to generate Magpitude^ tbat wo$d4 be abfurd 
indeed \ but only to tonvey to tbf Mind the Idea of 
the Figure which the feveral Sorts of Magnitnde 
really in being may put on. And to tbefecqnd we 
nrnftobfervf^ Method obliged fbe Elementor^ fvbom we 
have imitated in this^ to begin ^ith ihe mpfi^mple 
firfty and therefore he began with defining a Pointy 
wh^re hf only tells us what {t is nqt, They will re- 
ply f ef nothing or Jfon-entity there are no Properties 
cr J^eflions : But we anfwer^ Points or Lines are, 
the Attributes of Body^ and where that exijls^ they 
f^^*^ ^Ifp ; for by firft ajjiming fome ^qdy to be 
givcHy it is certain it has Ends \ then \fthofeEnd\ 
are fiat y or e^aSly evev^ they will be Pl^ftes, (ind 
thofe Planes have alfo their Epds^ which tfJkreighL 
they are Right Lipes, and thofe JJpes have Ends^ 
which are Points. .So that from henc^ 'tis pluin we 
have adequate Ideas of PoititSj Linesy and Plains^^ 
fis defined by the Geometers ; th^fe Pmtt^ and Lines 
dr^wn with a Pen^ being only Piaures of the real 
Points or Lines which Mathematicians conftder^ an4 
drawn to affift the Imagination. J^ijt to pxpqeed ; 

8. A Circle is a plain Suriface, .termia?it<sd hy 
one curved Line called Circumference, unto whicn, 
?JI Lines, drawn from a foipt ^\th]p .called the 
Center, are equal to each other y thefe JL-ines are 
called SemidiameterSj or Jiadii j aod any I^ine paA 
fing thro' the Center, and terminated by the Cir- 
curnference, is called ^ Diameter \ tbeJLinejoinijn^ 
the Ends of any part of ti\e Circufljfercnce, iii 
tailed its Chord. 
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9. A SeSlir of a Circle is part thereof, termi- 
nated by two Semidiameters, and part of the Cir- 
cumference, either more or leis than the half; and 
this Arch is called the Bafe of the Sedlor. 

10. A.Segment of a Circle is part thereof, ter- 
mmated by part of the Circumference and it3 
Chord ; and when that part is half of the Circum^j 
ference, it is called a Semicircli. 

The Ancients divided the Circumference ^f a 
Circle into 360 eqiaal Parts, each of which they 
called a Degree ; and each Dcjgrec into 60 equal 
Putts cal^led Minutes ; and each Mifiute into 60 
Farts called Seconds^ and fo on to thirds, fourths^ 
6fr. every Arch of a Circle, being denoted by the 
' Number of Degrees, Minutes, Seconds, 6fc. it 
contains. 

11. If two Lines in the fame Plane, and not 
lying in the fame Direftion, are fo fituate, that 
being produced they would meet, they are faid to 
ht inclined to each other \ and if two inclined Lines 
are produced till they do meet, they will form a 
J^lane Angle ; The Pointof Concourfeis called the 
jff^uhr Pointy and the Angle is faid to be more 
or lefsj according as the Inclination ofitsXines are 
more or 4efs ; but the Quantity thereof is eftimated 
by the Arch of a Circle contained betwixt its Lines, 
and having the ai^lar Point for its Center. £- 
▼cry Angle may be denoted -by three Letters, the 
middlemoft of which is at the Angular Point, and 
the other two at the Ends of tbeLiias. Thus (Fig. 
9.) the Angle form'd by the Lines BD, CE pro- 
duced, is denoted by BAC. 

12. When a ftraij^t Line ftands'on another, fo 
that it does not incline to one .^nd more than the 
other, but makes the Angles on both fides equal, 
then are thefe called Bright Angks^ and theJUines 
are laid to Jbe ^cmndtcular to each oAer. 

^'•^ • Hence 
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Hence the Mc^fure of the Right Angle is 90 
Degrees. 

13. Every Angle greater than a Right one, is 
called an Obtufe Angle \ and every Angle lefs than 
a Right one, is called 2LTi Acute Angle \ or in ge- 
neral both obtufe and acute are called Oblique An^ 
gles. Thus, . 

{CBDl r Acute 1 

CBE > is an^ Right > Angle. 
ABDJ tObtufe) 

And the Lines AC, EB are perpendicular to each 
other. 

14. If to one end of any Arch of a Circle a Di- 
ameter b^ drawn, and from the other end a Per- 
|3endicular be let fall thereon, it is called the Sign 
of the laid Arch. And if from that end of the 
faid Diameter, which co-incides with the Arch, a 
jPcrpendicular be ereAed, and a Line drawn from 
the Center of a Circle and the other end of the 
'Arch, and produced till it meet the fame ; then 
that part thereof which i; betwixt the Point of 
Concourfe and Center, is called the Secant of the 
Arch ; and the part of the Perpendicular betwixt 
the Point of Concourfe and Diameter is called the 
^mgent of the Arch. Alfo that part of the pia- 
meter betwixt the Sine and Tangent pf any Arch, 
is called its VerfedSine : Thus in the Circle ACBA^ 
(Fig. II.) 

CEA ]1 J^^"- 
BHEDif ^^^ 1^ 
' AKEAU [Segments. 

A^IA is a Semicircle. 
rSine 1 

I Tangent I 
^ IS the< Secant > of the Arch EB, 

[verfed SineJ 




J 
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15. Thofe Right Lines drawn on the fame Plane 
are faid to be parallel, which being produced ever 
fo far would not meet, or the Parallels are fuch, 
that if from ever fo many Points in the one, Per- 
pendiculars be let fall on the other, they will be 
all equal to one another. Thus, if AB and CD, 
{Fig. 12.) are two Lines fo fituated to one another, 
that from the Points ^ , a^ j, in AB, the Lines aby 
ba^ abj being \tt fall perpendicular on C, the fe« 
veral Lines ab,^ ab^ abj are equal among them- 
felvcs, then is AB parallel to CD. 

Of Rigbt-Uned Surfaces J or Planes. 

16. Rigbt-Uned Surfaces are thofe Planes which 
are included by Right Lines, and the including 
Lines are calldd their Sides. 

17. A triangle therefore is a Plane included by 
three Right Lines, of which refpefting its Sides, 
that is equilateral^ whofe three Sides are equal, 
{Kg. a.) that an ifofceles Triangle having two Sides 
equal, (Fig. b.) and a fcalene^ or oblige Triangle. 
when all the Sides are unequal. {Fig. 16.) But 
refpeding its Angles, that is a right-angled Triangle 
which has a right Angle, {Fig. c.) and an acute- 
angled Triangle when all the Angles ar6 acute, 
{Fig. a.) and an obtufe angled Triangle^ when it 
has one obtufe Angle. {Fig. 16,) 

18. In right-angled Triangles, the two Sides 
containing the right Angle are called its Legs 
and, the Side fubtending the right Angle is called 
the Hypotbenufe. 

19. If a Perpendicular be let fall from any 
Angle of a Triangle to its oppofite Side, that Side 
is then called the Bafe of the Triangle ; the Per- 
pendicular its Height^ and the Point from whence 
the Perpendicular was drawn, is called its Vertex. 

20. Cii faur-Jided Figures^ thofe are called Pa* 
rallehgrams^ whofc oppofitc Sides are parallel or 

equal I 
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equal ; and thefe are diftinguiflied into four Sorts i, 
I. When the Sides are all equal, and Angles rights 
they are called S^anSj (Fig. 13.) 2. When the op- 
pofite Sides are only equal, and Angles Right, 
ReSiangleSj (Fig. 14.) $. When the Sides are eauaJ^ 
and Angles oblique, i^i^^m^ffi'/^ (Fig. I7.) 4. When 
' the oppofite Sides are only equal, and Angles oblique 
Rbmtcidsj (Fig. 15.) AH other quadrilateral Fi- 
gures called Trapeziajy (Fig. 18.) 

Of muUihUral or polygonal Figures. 

21, A Pentagon is contained by five equal Sides, 
(Fig. 20.) A Hexagon by fix. A Heptagon by 
ieven. An 09agon by dght, (Sc. Each taking 
its Name from the Number of equal Sides or An* 
gles by which it is contained. 

To this Definition we may add, that all Poly-- 
gons may be circumfcribcd by a Circle, or have a 
Circle infcribed in them : For if any two conti- 
guous Sides of a Polygon are perpendicularly bif- 
fcfted, thfrAitting Lines will meet in a Point, which 
is the Center both of the circumfcribed and in- 
fcribed Circles ; the Diflance of that Scftion, and 
any Angle of the Polygon, being the Radius of 
the former, as the Diftance of the faid Seftion, 
and middle of any fide is of the latter: Whence 
the Center of the infcribed or circumfcribing Cir- 
cle of any Polygon, is called the Center thereof j and 
cthat not improperly, it being its Center of Gravity. 
Thus {Fig, 20.) DC and EC being drawn perpen^ 
dicularly thro* DE, the middle of AB, BE, in- 
terfed each other in C, the Center of the Poly- 
gon ; whence CB is the Radius of the circum- 
fcribed, and CD=CE of the infcribed Circle. 

22. All multilateral Figures of unequal Sidcs^ 
are called irregular Polygons. 

' 23. The Length of a Perpendicular drawn from 
any Angle of a Parallelogram to its oppofiK Side, 

is 
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is called its Iffei^^iztiA the Side On which it 
falls is then called its Bufe. 

We gave thefe elementary Definitions for the 
fake of thpfe un$kil?d in geometrical ^ubjefts ; 
but when we have occafion, in what follows, to 
mention any Properties of the things delin*d a- 
bove, we mull refer the Reader to Euclid ; for 
our intended Brevity would not permit giving a 
regular Method of Demonftration, and therefore 
-we chufe to omit them altogether. 

Of the Meafurt of Magnitude^ 

23. Every Magnitude is rheafured by another of 
the fame kind : As a Line is mealured by a Line, 
ti Surface (or Plane) by a Plane, and a Solid by a 
Solid : Aiid the fame extends to Velocity and Tar- 
dity in Motion, Intention, and Remiffion in Qua- 
lities, and fo on, of every thine to which the 
Words more or lefs c^n be apply *d. 

24. And thit Magnitude by which another is 
meafured, we call its meafuring Unit. This* is ar- 
bitrary, and may be affigned by the contraAing 
Parties at pleafure. The ineafuring Unit for Line^ 
way he a Line of any Length 5 but for fliort-Lines 
is commonly a Foot, or twelve Inches. For 5«r- 
faces^ the meafuring Unit is a Square, whofe Side ' 
is the meafuring Units for Lines. And the mea- 
furing Unit for Solids is a Cube, 'luhofe Side is 
equal to the meafuring Unit for Surfaces. 

25. The Meafiire of any Magnitude is theiJei- 
tio It has to the meafuring Unit, or may be faid to 
be the Number of Times and Parts of a Time that 
it contains the meafuring Unit. Thus if the Line 
4ib {Fig. 13.^ be taken for the mearCuring Unit, 
and the Line AB be four times as long, then its 

.Meafureis*4i for AB : tf* : : 4 : i, or j| =4^=4. 
. Again, if abed (Fig. 14.) be a Square, whofe 
Side is equal to ab in the laft, and A BCD is a 

Space . 
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Space 12 times as tnUch; then the Meafure of 

ABCD is 12 ; for ABCD : abed: : i2 : i,or j^ 

=^=i2. So that from, hence we may fee iy the 
Meafure of any Magnitude^ is meant its Numeral 
Relation to another of the fame kind ejteemed as 
Unity. 

Of meafuring right "lined Surfaces. 

Prop. I. 

^e Meafure of every ReSlangle^ is equal to thfi 
Produii of the Meafures of its containing Sides. 

Let the Meafure of BD, one of the Sides of the 
Reftangle ABCD (Fig. 14.) be called / 5 and the 
Meafure of AB, (the other containing Side) ii 
then if Ba^ ag^ ghy i^c. are taken each equal to 
the linear Unit, their Number will be / : through 
each of which draw Lines parallel to BD, meet- 
ing DC in as many Points r, i, /, fcfr. then if Bd 
and a c are each taken equal to Ri, 'tis evident 
Cfrom Definit. 24.) B^^iwill be the fuperficial 
Unit ; and let d e^ efj &c. be taken each equal 
to Bd : Now 'tis manifeft the Meafure of B^rD 
will be /xi, for B^rD : Bacdiilyci : t 5 whence 
(per Befinit. 25.) /x 1 is the Meafure of B Jr D ; but 
the Spaces Br, as^ g /, ^c. are equal Cby 36. i. 
EucL) theriefore any one of them fo often repeated 
as is th€ir Number, will be the Meafure of tHe 
whole Figure, but b is put for that Number, there- 
fore 3x/xi=^/, viz. the Produdt of the Meafures 
of the contained Sides, is the Meafuree of the Redl- 
angle ABCD. ^E.D. But ifbetwbct the Points Btf, 
any Point v was taken, and the Line v w drawn 
parallel to BD, fo that a redtangular Space BDte« 
was to be meafiired, whereof one fide was lefs . 

than 



than tfcclipear Unit, the Meafufe of that Space 
^11 l^e^^cipreijc^ is \ Frad^iqn, ^I?erepf tfie Ma* 

fare of Aft Side BD js Nqmeralor;' atid that of g^ 

Dcijotttipator 5 for Itt^^ exprcfe what j)irt Bv is of 

8iJ, or Vnityi tfapii the Meafpre bf tix; is —^ and 

(from the i.66x Euclid) BD«^ i$ the fame Part 

6f'5Pr^ thai B^ is ttf Si, but tji^f is ^ by fiippb- 

fuioi? 5. and frpni what was faid, abpve, the Mea- 

fure of Btira is /jci, or /j tHerefore B^Dr«/x^* 

^fe! eqyal to the Proiddft of the Meafures of the 
cohttiining Sides,* vrhence the Pt-Opofition is true 

univerfaijy. ..... ^ - i • ^ ' 

Scholium. Multiplication, pfopa-iyipeiking, can 
pnly detain whete thepiiultipli.er is a vriible a^bftraft 
Number J but. for wapt of a better Word, it is 
cpmmo;iiy ufed thp* piat wa§ a PVaftigiu or Surd^ 
becaufe thience is '^l^odUctd i'KdimBer, which has 
t\it (ame Ritio to cut Faftdr^ that the other has 
to JJnlty'; which is alfb the Cf^fe when they are 
lirhole Numbcb ^^for. the. Factors being/, F, and 
the iProduft^^ we have fxF^/>, or p:f: : F;: i. 
' Cor, J. Hence the Meafure of every Parallelogr^ni 
■is^ e^ual 1 the ProduH . of the Meajurf ofbfie^ its 
^idff^ intP ^ Pir$en4icuiar let fidl tbenon fr0n, 4H 
gtb'er, ' . ., • . • • ... ' 

TKijis {Fig.[ %J.) pqt ^ for thp Meafi|fq of t\ii 
jPerjie^dicular AP> ar^iffor t|i9 Nleafure of th? 
5kJe.GD=AB,. then '^xjis'the Mqa%e of ABCJpj 
Tqj: if CD be .continued; to Q^.w^;;^ it menses a 
XJvpe' drawn thip* B par^UeJ, to AP^ then (by 
jthc 35 Euclid. 1.) APQB is equ^l tp tjic ParalleJo-* 
jgram ACDB ; but the Mealurc of the former is 
fxSj and therefore^ xj is alfo that gf the latter : 
tf^ence to meufure any farallelogramick Space by the 

F SlJirfg-^ 
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Gliding-Rale^ we have this Ruk : Set i on B to thti 
Length on A, thtooppofite to the Breadth on B, 
is the Content on A^ (byPr^. i. Seff. 2.) ^ 

Example. Let AB=i2.55Jnches, and AG=:8.32 : 
then the Meafure of the MVCf) is 12.55x8. 3x^2 
104,416 fquare Inches. Of, h fbe Sliding Rule^ 
I on B fet to 12.55 ^" A agsimft 8.g2 on BV is 
104.416 on A, which is the Meafure fon^t* 

Cor. 2. Hence the Meafure of every rigbhlined 
triangle is equal to half the PrpduS of the Meafure 
ef one of its Sides into the Meafure of a Perpen- 
dicular drawn thereon^ fram its oppefite Af^le. 

Let the Meafurcs of the Sides CD, DB, ^C, 
(Fig. 16.) of the Triangle BCD be tf, h, c, re- 
fpcftively, and the Meafures of the Perpendiculars 
B(^ CP, DR, p^ c[y r, refpeftively, then the Mea-^ 

fure of BCD is ^y or *i^, or ^^. for thro» B 

draw a Line parallel to CD, and another thro* 
C, parallel to BD, meeting the/ormer in A, thca 
the Parallelogram ABCDis double the Triangle 
BCD (jper 42 Euclid, i.) but the Meafure of ABCD 

by the preceding Corol. is axpy therefore -^ is 

the Meafiare of the latter. The other two Ex^rcP 
fiohs may be proved after the fame manner. 

Cor. 3. From hence we deduce the manner of 
meafuring all right-lined Spaces unrverfally ; which 
is done by dividing the Figure into the leaft Num- 
ber of Triangles poffible, thefe will ever be lefs 
hy two than the Number of the Figure's fides ; and 
the Meafure of each of them being found by the 
•3afi: Corol. their Sum will be the Meafure of the 
Figure propofed. But that may be efFeaed at one 
Operation, by firft reducing the given Figure irrto. 
a Triangle \ the Method for doing which will be 
Bianifcft from this. . . c - . 

Problem. 
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IProblem. 

^0 reduce any Trapezia^ or Figure^ contained ^fouf 

right 'Lines into a Triangle. 

Let the four-fidcd Figure be ABCD, joip any 
two oppofite Angles as B, D, by the line BD ; 
alfo thro* C, or A,, the other Angles, draw a Line 
parallel to the biajgohal Line )sB ; Jet it meet the 
Sides At) or CB produced m E or F^ and. draw 
the Line BE or DF, the ffi-ft of which cuts CD 
in K, and thq fecond AB in L, then fhall thp 
Triangles BAE and CDF be each equal to ABCD ; 
for the Triangle CDE is equal to CRE^ Qfcr 36 
Eucl. I.) therefore the Triangle 1)K£ is equal to 
BC5Cj to W^ich BADK being added; We have 
BAE equal to ABCD j and after the fame manner 
CDF is proved equal to ABCD. ^ E. F. 

Therefore if tht Figure has five Sidfcs, firft di- 
vide ,it into a four^fid^ Figure and a Tn^^Sl^i ^7 
drawirig a Line from any Angle to th^ next but 
one: the former of which is reduced to a Tri- 
an^e by the aboVe l?tx)bleih, and this Tri^fnglei 
with what the faid four-fided Figure wahtsf of that 
given, u^iil form another fpi^r-fidcd Figure v wbicfe 
being reduced by the above Problenvthai will be 
the Triangle fought : And after tha feme manner 
you may proceed if it has fix^ fet^en^ •eight, or 
ever foniany fidesi which the Reader will mor^ 
readily perceive by confuking the i8.and:i9 Fir 
gurcA i the firft AfiCDE is a five-fid«d Figure, and 
the fecond ABCDEF.has fix, whifh ^e ?edi;iced; 
into the Triangles AFG> GHK. . ,'. : 

Cor. 4. From Cor. 2, Koe alfg infer ^4hxit the Mea- 
fure . of every Polygov^ is equal to tbf S^m of the 
Meafure,of its Sides info the Meafure x<if ^ JPfr^ 
pendicular thereon from the Center. 

But fince the Perpendicular from the Gefitcr of 
d Polygon is required to find its Area^ we fhall 

F 2 lay 
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lay down a Method by which, the Area of any Po- 
Jjrgon may be diredlly found Trpm its Side beiag 
given : In ordfef to which^.'let n den6te the Num- 
ber of Sides of the Polygon^ and frbni the Table 

of. natural Signs cake the Sine ao4 Colinc^oF — 

Degrees •, tbcn a$ four $iines the Sigfl of r^r De- 
crees, : i$..tq the C6fine thereof^ ntflUiply'd tcy^m^ fo 
vipjhe Square of any IV)lygQh!fiiStde# lb ks Jinea: 

Pdr the Prodiia of the 'S^C' and Cdfirie bf-i^* 

^t "^ Dejjrtics, is the Awi --'of ' a TrlaAgle in 

. a Polygon^ the "^.adius pfwhpfe cirx:umfcrtbfedCir- 

cld is I, Ifmilarto any other Poly^n of* Si5c^; 

^ but like Triangles are as the. Squares 6f their ho- 

irtologous' SideSi# aad twice the She of ~ Degrees 

is the Bafe of the Polygon; the Radius of 'whole 
tihrutnfcribfd Gtrcle b Unity. * Hence if the Sin6 

and Co-fine of j^ arc called s, r, reljpeftively, al-- 

fo S the Side* and A the AttS of the Polygoh given, 
th€n4>*-::jr><ifxir : : S* : A. of 4J : nm : : S* : A. 
From i^heACe we deduce this Rule^, Tofindibe 
, Area cf- an^ "Polygon having lit Side givek, ^ Let 
lio Degretii' be divide by 'the Nurtibfer ^cf thft 
PolygonV Sides; and -^ let H be divided by four 
time$ the Tafigent of that <^iH>tient (taktrt from 
the Table of natural T^ngwts) then If tboQuo- 
ttent of thiat Divifion is muItiplyM by the Square 
of the Side of the Polygon-given, ^tbe IVodoa wiU 
be the Meafiit-e of its Area* ' 

Exarn^e. Let the Side AB {Fig. 2o.7of a Pcn-^ 
tagon be ^o Inches^ and its Area or Miafhre re* 

quired a, here^ according to thfe Rule ,4t- isj.^^/ 

*.:,-'. . . . : . ' . • ■,%'whofe 
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whofc Tangent from the natural TaWes is ,726543^ 
by YoiSi' Times, whilH (viz. 2,906178) »ss5 bekig 

* divided- we have ii^20477 for the 'Quotient ; and 
thisMWtipHfel by 2500, the Sq^uare of the Side 
C50)k gives 4^1,175 &{Udrt Inches for the- Area; 
But tecaiife it wouJd be trbublelbme always tH 
have RScoik'fe 4o the TAilk of natural Tangents, } 
have whence felefted'the Tartgents of .14^=60/ 
i|i!i»;4^,-|J?=f36, 4^=30, i^c. Degrees; 

. *rWch- lilfWer to Ratf the Angfes at the Center of 
a ^^^^yfj^ 4, '5, 6; 7, - Csfi^. Slides 5 as alfo the 
QubtJehts "iHfing f^ih dividing n 4)y' the Quadra^ 
pies tlierdbfl as in the following IVbieV' 
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This Table may be condnued at pleafure, by tho 
Rule laid d^wn for that purpofe^ but from thi^ 
only the Area of a.ny regular Folygon of Iclk thaa 
eleven Sides is hid directly hy a fimple Multipli- 
cation, as we oqptained before^ But f(om hence 
we 9\(0i may give the Meth^cJ of Measuring any 
9f thofe Polygons by the Lines C»Dt on the Sli- 
ding-Rule j for by calling any Term in the fifth 
Column q, and the Side of the Polygon S, by diis 
Proportion the Area is fc^nd, tw>f. i x x : f : : S* :. 
(«) the Area : therefore (by Prop. 5. ^e^. 2. Part 
X J we have this Rule : Set ^ on the lane P./p (q) 
any Number in the fifth Celnmnm^ Cy thenwC op* 
pofite the Side of the Polygon given on A is the Con- 
tent or Area fought. 

Thus in the laft Example, the Side of a Pentagon 
was 50 Inches, therefore becaufe' th^ Number in 
the fifth Column oppofite Pentagon is 1.720477^ 
I fet I on D to 1.72 on C, then oppbfite 5 on D. 
(for 50 b of the Rule) is 4.3.01 on C, andtccaufe 
50 was dividtd by 10, I multiply 43,01 by lOOy 
(the Square of 10) and find 4301 for Area fought; 
See Prop. 5. Se£t. 2. Part i. 

Having now (hewn how to find the Meafures of 
plains cbnta^n'd by right Lines only, we Ihould 
proceed fo thofe contained either wholly by a curve 
Line, or partly by a curve Line, and partly by a 
ftraight one ; but firft we muft lay down the fol- 
lowing "Properties of the Conic SedUons, becaufc 
every Keader whofe Q.ufinefs requires Skill in 
Gauging, cannot be fupp6fcd furnifli'd with a Trea- 
tife of that kind, they not being fa commonly read 
His the Elements of Euclid, '^ " * 
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i]ftie Eiemenfs ^mdfomi of the ejjintial Proper^ 
ties of the Conic SeSfions. 

Vifin.tJTF (AC Fig. 21, 22, 23, 24, 25,; one' 
J^ Leg of a right-angled Triangle ABC 
remains fixt, and the whole Triangle be conceived 
•to turn thereon as an Axis, till it return to thb 
l^lace from whence it moved, it will generate tljp 
likenefs of a Solid called a right Cone j of which 
the fixt Side AC is called the JxiSj the .other Leg 
BC defcribes a Circle called the Con^s pfufe *, and 
AB the Hypothenufe will defend the Conic Sur- 
face. A, the Vertex of tjie generating Triangldt, 
being alfo die Vertex of the generated Cone. 

2. If the Hypothen.ufe AB (hould pafs the Ver- 
tex A, the external Part AB will generate another 
iimilar Cone AW, and both together are called 
\oppo/ite Cones. See Fig. ^§. 

Cor. 1. Hence every P£ne drawn thro' the Ver- 
tex and tenter of the jElafe is perpendicular there^ 
to, (iS Euclid I i.) for it pafles thro* the Axis AC^ 
which by Suppofinon is perpendicular to tlie Safe 
of the Cone. 

Cor. 2. Hence the common SeStion dfjevery Plane 
drawn ihr^ the vertex^ 'ooitb the Cone, is a right-lined 
Triangle. For kt ABMDN (Fig. i.) be the Cone, 
and AMN the Scftion made by a PJane polling 
the Vertex A; alfo let C be the Center of the Coneys 
Bafei draw the Lines CMt,^^ndCN, then 'tis e- 
rident the two ri^ht-angled'. '^friangles ACM and 
ACN are the Pofitipns of the generating Triangle, 
when the Point B is in M, N, refpeftively ; therc^ 
fore their Scftions with the Plane AMN, a-re tw6 
Right AM, AN, (§ Euclid. 11.) which are- alfo 

F 4 ^ Uie 
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^he Scftions of the faid Pkne and Cone ; and MN 
^he Scftion of the faid Plane and Bafe, is alfo a 
right I^inc, wherefore AMN the ScdiW of the 
Cone by a Plane thro\its Vertex, is a right-lined 
Triangle. 

Cor. 3. Hence alfo the Seiliw of the €one^ iv a 
Plane Parallel to Us Bafe^ mil he a C^cle. For 
(i^/^.22.) let (9 be any Point in the Axis of jtheCone^ 
thro' which draw a Line i? F, .parallel to the Bafe 
of the Triangle^ CB, then *tis manifeft while the 
Side BC defcfil^es the Circle BJVfDN, which is the 
Cope's Bate, ;*<?T wiUjdefcribe, jcnothcr PJane iimi* 
lar to i^ butV?^ in every Point of its Path recaire 
us Paralklifm tp BC •,. wherefore in it» MqUqp.it 
will defcribe .the faihe Figure t^iat wo\ild be njade 
by a Plane, paffing. thro! ^0^ p2^•aUcl tOjtllic Bafe of 
the Cone \ one theTor;|ier has been fkvm'tp be a 
Circle, therefore fo 16 the latter. - \\ 

Defin. 3. If a Cone }^ *any how cut by twp 
Planes, one thro* its Vertex and Renter of the Bjal^ 
iTiaking the Tciangle ABD, (Fi^^2,^.) and another 
perpendicular thereto, and fo as it cuts both the 
Sides of the. Triangle ABD, but objiqqe to the 
J^ale BD', the Jf'igure of the &ftion is a f uryc Line 
called an EUiffe ; if Yv; denotes the Lino '^here 
the .-elliptic vpianc cuts the. Triangle ABD, ther^ 
y V, .is. gal led the iranfverfe Axis of the Ellipfe \ 
and V, Vj^ it's Fertexes. . , , ' 

* Z)^/^^4..The Parts of Lines drawn. within the 
fll!ipfc at'rigbi; Angles to the Tranfverfe, and in- 
tprcepted bj/^e fame and Curve, are called, (^dir 
nates to the A-xis.' The Middle of the Traniv^rfc 
fetth? Center of the Ellipfe, and that douWe ^^1- 
ftat^;whrph paffcs. thro* the tenter, ir calk^;tji^e 

] M^fin* 5. The Diftance bct\yixt tlie Visrtex of an 

, : ••• ' ^ Eiiipic,, 
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Ellipfe^ and .tho Sediofi of the TraniVerfc, and 
any Ordinate, is <:alled an-^(^i^ thereof. 
. Defiff. 6. If a. Cone be cut bv two Planes, one 
anyhowdiro' Its Vertex and Center of the Bafc, 
making the Triangle ABt)» {Fi^. 24.) and another 
^t right Angles to this, and psu^^l to one Side 
of the faid Triangle, the Figure of the Se(^ion is 
^ curved Line called a Partibola^ the commoni 
Seftion of the parabolic and verticall Plane ABD, 
viz. VO, is the Axis thereof, and V the Sedioq 
pf a Side of the Triangle ABt) and parabolic 
Plane, the ^fr^r* of the Scftion. 

Defin. 7. Tlfc l?arts of Lines drawn in the Pa- 
rabola at right Angles to the Axis, interceptedi 
betwixt the fame and Curve, are called Ordinatu 
of the Axis. ^ 

Difiii. a. The Diftance on the Axis, betwixt the 
Vertex ^dany Ordmate, is .the Abfcijfa thereof. 

Ikfin, 9» if oppofite Cones be cut by two Planer 
one any how thro* the Vertex and Center of the 
^jfe, inakjng the Triangles ABD, AM {Fig* ^5^ 
jind the odier at right Angles to this, fo as to 
cut the oppofite Cones (on both Sides the Vertex 
A) the Figure of theSeftions made in the Conic 
Surfaces, ate curved Lines called Oppofite Hyptr- 
b$Ufs 5 and each of them sui Hyperbola. Let V,v^ 
be the Secftrons of the Cutting-Plane with AB, AD 
the Sides of the Triangle. ABD produced, then 
V % is called the *itranfverfe Axis of each Hy- 
perbola, V, V its Vtrtexes ; andVO the Seftion of 
the Plane ABD, and Hyperbola, ik called its Axis. 

Pffin. 10, The Parts of Lines drawn within 
the Hyperbola, at right Angles to the AxiSj in- 
tercepted by the fame and Curve, are called Or- 
dinaies^ of the Axis. 

JDg(S», 11/ The Diftsnce.on the Aj^is betwixt 
th^ Vertex and Seftion of the Axis and any Or- 

dii^te^ 
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diriate, is called the Abfcijfa thereof. Hence in the 
Ellipfe and Hyperbola, evcnr Ordinate has two 
Abfcifla's, and ih ^he Parabola but me. 

Vefin, 12. The Ellipfe^ Parabola^ and Hyperbola^ 
are called the Conic Seasons. For tho* the Triangle 
and Circle may alfo be had by cutting a Cone» (as 
has been already obferved) yet each of thefe ha- 
ving other DefcHptions, and Names previoufly 
afiigned them, the Ancients gave the Name of G^- 
nic Selliony only to the three Figures mentioned 
in this Definition. 

Defin.i'i. Inthe Figqres 23, I4, 25, letABD 
be the Seftion of the Cone, by a Plane thro^ the 
Vertex and Center of its Bafe, Vv the Axis of the 
Seftions, which (produced if needful) meet? the 
common Seftion of the Bafe and* vertical Plane 
ABD, {viz. BD) in O ; and let a Line be drawn 
thro* V, parallel to BD, meet AD in G ; then a 
fourth Proportional to the Lines VO, OB, an<i 
VG, is called the Parameter^ or Laius ReSum of 
the Seftion, whether Ellipfe, t'arabola, or Hy- 
perbola. Whence if p be put for the l^rame* 

ter, tl>cnVO:OB::VG:i>«^^^5. 

D^n. 14. The Plane ABD, which in every 
Seftion is drawn thro* the Vertex and Center of 
the Cone's Bafe, and perpendicular to the Conic 
Se(5i:ion, we will for Brevity fake call the Verti^ 
cal Plane of that Seftion. 

In every Ellipfe i$ will be as the ^rmfverfe Axis 
is to the Parameter^ fo is the ReSangle of the Ab^ 
fciffa of any Ordinate to the Square of that Or^ 

- dmate. . ' 

Let ABD {Fig. 23.) be the ScAion of the Cone 

thro' it-fe Vertex, and the Center of the Bafe, -and 

Vmvh 
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Vmvn the ElHpfe given, whofe Axis is Vv ; take 
any Point o in the Axis, thro' which let a Plane 
Ipafs parallel to the Bafe BMDN, meeting the £1- 
lipfe in the right Line mon^ and the Triangle 
ABD in £F ; draw GV imrallel to BD, and con- 
tinue Vv till it meet BD (the Seftion of thcver* 
tical and elliptical Planes) in O. 

Thenbecauieboth V»v»andE«iF» are per- 
pendicular to ABD, their common Sedion {mn) 
will alfo be perpendicular to ABD. (i8 Euclid. 
ii.) Therefore mn is perpendicular both to EF 
and Yvj whence mo and n q are Ordinates of thV 
Abfciflae V^, vo^ (Defin. 4,: Euclid ii.) but Ei» 
Fnis a Circle, (by Cor. 2. Defin. 2.) therefore from 
the (8. 6. Euclid) om*=EoxoF; but the Trian- 
gles V »F, VOB are fimilar by Conftrudkion; 
therefore ¥^: ^F : : V O : OB, (4 Euclid 6. ) 

^ VtfVOB * 

(lem;^ ^F=p t^q (16 Euclid 6.) Again, the 

Triangles wE, vVG, arefimilar, therefore vo: 
«E iivY: VG, whence ^ E = -^^y — , therc- 
fore^ExaFsp ; . vbk^ ' v — * *^^^ E^x^Fss 
^\ confcquentljr ^^V* = ^'^^^^/^^ but 

' 'y^ ^ s=^ (by DefiK. 13.) therefore «iw^*= »».' 
= Yo^O</L, or Vv : « : : Vww^ : «^* szon^** 

Q,E.O. 

Cor. I. Therefore if the tranfverfe Axis of an 
EUipfe is called' /, any Ordinate om^ or o n^ y^ 
and either of the 'Ablciflfae thereof, viz* v Oy or 
VO, x^ then by this J^rbpofition we have tipii 

S-^xxx :y* = — xfx — x% which may be called 

the Equation of the Ellipfc. 

Cor. 
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Cor>2.U th» by. njakiog ten;, '>^»<1 calling 
the conjugate Axis r, thenar becotife'lqrtual to ^i 

whence wfc hive — tf:4x?^*^rj'^^=^H P*^ 

this for /t in the ^bove e^tfOCioj)^ and, we fiii4 

y^iz^xtx^x^j which is zfecolid'jEfUdi^^H of the 
• • ' • ■ ••• '• '-'i •^- ' • f 

; Car J 3; HefiCf the Parameter of 'MwAxfl of ^f 
vecy.J^Uipfe isathirdFrpportioBal'to tb&^r^^^rl^ 
^xA GOfljuga^ Ax€S; h '/' V 

Cfr^.4, If- a Circle be deferibed oa th^ti^MjP. 
verfc^ .Axis of ^ny £lUp^>/«a^d ^^aC^rcJinate be 
drawn toit, alfo cutting tha £H^, theij ir will; 
y^ as the.tran^vcrfe^ A»i3i \%; to. t^« <^)ug^ttt, i& 
is the circular Ordinate to tt^e- elliptic Ordinate 5,^ 
tha^ j6 (F^. 53.) Viy r MM 5 : N,^,". ;j^rforfex»«^ 
thePropmyof the.CSncie VOxO^^^p?!'*'; an^^ 
by,tbi3?^^M//d«VOx0'y.:"«O^! : v^*:."MM^'%, 

hence NO^* :^^' : ; VOxT;Oxy^* 1 VOkt;©^ 

MM^^that is NO: »0:.:'V.^: MM; ^ ^ •-- 

' \ Puo p/ II>' . -V- ' 

i)? ivtry Conic Turaibla ii willke T^s^.-iife Psardfn^i^r U- 
to-anyOrdinate.fo is that Ordinate to ils^JbficiU^'. 

Let ABD {Fig, 24.) be the vertical- PlAnei,^ 
©r S^dlion.of.the Cone,, through J ts "y^rtfex, ind* 
the 'Center of its Baie/ M V "N^ ' "tfe^ paraliolig. 
Plane 'wh'ofe Axis is VO, the' Ven;d^ being V •/ ^ 
in the Axis; tiflame! any Point J^V through- which: 
lee a.PIane' be* drawn parallel t6 tfe 'jffaft, wh6fe^ 
Seftion with the-.parahplie - PkHe'is the rigki 
Line mon^ with the Triangle. A'BCy the.J^hfij 
Lin^ EF, and with theTomc Surface,' the Circle 



/^ PJIAWICE ^GAUGINa ^7 

£ f» F », whofe Piametcr is E F, draw VG pa- 
rallel to BD, then *tis ' manifeft from what was 
•fitd'infhe^'latt PrdpofitJon ; fnn is pe?pendiculair 
1x)th to 'EP and VO^ therefore EmPn bting a Cir- 
. tte E^x;>F-J^*;»but the Triangles' V/^F, VOB 
are equiangular, whence YO tOB ::yd: dF^ 

,there%e.pFp^ "To^»i .^P*^ E^=:i(jV* becaufc 
they^-aF^lfo'^ EG and V^ /are parallel; whefiCt 

eFx^Etz; n Vo ' ^ ') butp==-TYQ~ (^r Z)^i' 
J^^J^.)- ^'whdice ^Fx^E=t^>eY^, but ^Fx^E = 
^lSJ^V=3f»\*i .therefore T»i^'* ~ /> x VO, ' that is 

C(^.u Thet^fof« j>xV6^0Ml% hcoc^VO : 

'Vo :: MbK: »^% that'is^in Parabola, /A? yfi^ 
fcipi^f are ^"fhi'Squarej ofiheir Ordinates^ • 

Coflri.' Jt^etyi? be*' rallied .V, andcrn^f^ then 
from this ^rop^it: px^\ wjiich-tnay be -caUed 
xht 'EiUdthn of ^thii Parabola. • -- . 

*\ Ce^; ^V^H^HCe, if chrbV any PoSnt of the para- 
Ijolic Cui-Ve,;a* line be di^wh parallel to the Aiift 
thereof;' Aefdby cuttitrg 'the^flafc unequaHy, - tbi 
RfMangle of' the P^trts tf the hiftSei BufSi Xjuillbe 
ffual io ^ Rf$aftik ^ ' t:he faid parallel Line^ 
and thf' Pfirmft^r ^f t^^Parahola. 

For (F^.440 ^^^ t hic O rdinate vwy then by this 
Propqfitidn >xVO«u^% and^xVw — ^% 
heacc fx VO-fVwssSS^^r-^tc^l^ that ispxv0 
tszMO^j^vwxMO'^'Vwz^NoxoM, 



Prop. 
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Prop, ni. 
In wery Cmc Hyperbola it will h as the tratf^ 
verfe Axis is to its Parmeter^ fo is theReSlat^k 
of the Aifcijfa^s of any Ordinatt to the Square 
thereof. 

Let ABD and AW (%; ^5.) be the Seaion of 
the oppofite Cbne^ by a Plane thro' their common 
Vertex A, and the Axh of the Con^ meeting the 
Bafes thereof in the right Lines 3D» bd^ and let 
MVN denote the Seftioh of die Cone^ by a plain 
Perpendicular to ABD, which being produced, 
would alfo cut the Triangle hbd in t;, theh MVN 
mv h are Hyperbola's, whofc Vcrtexei arfe V, v, 
and the tranfverfe Axis Yv ; in VO the Hyper- 
bolic Axis afiume any Point ^,. throV which let a 
Plane be drawn parallel to the. Bale, of the Cone, 
meeting the hyperbolic Curve VMN in the right 
Line moKy the Triangle A B D in the right Line 
EF, and the Conic Surface in the Circle lE.m?n : 
alfo draw VG parallel to EF or BD : then ^ain 
omox on will be equal and perpendicular Both t6 
the Axis VO, and thc^ Diameter EF, whence om 
and n are ^ch Ordlnatcs of the Abfciffae VO, 

VO ; ( whehce by the 8. 6. EucL ) B^xoF=^mo^^ 
=^* •, but the Triangles VOB.V(?F, are fimiJar^ 
and fo are ^(? E and ^VG, therefore VO : OB : : 

V<?xOB 
V<7 : F i therefore a F s= -vU"* i alfo vVf VG : : 

vo:oEt hence tf E = -~^ — , - confequentlj^ 

cEx.F=^*==73^=:5:f^i^ji?.but 9^ 

=i>, therefore ^^=:-^^ = I^x^ ^ ^^^^^ 

Vv :p: : Yoxov : «ol* ^on ». ^. 0. E, 

Cor, 
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Cot. 1. Therefore c^l the tranfverfc Axis of W 
Hyperbola, vi^. Vvz=fy the Abfciffa V^, x, and 
the Ordinate wfcifWi (=i=) y^ then w:±:/+a?, whence 

3^* = ^xz+jTxx, which may be called the Equa-- 

Hon of the Hyperbgla. , ' 

From thde Properties of thief Conic Seftions we 
rnight deduce a great Nuniber of others^ iF0r they 
are the Foundation of all the reft; alfo by the 
help of a few Lemma's the ElKptic or Hyperbo- 
lic Spaces might be compared together, as is done 
by that great Promoter of Mathematicks in France^ 
the late Marq. de l'Haf(iia(^ tranflated into Eng- 
iijb by my ingenious Friend Mr. Mdtn. Siom^ known 
to the mathematical World by the Tranflations he 
has made of feveral curious Trcatifes from the Z.4- 
//» and FHncb^ to which I Ihall. refer for any o- 
ther Properties of the Conies I may want in the 
following Work, which the Limits I have pre- 
fcribed my felfj. would not allow room for here. 
But before I iinifli this Chapter,, it will not be a-* 
fliifs.to give the Methdd of defcribbg thefe Curves 
inPlano^ fince feme maybe defirous not only to 
mcafurethera and the Solids thence formed, but 
alfo to give a Defcription thereof, j 

Of defcribiTtgthe Conic SeBions in Piano. 

Problem L 

fJr Parameter of any Parabola being given^ to de- 
fcribctbe fame, in Pkno. 

Draw two indefinite Lines AB, CD, {Fig. 26.) 
perpendicular to each other, in any Point V, af- 
fumcd for the Vertex of the Seftion j.then on the 
fecond (CD) fromV, fetoffVP equal to the Pa- 
rameter given, and from Paffame any. Number 

of 



of Poirttt e^ r, c^fp c^opy9\\kh with the DilUnces 
fP> fPi ^P, &?r. 4clcribe the Circles Pw* rjj, Px^^ 
^/:. cutting the Litt? AB in the l^oint? /, J, #» V, /, 
tfr. and the Line CP in the Points P, zndo^ o^ Oj e^ 
l^c. UW which draw 'Lines parallel to AB ; then 
if thro* each of the Points j, j, >* j, iie^ l^ncs ar« 
dnwn pariillel to CD,' diey will cot thofe parallel 
to AB, in m^ «, m^ tn^ £l?r. Points of the Curve re* 
quired'; which cowheficd isrith a regular Cprver 
Line, it 'WiH be the Pai-ab'ola fought. 

For 'tis manifeft (i EucL 6.) the fcveral Lincf 
y s are mean Proportionals betwixt PV, and th< 
correfponding Line \p ; tbcrefbte if the Parame- 
ter VP is called p^ any xrf the Lines V?, x^ and its 
correfponding om^ jy, we have p*«y*, which is 
the. Equation of the Qirve deibribed i .whence 
mVm is a Parabola, Cot. i. Propqfit,:.2i Q^E. p* 

By this Conftrudlion a Parabola may bedefcribed 
with great facility by help of?, parallel Rq}^r§ 
and is alfo applicable, when the Pacamcitjer t)f any 
other Diameter as welj as that of the* Axis i$ giyeiij 
provided the Ahgle made *by that Diameter, ^n^ 
its Ordinates is alfo known. 

Cor. I. Hence if the vertex Axis and one Ppinf 
of a Parabola be given, the fame may be dfe- 
fcribed : for from thence the Parameter may be 
foun^^ by joiniag the coffcfpOpding^, Points ;^, ^, 
and bifeding the Line so pferpfendicularly ;' for 
that will meet the .Axis ptodueeet in r, the Middle 
betwixt the Points P and o. - 

PROB L2M ti. 

^^ Tranfverfe and Cojiju^dte Axis of an EllififsUin^ 
. ..Jf/'^'^^^ ^^ defcrii^e tie fame Iti Fhno. 

. Draw the two indefinite Lines A^ CD, (Fig. 
•^T-t perpendicular to ^aeh others in the latter of 
. ^ * which 



] 
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which »ffame any Pi^nt V for the Vertex of the 
Ellipfe, and from V on CD kt VPcqual to thcSe- 
Yniconjagace Diameter^ and on P with the Di&ance 
PV defcribe a Semicircle jVj; alfo through P 
draw any Nufnber of Lines Pr, Pr, Pr, fc?r. cut- 
CiHg the Circunrfcrence in as rtiany Points j, s^ s, 
J, S^c, and the Line AB in the lagae Number of 
Points f , r^r^r \ tj^en from O, the Middle of the 
Tranfverfe, or Center of the Seftion, draw Lines 
to the feveral Points r. JLaftly, flf through the fe- 
veral Points j, j, j, fc?r. Lines are drawn parallel 
CO VQv the Axis, thcy*ll Cut the correfponding 
Lines 0,r, 0,r, O^r, ^c.m the Points f;?, «, ffh w, 
C^c. which are the Points of the Ellipfe fought : 
Or if MM be the conjugate Axis, and MR. is 
drawn perpendicular to it, let MP be taken equal 
to the Siemitranfverfc, and a Circle defcribed there- 
on, with the Diftance PM, then proceed as above 
to find the Points «r, m^ w, (^c. And this is not on»- 
ly a very ready Method for denomin^ing any 
Ellipfe when its Axes are given, but ^tends td 
thofe Cafes when any two conjugate Diameters are 
given, and the Angle they make with each other. 
The Rcafon of this Conftruftion is eafy, for thro* 
zny of the Points J, and its correfponding f», draw 
Lmes parallel to AB, let the firft meet CD in ^, 
and the fecorid in-^ j call the tranftp:erfc /, conju- 
g ate c a nd put Vc^=;^, alfo mo:=zsq=:y^ then P^ 

tilrlll , and the fimilar Triangles Pjj, PrV gives 

tlSElrv::^: j.Sl =:Vr; alfo from the 

fimilar Triangles Qom^ and OVr, we have - 

-. , . . . .^-i^ =:Vr^ hence — ^^ .= /"z- — ," ^^ 

• •• • • • •'• G- • • --^^^ 
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-i-— -r==^ » or /•xtf *— 4^*=*— 2Jr^*xc% thflic 
is /*^»— 4/*jr»=:/V'~4/tf *xH-4r*x% whciiccy= 
^ x/;^— X*, which is the Equation of the Ellipfe, 

(C^r. 2. Pr^. I.) therefore the Curve defcribed is 
an Ellipfe whofc tranfverfc is /, and conjugate €. 
(i^E. F. 

Problem IIL 

The Parameter and Tranfverfe Axis tfan Hyperbola 
being giveny to dejcribe the fame in Piano. 

Draw the Lines AB, CD, (Fig.i%:) rutting 
each other perpendicularly in the Point V, taken 
for the Vertex of the Hyperbola -, then on CD take 
VC equal to half the tranfverfe Axis, and on the 
contrary Side AB, take VP equal to half the Pa- 
rameter ; on CP as a Diameter deicribe a Circle 
CRPR cutting AB in the Points R, R, through 
which, and C, draw^ two indefinite right Lines 
CRr, CRr, and through the Points V, let any 
'Number of right Lines be drawn, cutting the 
Lines CR, CR, m the Points r, r, r, r, &fr. and 
J, J, /, Sy (Sc. Thence if from the feveral points r 
the correfponding Diftances Vj, V/, Vj, Vj, iSc. 
be laid along the Lines rV, rV, rV, rV, tSc. you, 
will have the Points iv,m,M,«ii, iSc. of the Hy- 
perbola fought. 

For through any point s and its correfponding 
r, and m^ draw the lines j;, rw, and moy as alto 
mn parallel Vwj then becaufe \s:==rm by coh- 
ftruftion, and the Angle jVjsstVw, the Lines rn 
and mn will be refpedively equal to sq and jfV, 
for the Angles at n and q are Right* Now *tis 
manifeft the Triangles CVR and Cmr arc caui- 

angular. 
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angular, whence if the tranfverfc is called /, Pa- 
rameter p die Line RR,ic and "Vozzx \ alfo ma==y 

:and jVss«f»=:^ we have / \c\ :i+x-H:rWj 



therefore rws ^ x/+-2^+2jj •, but the equiangu- 



2/ 



/— 2* 



!ar Triangles O^s and CVR gives ticw -j^ : j^ 

therefore f^= £j x/ — lezzm^ whence mo^y^- 
> 2^^, but the Triangles Ysq and V^w are equi- 
angular 5 thence e : I x /— 2^ : : ;f : J^, therefore ^j^ 



2/ 

tx 



s= - X / — 2^ I from this Equation we have 2 ^= 
^ rj:;^^ and from the former Equation 2^ — — —^ 
therefore 5=^ ^ ~^, or .Vx^/^*-'*^* > 
therefore ;^* = ^ x/x+^r^r, but it is evident from 

the Conftrudion c'^nztp^ therefore;^ *= 7x/*-+^*> 

which is the Equation of the Hyperbola, C/^r Cor. 
Prop. 3.) therefore the Curve described is an Hy- 
perbola, whofe tranfverfc Axis is /, and Parame- 
ter p. QvE. F. 

By thisMethod a Parabola might be dcfcribed, 
when any Diameter and its Parameter are given, 
together with the Angle form'd by the fai4 Diame- 
ter and its Ordinates. But what has been faid is fuf- 
ficientfor ourpurpofe, therefore now we (ball pro- 
ceed to fhew how from thefe Propolitions, and the 
following Lemma, thofe Spaces may be meafurcd 
which arc included by any of the Conic Seftions, 
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CHAR III. ' 

Of the Method ofmeafuring Curve^tined Spaces ^ 
with the Meafures of the Circle and its Seg- 
ments^ as alfo the Conic S^Siions. 

IN the firft Chapter we have fliewn the Method 
of meafuring all kinds of right-lined Spaces, 
which originally depends on xht fourth Propejitim 
of tht firft Book of Euclid, where is inferred the 
Equality of two Triangles by their coinciding in* all 
their Parts when murually applied to each Other, 

But fince all Figures, of what kind foever, are 
meafured'by. the Ratio which they have to the 
meafuring Unit, (See !)<?/». 23. Cb. i.) a Figure 
contained wholly by right Lines, it follows frohi 
that Principle only, the Meafures of Figures Cbh- 
tained by Curves cannot be had ; becaufe no right- 
lined Figure, tho* equal in Area to a curve-lined 
one, can exadly correfpond wjth it in all its Parts, 
dnd therefore lome other Principle befides that 
given for right-lifted Figures is neceffary. All Ex- 
pedient formerly brought for this purpofe(by Ar- 
ckimedes under the Name of the Method oHExbau- 
ftionSy fmcQ grt^tly improved by Cavallerus andDx. 
fVallis) was tb fuppole the given Figur?, whether 
Plane. or Solid, divided into an infinite Number 
'of Parts by Lines or Planes, either all parallel to 
one another, or all ifluing from a given Point (as 
in. meafuring the feveral kinds of Spirals, 6?^.) 
thefe Parts . m^y . properly be called, the; Elementa 
of th^ Figures V. then thefe Elementa being very 
friiall, . Were medfiirable from the Principles deli- 
vered :| ajready for right-lined Figures, becaufe, 
tho* cdntaTriM partly by right Lines, and jpartly 
by Curves, yet the curved Part being very fmall, 
i| piay be efteem'd a ftreight Line 5 and the Ele^ 

menta. 
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Ttienta it felf equal to another fimilar to ir, which 
is whpUy.^ontainM by right Lines, or (if a Solid) 
plane Surfaces ; whence after this< nothing further 
■was wantecj, but ^ Method of fumming thefe 
Elementa, or their Meafures. Which, however 
difficult it may appean at firft Sight, viz. to fum 
a^Series confifting of an infinite Number of Terms, 
yet in niany'Cafes^ 'ds an eafi^r Problem, than 
when their Number is finite* 

The nwft {Uuftfioi^ Newton confiderVJ this Mat- 
ter after a different manner ; for inftcad of the 
Elementa tbemfelves, he fubftituted thp Velocities 
by 'Whlch'lihey may be fuppofed generated. But 
this isaXujnfideration too far fetched for Begin- 
ners in thefe Speculations, I fli^ll ther^eforc con- 
fine niy felf to the former, and give the Princi- 
ple3 and Ufes thererf in as clear and general a 
Mqthod, as the Nature of the Thing feems to ad- 
nvt of. In order tp which, wc premife this 

Lemma. 

jJLe/ "o "*,/?-", 2a "", "ia^"", 40^, ^c. . . . . na^"^ 
be an infinite Series of the m Powers of ^antities^ 
in arithmetic Progr^ton from o to na tficlufivej 
where the Number offtgnificant Terms is the infinite 
Number n ; thenfhall{%) the Sum cf them all be ex- 

prefs'dby -^ x'P"*+' = ^rn xlJJ^^ ^' P^^-' 
^ '^ -^ m-f-i m-f-i . 

_. nxi 

tin^the iaft Term 1, vix. an^'^seU thep $= ^^^^\ 

DEMOMSTRATlOlf, 

For if ^ ^ -f^Lx^^'+S when the Number of , 

Teems isir, that, when this is diminilhed by /, (the 

G 3 Iaft • 
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laft Term) or the Number of Terms is »— 1» fhall 
be J — / = £ri X » — i^*"^*, (viz.) by writing 

s — I for i, and n — i for n ; but n — i^**^' =» 

w+f m JW+i jw4^ «r— I «»+i «r+» « — i « — » 

t?r.therefore v-J=: JL^ x»*^' — "—^ • »* H — -^ 
• "^^ »*^' — Of^. Let this be taken from s = 



-— x»' ^^ and there remains 7=^x7 >< "7- • 

m «r4-i »+' m— I . w+i «-|-9 «— i 

^^ I 2 * ^^ I 2 5 • 

^«— 2^ G?r; But fince by Suppofition « is a Num- 
b r infinitely great, therefore the firft Term of the 
above Value of /, muft be infinitely greater than any 
of the fubfequent ones ; hence all of them, but the 

firft, may be neglefted, and then we find /= -UL 

x^^»«, or/==^'", as it is by fuppbfition, 
whence the Sum was rightly affigned. ^ E.D. 
But fince /=^'', let /be put for an^ in the 

above Value of j, and we have s = ~ i thai is 

the Sum of an injiniu Series of (the m) Powers of 
^antitiesin Aritbmeiic Progreffion from o, is equal 
to the ProduSl of the laft Term^ by the Number ofTerms^ 
and this divided by the Index (m) plus Unity. 

Scholium. This Lemma contains the whole of 
Pr. WaUis's Arithmetic of Infinites^ which he has e- 
ftablifiiM by an Induclionary Method ; itj Ufe in 
fquaring of Curves, and cubing Solids, fhall be 
expiained in the following Propofitions. 

But 
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Bitt we mofl: obferve from the fame Principle by 
which we have given the Sum of a Series of Powers 
conGfting of an infinite Number of 'Terms, we 
might deduce that when they are finite, and then 
the former will only be a particular Care of the 
latter. __ 

For let f*4-/4-r^-f-/H-2r*"4-^4.2rr ... • 
/+»?* be a Series of Powers, whofe Roots are m 
arithmetic Progreffion, and put 






m 


m — 1 

4 


,--4 


4 ffi+t m »— I 

^ 3 %'T- 


A + 


m 


m — I 

k —1 II. > 

4 


•B — 


T^O+-Dx^ 




m 

— • 


M 1 

4 


m—2 '. 
5 '^ 


• 3 +.5 


6 



M m — i m — t _ m — i m — 2-, m — % 
3 4 5 • ^ 3 4 3 

D+ iix— ' 

Then S, the Sum of all the Terms ihall be ex- 
prefs'd by this Theorem, viz. 

S=A»'"'"' + B»*4.C»*""'+D«*'"'. . . +/>* 

Where it is to be obferved, the Terms A, B, C, 
(Sc. muft be found till you have got that belong* 

G 4 ing 
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iig to the Term where the Index of r is i ; and 
when that is a F^^ftion, the Series is infinite ; 
But if ^rs^, then thefe Terms are exprcfs^d thus, 
viz. 

«r+l ... 

fW /If 

C=r X — 

3-4 

D = » 

*^ — 2.3.4.5.6 

tfr. - % 

As found by my ingenious Friend Mr. fbo. Symp^ 
forts in a ktc Trcatiie on the Laws of C^j;?ff . But 
the above Theorem for- fumming of Series of 
Powers, has lain by nie ^^mt Years, nor Jhould 
I ever have made itpublitk, had not this Oc- 
cafion oflered, becaufe the diflferential Method 
of Sir Ifaac Newton is better fitted for furfiming 
Series's, and which has been largdy infifted on by 
Mn James Stirling^ in a: whole Treatife on that 
Subjeft. 

pR O p. I. 

The Meafure of every Senior of a Circle is equal to 
half the Pro^uH of the liieafure of a Radius thereof ^ 
into the Arch which is the Bafe^tbe SeSor. 

For let GAE {Fig* 29.) be the Seftor whofe 
Center is C, ahd Bafe the Arch A E, which fup- 
pofe divided into an infinite Kumber of Parts in 
the Points ^ &, r, i/> ^c and draw the Chord Aa^ 

on 



— ^ 
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on which let fall the Perpendicular CP, which will 
be infinitely near equal to CA, the Radius of the 
Se6h)r : put r for the Meafurc of C A, and q the 
Meafqre of {Aassohzac^B^adj fcfr.) one of the 
Parts into which the Baf© of the whole Seftor is 
divided, and / the Meafure of the Bafe of the 

Seftor, viiz. /=AE, then- is the Number of the 
Elementa CAa^ Cab^ C&r, Qcd^ (^c. (for^^ r i :: 
/ : y) but *tis evident they arc all equal, hence 

CA^x- isf the Meafure of the whole Sedor, but- 

the Meafure of CA^j is ^ (Cor. 2. Prop. i. Cbap. 
I.) hence the Meafure ,of the whole Seftor is 

Corol. J, Jf on C with.any other Radius as R an 
Arch of a Cirple be deferibed^ cutting CA, CE inr 
in «5 €, tHen the Area of the latter ScAor Ihall be 

to that of the former, as R* : is to r"" ; for — — * 
is the Area of the Seftor Cas, and r : / : : R : — 
srfltf, per Figure; therefore -^ is* the Area of 
the latter, and ~ is the Area of the former : but 

Cor, 2. Whence the Meafurc of every CircTe is 
equal to the ProduA of a Radius thereof 'into, half 
the Circumference. Therefore before the Meafure 
of a Circle can be had, we muft fliew how to find' 
its Circumference from the Diameter being given. 
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Prop. II. 

Lei t he the Tangent of BE (Fig. 30.) any Arch 
9fa Circle {not more than 45 Degrees) wbofe Center 
£1 C, r the Radius thereof-^ tbenjhall the Arch BE 

he exprejfed by the follovoing Series^ t p; -f. — 

~^+^ — ,17^. • &c. infinitely. 

For let the Tangent BT be conceived divided 
into an infinite Number of equal Parts in the Points 
«, a'y if^ a^, &?r. to which from the Center let 
right Lines be drawn and produced, cutting the 
Arch in the Points e^ efy ^, ^, ^^, ISc, alfo on 
the Center C with the fcveral Diftances C<7, Qa\ 
€•, CcFy fcfr. defcribe the Arches Tt;, iro\ W, 
6?r. cutting the produced Lines in as many Points 
V, v\ v'y v"'^ fc?f . now 'tis evident the Arch Tv 
is infinitely fmall, and fb may be taken for a right 
Line ; alio the Triangles TBC and Tva may be 
taken for Equiangular;' therefore put q to denote 
the Meal lire of any are of the equal Parts T/j, aa^^ 

mtP^aeP^ 6?^ then -is their Number. Now from 

the 4th Enclid 6. we have CT : CB : : Ttf : Tv, 

that is V'r^-U/* : r : : j : —=== = Tv, but the 

TritDRles QvYi and CE^ are equiangula r ; Ther e- 
fore GT : Tv : : CE : E^, that is v^r^H-/* : 

Vr^^ ' * ^ '^^^ ^ •'^^^ therefore by Divifion 

E^^fx/— pr4-';^~';^-i-^4>Cs?r. See the Pro- 
cris 
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r 











After the fame manner calling Ba^ Btf', Ri^ Ri*'', 

fcfr. /, Z', /^, /^ €sf r. fucccffively, you will find 

r*4-^V* r* r^ r* r* 

^^ = ... \ ■■ ^ = ^XJ— — J. — — — . ^ — • cfr. 

r*-f/^» I f* r* r"" r* 
From hence *tis manifeft the Length of the Arch 
VE^Ee-^ee' + e'e^^e'e^, &c. is equal to the 
Sum of the following Scries, contained both ways 
to Infinity. 



t^tz. 
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Now fincc the Number of Terms in each verticaj 
Row is- by what was faid above, therefore the 



Sam.of ixixixix, (sfc. xq=:^ xix?=/; and the 

fecond is a Series of Squares, whofe Roots /, /', /^, 
t\ i^c. are in arithmetic Progreffion, the greateft 

being p, hence in the prececjing Lemma for /, 
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», and », writing 77, -^ and. 2 refpedtively, we 

have the Sum of j x — + — + — ^ &?^. = fx 

X f X ^ = - : After the fame manner the 

r* y 2+1 3r- , / 

^4 /^6 iSr.s 

Sum of the third Row will be f- _ + _ 

fcfr.x^rsjx — x-x n — , the Surti of 

^ r* } 4+1 5^* 

the fourth ROw will be f x^-- x ^ x — i- zsl^ 

and fo on ; whence connefting thefe Sums under 
their proper Signs for the Ijbngth of the Arch 

BE, w€ haV6 /— '1-4-1- — i — h~ — 
gr* ^r* 'jr'' Ofr* 

It may be obferved it was not neceflary in this 
Procefs, to find more than the firft horizon- 
tal Row of th^fe Series, becaufe each of that 
being the laft or greateft Term in the feveral 
Powers^ and the F*orm of all the reft the fame ; 
the whole might have beenfummed from the Lem- 
ma without further trouble ; but we fet the Values 
of the feveral Arches Etf, e e'^ e^e"^ e"ef"^ ^c. 
down for the lake of Beginners, becaufe it muft be 
more fatisfadlory to them, fmce having exhibited 
the Values of die feveral . Elcmenta, their Sum 
muft manifeftly be equal to the whole Arch. 

Cor. I. Now let CB=i» and the Arch BE be , 
30 Begr. then its Tangent is manifeftly equal to ' 

i^4, for the Sine of 30 Degr. is 4-, viz. half the 

Chord of 60 Degt. which is equal to the Radius, 

3 there- 
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therefore the Cofine is equal to 4^1 — i^sslj } but 
as the Cofine of any Arch is to its Sign, fo is the 
Radius of the Tangent thereof, that is -i. : 4^ : : i 

Z 

-i — 7*-+-4r— 7— — -— — 7»» ^^« and fix 
7.i7^3 9.811/3 u.243^3 

times this muft be the Length of die Semicircumfe- 

rence } therefore put Sites'/ i2sA, — = 3, £. 

*^ ^ 3.3 i5.3 

= C, 5C _.u^ y^ ^jjg^ jj^If the circumfe- 

7-3 
rence is equal to A,— B+C— D-f-E— F, i^c. 
See the Procefs, 

V12 as Ass3.464i.oi^i.5 

— = C= . . 769.8003.6 

<^c. E=. ..47.5185.4 
G=: . . . 3.6552.7 

I = 3105.8 

Ls 279^1- 

N= 26.1 

P= 2.5 

R = 2 

A-fC+E-f-G-hL = 3.5462.3317,2 

4046.4051.7 



3.1415.9265.5 



f 
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— =B=, .3849.0017.9 

•^=D=:, ..183.2858.0 

(^c. F=z. . . 12.9596.0 
H = 1^0559.7 

K;= 926.3 

"^ M = 85.0 

0= 8.0 

Qi= 8 

B+D-f-F+H=4046.405i.7 

The latter being taken from the former, leaves 
3. 14. 1 5.9265.5 for the Length of half the Circum- 
ference of a Circle whofe Radius is Unity : Tbere^ 
fort the Diameier of any Circle is io its Circumfg-- 
rence as i is to 3.14^15*9265.5 nearly. 

There are various other Ways of finding the 
Circumference of a Circle, particularly ont given 
by Mr. Macbin^ and publiflied in the ^yno^fu Pal^ 
mariorum MatbefeoSy of that incomparable Mathe* 
matician Mr. Jones^ where is Ihewn that the Dia- 
meter of a Circle being i, the Circumference will 
K — JL JL -£ 4 I J[_ j^6 4 
, 5 ~ 239 '^ 3 ^5' ~" 2395 5, ^ 5' "^259* 

£5?r. a few Terms of which will exhibit the fame 
Number wet found above. But my Friend, to 
whofe Affiftance I am fb much indebted in this 
Performance, has favoured me with a Method by 
which the Solution above may be much abbrevi- 
ated : For after any Number of Terms of the a- 
bove Scries is found, if you put », the Index of / in 
the laft of them, which we will call T,then the Sum 

of the remaining Terms fhall be + Tr " ^^ 
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. 2T't* ■ 2 . 2T*/* _j_ 2.3T*/* 

2.4T'''*/* 

4- ' . ' ■ — + ^c. Where we muft obferve 

«+io. r*-f-/* 

the Sign of T' is ever contrary to that of T. the 
Terms T, T', T', T", (^c. fuccceding in Order { 
thus in the preceding Example, the Sum of the 

firft fix Terms, viz. t — Jl + — —II ^ — 

3r* sr* yr" or' 

-pr- 

—^^y is equal to 3.1413,0878.61 and 

here «=ii,- and the Cxth Term is-— — =» 

iir'° 

II yTv/* 

,ooi2.9596o=Ti hence youlMl find 

i3xr»-+-/^ 
iiT 
~ =T'= ,0002.74145 

-To =T''=....9X3S 
2 2T'' 

Tr=T'= «7 

-— ._T .. 4 

■ ■ ■*■ n. ■ ■ iMI* 

Their Sum + ,0002.83867 

To which the firft fix Terms being added, viz. 
3.1413.08786, we have for the Semi-circumference 
3.i4i5.92653^he fame as was found by 17 Terms 
of the original Series ; whereas by this Method we 
had but ii, and if more initial Terms hid been 

col- 



1 
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^ollefted, we had fti!! obtaiaed the Sum of the 
remaining ones by a lefs Number of thefe in Pro- 
portion. 

Ccr. t. Hence if D be the Diameter of any Cir- 
cle, and ^4^7854, then fince 1 : 3,1416 (t=s^a) 
i : D : j^aYi the Circumference of the Circle whofc 
Diameter is D, and therefore (by Cor. to the laft 

Propojit.) —X — =*:^D* is the Area thereof. 

Whence we have the following Rule to meafur^ 
uny Circle wbofe Diameter is given. Multiply the 
Square of the Diameter by ,7854, and the Produft 
is nearly the Area thereof. 

Cor. 3. If C be the Circumference of any Cir- 
cle, then fince 3.1416=41? l 1 : : C • ^ the Dia- 

4* 

meter thereof 5 therefore by the fame Corol.S^x 

C C* 

g-^ = j-g^ IS the Area thereof, which gives this 

Rule for Meafuring any Circle wbofe Circumference 
is given. 

Divide the Square of the Circumference by 
12.5664, and the Quotient is (nearly) the Area 
thereof. And from hence we have the two fol- 
lowing Rules to meafure any Circle by tbe Sliding* 
Rule. 

. Rule I. Set I on t) to ,7854 on C, then oppo- 
/ite the Diameter on D is the Area on C. 

Rule 2. Set i on D to ,079578 on C, then op- 
pofite the Circumference on D is the Area on C. 

Or fet 3 5449 on D to 1 on G, then oppofitc 
the Circumference on D is the Area on C. 

Examp. Let the Dianieter of any Circle be 20, 
and its Area required, the Square of the Diameter 
is - - - - 20x20=35400 
Which multiply'd - by 0,7854 

And the Product is - 3i4,i6oothe Area thereof. 

H By 
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By tie Sliding-^ Rule j fet i on D to ,7854 on C, 
then oppofite 2 on D (for 20 is ofF the Rule) is 
3. 141 6 on C ; and becaufe 20 was divided by 10, 
I multiply 3,1416 by 100, the Square of 10, and 
find 314.16 for the Area as before. (See Prop. 5. 
Seff. 2. Part l.) 

But if 20 be multiplied by 3. 141 6, we have 
62.832 for the Circumference ; hence by the fe- 
cond Rule above, I (tt i on D to ,079 on C, then 
oppofite 3.14 (viz. the ^ of 62,832) on D, is 
^7854 on C ; which I multiply by 400, the Square 
of what the Circumference was divided by, and 
find 314,16 for the Area as before. Or by the fe- 
cond Method 3,5449 on D fet to one on C, then 
againft 6.2832 on D is 3.1416 on C, which mul- 
tiply*d by 100 (for a manifeft Reafon^ gives 314,16 
as before. 

CoroL 4. Hence if 180 Degrees is equal in 
Length to 3. 141 5926 6?^. fo is one Degree to 

^*^\'^^^ == >oi745329, the Length of one De- 
gree in fuch Parts as the Radius is i 5 therefore 
9O1 745329 X r is the Length of one Degree when 
the Radius is r ; confequently the Length of d 
Degrees is ,01745329 xr^, and this multiplied by 
I gives ,008726647 X r*xi for the Area of a Sec- 

tor whofe Radius is r, and the Bafe confifts of J 
Degrees ; which may be expreffed thus, 

Tbe Number of Degrees in any SeSor multiplied 
by ,008726647, and that ProduSl by the Square of 
its Radius, fojhall this laft Produ£l be the Area of 
the Seffor. 

Orj if Unity be divided by 008726647, and 
the Square Root of the Quotient be cxtrafted, it 
will be found 10,7048 5 therefore if 10,7048 on 
D is fet to the Degrees in the Se6lor*s Bafe on C, 

then 
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then* oppofite the Radius (of the Seftor) on D, is 
the Content on C. 

Examp. Let the Radius of the Seftorbe 62.5,and 
Bafe 80 Degr. then 62.5x62.5x80x008726647= 
2727,08 nearly the Area. Or 10.7048 on D fet 
to -^^ on C, then oppofite 62.5 on D is 681.77 
on C ; and this multiplied by 4, becaufe 80 was 
divided thereby, gives 2727.08, the fame as be- 
fore. (See Prop. 5.5^5. 2, Part. 1.) 

Cor. 5. From the laft CoroL is deduced the Rule 
for meafuring the Segment of a Circle ; for if from 
the Area of the Seftor^ be taken the Area of a 
Triangle, two of whofe Sides are its Radii, and 
the third the Chord of its Bafe, there will remain 
the Area of the Segment j now put j=,oi 74532^ 
and s the Sine of d Degrees in the Table of Na- 
tural Sines^ then rx* is its Sine when the Radius 

is r, hence nx—=^^ is the Area of the (aid 

Trfangle ; therefore 2^—-' is the Al-ea of the 

Segment, which gives the following Rule to mea- 
fure any Segment of a Circle. 

Zif/ the Number of Degrees in the Segment be mul^ 
tiplied by ,0174533 and the natural Sine of tbofi 
Degrees {from the Tables) taken from the ProduHi \ 
then half the Remainder multiplied by the S(]uare of 
the Radius of the Segment is the Aria thereof 

Examp. Let us reaflume the laft Example, where 
the Arch was 80 Degrees : its Sine in the Tables 
is 9848o77i and 80 multiplied by 0174533 is 
1,3962560, from which ,9848077 being taken, 
there remains ,411483 j half fhis multiplied by 
62.5 x62,5=::39o6,25 gives 803,61, nearly the A- 
rea of the Segment. 

This may be dt>ne at two Operations by the 

Sliding-Rule w-for let the Area of the Seftor be 

H 2 found 
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found by the laft Ceral. then fet i on D to half the 
Sine of the Segment's Arch from the Tables on 
C, and oppofite the Radius on D is the Area of the 
Triangle on Q fo in this Example i on D fet to 
,4924038 againft—W-=3. 1 25 on D Tfor 62.5 is 
off the Rule) is 4,8086, which multiplied by 400 
the Square of the Divifor of 62.5 gives 1923,44 ; 
this taken from 27.27, the Sector's Area, leaves 
803,64 for the Area of the Segment, nearly the 
fame as before. But there feems ftill wanting a 
Method of computing the Area of any Segment of 
a Circle without the Arch, that being, feldom a 
Part of the Data in Praftice, therefore we fliall now 
lay down a New Method for that Purpofe -, for the 
Reader by purfuing the fame Steps with thofe 
for obtaining the Arch from its Tangent, might 
get the common Series for the Segment ; but in 
place of that Series, which is to be met with in 
nioft Authors that have wrote on the Quadratures 
of Curves, I fliall prcfent the Reader with a new 
one, both converging /<5*^r and more Jmple. 

Prop. III. 
liCt C(Fig.^i.) be the Center of the Segment 
EBDE, whofe verfed Sine is BG =? v, the Radius 

CB= — , and V=:i — Vf then the Area of the Scg* 

ment EBDE fliall be expreffcd by this Series, 

'*' '^^ ^71"+" 1.3.5V ~ 3.5.7V* "r.5.7.9V^~7-9->iv^ 

6fr. or put A for die firfl: Term, viz:Az=:^^vy^ 

3 

B the fecond, C the third, then the Area of the Seg- 

me;it is A+tH^l^^l^^ ^^Jh + tEl^i^c 
SV 7V gv' -iiV^iaV 

. . The 
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The Demonftration of this Series depends on 
Principles not yet publickly known, fo the, Rea- 
der muft take it on truft till my Friend fhall think 
proper to publifli not only that, but feveral other 
ufeful Improvements he has made in this Bufinefs ot 
Quadratures, as well as feveral things in the Me- 
thod of Infinite Sc^ries, and the other reclufe Parts 
of Mathematicks. 

But we muft not pals over that ufeful Approxi- 
mation given for the Area of the Segment of a 
Circle by the Great Newton^ and pubhfh'd by Dr. 
tValliSy and the moft accurate Mr. Jones ; and alfo 
by Mr. Colfon^ in his late Verfion of Newton^s 
Fluxions^ in the laft of which is its Demonftra- 
tion ; the Theorem is this : If the Diameter of 
any Circle be ^, the verfed Sine of any Arch v^ 
then the Area of a Segment contained by twice the 

laid Arch, and twice its Sine, will be i/iST-f- 
4^^dv — |.t;*x — , which may be exprefled in 

Words thus ; Let the Diameter be multiplied by 
the verfed Sine of any Segment, and the Produft 
called the firft Number, from which fubftradl three 
fourths of the Square of the faid verfed Sine, and 
call the Remainder the fecond Number, then the 
Square Root of the firft Number added to four 
tihies the Square Root of the fecond, and that Sum 
multiply'd by four fifteenths of the verfed Sine, 
will be nearly the Area of the Segment fought. 
Or we may give this Approximation for the Area 
of the Segment of a Circle which in moft Cafes 

is nearer than that above, viz. -^r^^^^vX"^ 

lOtf — 3*1/ iji 

is the^Meafure of the Segment of the Circle, whole 
Diameter is J, and verfed Sine v. 

We will illuftrate both thefe Methods by an 
Example : Let the Diameter of any Circle be 50 

H 3 Inches, 
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Inches, and the vcrfcd Sine of any Arch thcreoF 



v 



±1*' 



V^v 



lo Inches, then -rr = :J4 = i, alfo 

^ 3 

4xio-/4og— L-^z=zzee^ee(^e ^c. = a aifo b = 

-, C=-, D=:-, E = — , V^^^^ ^,. 

See the Operation. 

A = 266,66667 C = 47^19 

B = 13*33333 E = 451 

D z= 3968 G = 9 

F = 6i 



-+- 280.04029 
— 48079 



— .48079 



279,55950. the Area of the Segment. 
Now if we make ufe of Newtoff% Rule, ^dvz=$ 

^500=22.36069^ and 4>^dv-^v'' =4^^425 = 
82,46212, the Sum of thefe is 104.82281, and this 

multiplied by H = Ogives 279,52749 j nearly 
the fame as before. 

Or by the fecond Approximation "^^^^^ 

<^ x4t = -SV- v^5^ 5<4=:279,557 ; differing 
from the truth only ,002. which is lefs than the 
n-j $,'s6o th of the whole /Segment. And this Me- 
thod is alfo eafier in praftice. 

By any of thefe Merhods the Area of a circular 
Segment may be found, but in Praftice a Table 
of the Areas of the Segments of a Circle, whofc 
Diameter is divided into 1000 equal Parts is pre- 
ferable i therefore fince fuch a Table is fo very 
ufjfal (as will appear f;;irther on) in finding the 

C^jan- 
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Quantity of Liquor drawn out, or remaining in a 
Cafk not full, we fhall proceed to (hew the man- 
ner of computing it by this Propfition. 

Let the Diameter of a Circle be i, which fup- 
pofe divided into 1000 equal Parts, thro* every 
one of which imagine Perpendiculars drawn and 
continued both ways to the Circumference. 

Then fince the' firft verfed\Sine is ,061, we 

have v=,ooi and ^ = ^^ = ^ i therefore A= 

iJl^vy= -^ i^ 5000999=000042 14, and B = 
3 30C0 

^_22££liLl_ 0000000 1, whence the firft 
5 V 999x5 — 

Number of the TaWe is ,00004215. 

The fecond verfed Sine is ,oo2=:t^ therefore 

V=,998 and ^ = 9"^ = ,^» whence A = 

.^^^,001996 = ,00011914, and B = -:|^ =: 
3000 sV 

= 222ii2ii, 00000005 ; therefore the fecond Num- 
499^5 

ber is ,00011919. 

The third verfed Sine is ,0031=1;, therefore 

V=i--. ,003 = ,997, whence ^ = ^71 and A = 
r^-j^voo-iyyi = ,00021876: alfo B=-^ =5* 

' — 5x997 — = 00000013, thence the third Nupi- 

ber of the Table is ,00021889. 

And by this Method die whole might be com- 
puted, but after a ftifficient Number of Terms are 
found at the beginning of the Table, the reft may 
be had (to 7 or 8 PJ^res of Decimals) b^ this 
H 4 Rule : 
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Rule : Let oiyp^y^ij denote any four Terms fuccecd- 
ing in the Order of the Letters, thcn^=a+3x 

And if any Term of this Table be divided by 
78539816, or multiplied by its Reciprocal, youMl 
have the common Table of Segments when the 
Area is Unity 5 but the firft Forqi is preferable, 
as will appear further on. 

But to fhew the Ufe thereof, we muft lay dowi\ 
this • 

Th e o r e m. 

If two Circles have the fame Center^ and from 
thence be drawn two Lines to any two Points in the 
outer Circumference J thereby cutting the inner one in 
the fame Manner J and the Chords of thofe Arches 
he drawn^ forming a Segment in each 5 then fhall the 
verfed Sines of thefe Segments be to one another y as 
their refpeSive Radii ; and the Segments as the 
Squares thereof. 

Let C {Fig. 3i.),t>e the Center of the outermoft 
Circle, and E, D, the two Points taken in its 
Circumference, which are join'd by the Lines CE,, 
CD ; alfo \tt e h d be part of another Circle de- 
fcribed on the fame Center, which cuts the Lines 
CE, CD in the Points eyd% dra>y the Lines ED,^ 
/ f/, and the Line CB to B. a Point in the middle 
betwixt the Points E, D ; let it cut the Arch e d 
in by and the Lines ED, e dmG^ g refpeftivcly ; 
then I fay GB : g b, fo .is CD to ^ ^ j alfo EBDE ; 
ebdei: US^' fc?\ For in the firft place CD : 
CG ::Cd: Cgy that is CD : CD— GB : : C^ : C^ 
r— ^^, therefore ( by 1 7 Eucl. 5. ) CD : GB ::cd : 
gb. Again, let us put S for the Seftor CDE, s the 
^'eftor QdCy alfo T the Segment DBED, and / the 
Seg men t dhed^ then (by the 19 Euclid^.) Ci5\*: 
C^* : ? S— T : s^ty but {Cor. i. Prop, i.) S : s: 

CD^^ 



• « 
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Cd^' rc?^*, therefore S.s.: S^r-T : s—ty or (as 
^bove)S : T : : j :/, whenceCD\* : Cd\^ ::T:t. 

CoroL From this Theorem and the foregoing 
Table, we may eafily compute the Area ot any 
Segment from its vcrfed Sine being given* 

For if v be put for any verfed Sine of a Circle 
ivhofe Diameter is d^ then by the firft Part of this 



ioo<yi; 



Theorem^; v :* i: "j* and i : 1000 : : -j- : -5- 

Let this be lookM for in the Table of Segments un- 
der VS, whofe Diameter is i, and caH the Num-» 
ber ae:ainft it n, then by the ftcondPart of the The- 
orem"?^* : n :: d* : d* x», which is the Area of a 
fimilar Segment, whofe verfed Sine is *y, and Dia-» 
meter d. 

We may exprefe this Method in Words thus : 
Let three Cyphers be annexed to the given verfed 
Sine, and then divided by the Diameter of its Circle, 
fcek the Qjotient under VS,and take out the Num-» 
ber againft it under the Letters Seg. Multiply this 
]N"umber by the Square of the Diameter, and the 
Produft is the Area of the Segment fought. I am 
afraid the Reader wjU think I have taken too nluch 
Pains about the Circle, its Sedors and Segments i 
but they are of fuch particular Ufe in Gauging, an4 
ullaging of Caiks, that I was willing to fet this 
Affair in as clear a Light as poflible, therefore I 
hope that will excufe my feeming Prqjixity. 

Prop. IV. 

The Area . of every Conic Parabola^ is equal to tW9 
thirds of the Product of the Meafures of its Ab- 
fcfj'a and double Ordinate. 

For let MVN ( iF?f. 32. ) be a Conic Parabola» 
whofc Vertex is V» Axis VO, and MON the 

double 



io6 ri6^TttEORY/7W Ch. nX. 

double Ordinate of the AbfciflaVO, conceive the 
Abfcifla VO divided into an infinite Number of 
Parts in the Points o^ ^, /, ^, &?r. and put the 
Mf^afure of one of them q^ the-Meafure of V^, x^ 
and MN,_7 ; alio let the* fucceeding Abfciffas Vc, 
V^', V/, V^^ ifc. be x'^ ^, x'^ x"\ ^c. their cor- 
refponding Ordinates y\ y\ y, f\ fcff. and the 
Parameter of the Parabola f : Now fince 'Soz=x is 
divided into an infinite Number of Parts, each, of 

wliich Is cxpreffed by j, therefore — is their Num- 
ber: from Frop. 2. Chap. II. 4px=y*j therefore 
yz=:2^px and qyy=2qx^px the Meafure of ;he 
firft and greateft Ellementa Mw»N, after the 
fame manner the fccond will be 2qy.^^px'y the 
third 2 J X ^/>x^ fcf r. as here under, where fof 
Brevity of Exprcffion we denote the feveral Ele- 
menta in order by e^ e'y ^^ if\ fcfr. 

Hence j ^'=22V^^=2jV^^x^? 

Therefore the Area of the Parabola is equal to a 
Series of the ^ Powers of Quantities {x^ x\ x\ .v*', 
Off J in Arithmetic Progreflion from 0^ multiplied 
by 2jv^^, hence by the Lerrima 2<jj/py(.x\yi\Y^ 

!L~ ilPja^ is the Area ; for the laft or greateft 
Term is 2q^x^ the Number of Terms ( » ) is 
— •, and the Index (m) is 4., hence— r" in the Lem- 
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•X 

T 



therefore -— - is the Area of the jParabpla. ^ 



M.D. 

And from hence by the Sliding Rule we have 
jhis Solution : 

Set 14 on A to the Abfcifla on B, then oppofite 
Ithe double Ordinate on A is the Area on B. 

Examp. Let the Abfcifla VO be 124 Inches, the 

double Ordinate MN«:i3^ Inches, then ^^'^^'^^ 

==11160 Square Inches the Area. 

Or, fet 14. on A to 12,4 (the A Part of 124) 
on B, then oppofuc; 13.5 (the loth Part bf 135) on 
A, is 1 1 1.6 on B: And becaufe the Terms 135, 
124 were each divided by 10, multiply 111,6 by 
100 ( the ProduA of their Divifors) and find 
1 1 160 for the Area as before. 

Prop, V. 

If onihe ^ranjverfe of an Ellipfe a Circle he de^ 
fcribed^ and any Point taken in the AxiSy and a 
Perpendicular drawn thro' the fame^ cutting cf a 
circular and elliptic Segment 5 then fhall the Area 
fif the former Segment be to the latter ^ as the 
tranfverfe Axis is to the conjugate. 

For {Fig. 33.) let VG^G be the Ellipfe, whofe 
tranfverfe is Vi;, and conjugate GG, cutting each 
other in C, the Center of the Ellipfe, and IcJC 
VMt'M be a Circle defcribed on C, with the Di- 
ftance Ci;=CV; alfo take O any Point in V^y, 
through which let a Line be drawn perpend iculai" 
to the Ax^, meeting the circumfcribing Circle in 
N, N, and the Ellipfe in », n^ then will the circu- 
lar Segn-^nt NvN be to the elliptic Segnent 
« 'y « as Vi; is to GG. For conceive Oi; to be divi- 
ded into aq infinite Number of equal Parts in the 
Points Oy Oy Oj 0^ £$?r. thro* which dr;i«r Lines pa- 
rallel 
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rallel to NN, cutting the circumfcribed Circle in 
N^ N^ N^, fcff. and the elliptic Curve in »', ir^, 
n^, fcff. alfo put q to denote the Meafure of one 
of the Parts Oo=LOoe=u)Oj now by the Property of 
the Ellipfe {CoroL 4. Prop. i. Chap.2.) NN . nni i 
Vv : GG ; therefore NN ){q: nnxq izVv t GG 5 
that is the circular Elementa N N N' N', is to the 
elliptic Elementa^i » »'»': as the tranfvcrfc Axis 
is to the conjugate ; and the fame may be fhevtrn 
(after this manner) of all the other Elementa ; 
wherefore (by 12 Euclid 5,) Yv: GG : : Ni;N : 
nvn. ^E.D. 

Car. I. Hence the Ar^a of every Ellipfe is to tbe 
Area of its circumfcribed Circle^ as the conjugate 
Axis is to tbe tranfverfe : Therefore put a to de- 
note the Area of the Circle, whofe Diameter is U- 
nity, then Vv^* x tf, is. the Area of the circum- 
fcribed Circle, (Cor. 2. Prop. 2.) therefore by thii^ 
Propofition Vi; : GG \ : Vv^*xtf : GG xvV xa the 
Area of the Ellipfe, which gives this Rule: Tbe 
Area of every Ellipfe is equal to tbe ProduB of tbe 
Tranfverfe by tbe conjugate Axis^ and tbat ProduB 
by .7854. But for tbe Sliding-Rule y Let us find 
the Value of ,, ^^4 ^ which is 1.27324, then fet 
1,27324 on B to the tranfverfe on A, and oppc- 
fite the Conjugate on B, is the Area of the Ellipfe 
on A. 

Examp. Let it be required to find the Area of am 
jpllipfe whofe tranfverfe Axis is 61,6, and conjur 
gate 44,4, then 44.4x61,6 x.7854=s= 2148. i is 
the Area fought. 

Or, by tbe Sliding- Rule^ fet 1,273 on B, to 61.6 
on A, then oppofite 4,44 on B (for 44.4 fells bc- 
yon4 A) is 214,81 on A, and this multiplied by 
|0, (for Reafons explained Part i. SeSf. 4. Prop. 
3.^ gives 2 148. 1 the fame as before. 

And hence from what was /aid about the Scg-* 

meiit 



1 
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rtent of a Circle, 'twill be eafy (by Prop. 3. or the 
Table of Seg.) to find the Area of any Segment 
of an Ellipfe, whofe Abfcifla (or verfed Sine) is 
given, 

P R o t. VI. 

Let /=2CV the tranfverfe Axis of the Hyper- 
bola {Fig. 28.) and put .v to denote Y^, any Ab- 
fcifla thereof whofe Ordinate omisy^ then fhall 
the Area of iwv in that Part whofe Abfcifla is at, 
be exprefled by the following Series where V=/-|-Jif, 



The Demonftration of this Series depends on 
the fame Principles with that for the Circular Seg- 
ment Pag. 100. and therefore for the fame Reafon 
the Reader mufl: take the Inventor's Word for 
Its Truth, till he fliall think fit to publifh its 
Demonfl:ration. 

But we mufl not omit that ufeful Solution given 
for this Purpofe by Mr. Coats^ Prop. IV. of his 
Harmonia Menfurarumy and fincc publifhed by 
moft of the Authors that have wrote on Fluxions^ 
particularly my ingenious Friend Mr. Tbo. Simp/on ; 
tho* I muft obferve there is a Prefi- Error in his 
Solution^ as will appear by comparing it with 
the following one : but if I miftake not, we were 
firft obliged with a Geometric^ Demonftration of 
the Property of the Hyperbolic Spaces (on which 
this depends) by that elaborate Geometer Gr<?^(7rjf 
St. Virtcent. The Theorem is this ; If / be tte 
tranfverfe Axis, and c the conjugate of any Hy- 
perbola {viz. c=ytp ) and x any Abfcifla whofe 
Ordinate is y^ then the Area of the Hyperbola, 
whofe Abfciflk is Af, will be expreflTed by 
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i±2i yy-^t X c X ,575MxL ; t-^^^-^^-j por an 

Example to both thefc Methods, let /=30, *=io, 
jr=i2, then f =b ^ vL— . =; i8 ; hence by the 
firft Theorem we have this Procefs, 
^^ = A= 160.0000 

— iL =Bss .8.0000 

Ei.«C=.., 2857 . 

'^'=D=:....238 

iL':^E = 27 

iiV ' 

,3V ~ ^ — • • • • 4 



Sum 8.3126 



The Area 151,6874 
And by the fecond Method, --^ xjk=300, alfo 

= 3, and Its Logarithm 1^,47712 12, 

therefore /xrx 9575646 x L : 3=540 x ,575646 x 
,4771212=148,3126; this taken trom 300, leaves 
151,6874, the fame as was found by the follov^- 
ing Series, fo that the one confirms the other. 

Befides thefe two Methods for meafuring the 
Hyperbola, we may add fome Rules analogous 
to thofe for meafuring the circular Segment : for 
ufing the fame Letters as in the Propofition, the 
Meafure of the Hyperbolic Segment is nearly ex- 
prcfsM by any of thejTe three Theorems. 
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■ ^/7-|- 4 ^/x+i*^ ^-y.- -J= 151.648 



4V^/x+2i^/*+l^x*-^xj- 1=151.681 



!?(+39fv'J7x 15 xij= 151.602 



The two firft are taken from the Analyfis per 
^antitatem^ Sec. of Sir Ifaac Newton^ (and pub- 
lifh'd by Mr. Jones) but the fe<;:ond is neareft the 
Truth. 

And now we have done with meafuring Planes, 
whether contained by Right Lines, or any of the 
Conic Sedions ; in the next place we proceed to 
Solids. 



CHAR IV, 

Of Meafuring Solids. 

Prop. I. 

THE Meafurt of every Solid j generated hy a 
Line moving betwixt two parallel equal and 
ftmilar Planes fmilarly fituated {called the Ends 
thereof) is equal to the Meafure of one of the Ends^ 
multipled by the Meafure of a Perpendicular^ let fall 
thence on the other End. 

For let h exprefs the Meafure of that Perpendi- 
cular, and e the Meafure of one End or Bafe 5 then 
if at theDiftance of the linear Unit, Planes be drawn 
thro* the folid parallel to its Bafe, it is manifeft 
that the fevcral Elementa contained by every two 
of thcfe contiguous Planes, will be equal to one 
another; therefore as often as the Bafe contains 
the fuperficial Unit J fo often will each Elementa 

contain 
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contain the /olid Unitj but e expreffes that Num- 
ber. Again, as often as the Perpendicular contains 
the linear Unity fo often will the whole Solid con^ 
tain ^folid Units; but b\% that Number, there-* 
fore i&x^ is the Number of folid Units, or Mea- 
fure of the. genera ted Solid by Defin. 23. Chap, i. 
ParLz. ^E.D. 

Definit. I. If the Ends or Planes about which 
the revolving Line turns be two Squares, each of 
whofe Sides is equal to the Diftance of the Ends, 
and alfo the generating Line is perpendicular to 
both of them, the generated Solid is. called a 
Cube. 

2. If the Ends are Parallel(^ams, the gene- 
rated Solid is called a Parallelopipedon. 

3. If the Ends are Triangles or Polygons of 
any Number of Sides, the generated Solid is in 

-general called z Prifm. 

4. If the Ends are Circles, the generated Solid 
is called a Cylinder. 

5. If the Ends are any other Curve-Lined Spaces, 
we may call them Cylindroids^ prefixing the Name 
of the Bafc. Thus let them be two Similar,Nand 
fimilarly pofited Ellipfes, then the Solid is an EU 
liptical Cylindroid •, if Parabola's, a Parabolic Cy^ 
Undroid ; when Hyperbola's, an Hyperbolic Cylin* 
droid ; all which are meafured by help of the a- 
bove Propofition only, and the alfiftance of the 
Propofitions foregoing. 

Cor. I. For if the generated Solid be a Cube 
whofe Side AB {Fig. 34.) is ^, then the Area of 
the Bafe, or End, is d^^ {Prop. t.Ch. i. Part i.) 
therefore for ^, >&, in the above Propofition, write 
d* and ^, and exb becomes d^rssdxdxd, whence 
this Rule for Meafuring the Cube. 

Multiply the Meafure of the Side of the Cube 

by it felf, and that Produd again by the Meafure 

3 of 
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tof thi Side, fo ihall this laft Produft be the Mca- 
fure of the Cube fought. 

Or, hy the Lines D, E on the SUding^Ruk^ fet 
$ on D to I on E, then oppolite the Side on D is 
its Meafure on E. 
Example. Let the Side of a Cube be 6 Inches^ 
6z=:d 
6 



36 = d* 
6 



^ 1 6 = i^ the Meafure fought. 
Or, I on D fet to i on E, then againft 6 on D, 
is 2i6 on E, the Content as before ; this might 
be done by the Lines C, D, for one on D fet to 
6 on C, againft 6 on D, is 21 6, the Content on C. 

Cor. 2. Hence if the generated Solid be a Pa- 
rallelopipedon, whofe Ends are right-angled Pa- 
ralldogranis, the Meafures of whofe Sides are /, ^, 
and the Meafure of a Perpendicular let fall from 
one End to the other (continued if needful^ bj 
then Ixbj (by Prop. i. Chap. I.) is the Meafure 
of the Bafe ; therefore for e in the Propofition, 
write / )< ^j and we have Ixbxb for the Meafure 
of the Parallelopipedon propofed. 

ff^bence tbis Rule for meafuring all Parallelopi- 
fedonsj having reSlangular Bafes. Multiply the 
Produft of the Width and Breadth of the Bafe 
by the tteight of the Solid, and that Produft will 
be its Mealure. 

• ^r this may -be done by the Lines A, B, oa 
the Sliding-Rule at two Operations. Thus i on 
B let to the Width on A, againft die Breadth on 
4, is the Area or Meafure of the Bafe on A ; then 
< on B ftit to the Area of dte Bafe (found above) 
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on A, againft €bt Hdght of the Solid on B» is itt 
Meafure on A. 

Exan^. Let there be a Parallelopipedon ABCD« 
\Fii. 35.) whofe breath is AB=8 Inches^ Width 
A£=:6 Inchesiand from fdme Point H in one £nd^ 
let a Perpendicular be let fall on the other, let it 
meet the fame in P^ and fuppofe HP=i2 Inches » 
then by the above Rule 8x o x I2=x576 Inches is 
the Meafure of the Solid. Or» i on B let to 6 cm 
A, againft 8 on B, is 48 on A ; a^inft which 
h-ing I on B, then againft 12 on B is 576 on A^ 
the Meafure fought. 

Cor. Henoe the Meafure of eVcfjT tf iarigolaf 
Prifm, is equal to the Meafure of a Perpendicular 
let fall from any Angle of its Bafe on its oppo^ 
fite Side, into half that Side, and this Produfi: 
multiplied by the Height of the Prifm, ThiB, 

(Fig. 36.) Let ABD be a Prifm whofe Bafe 
ABC is a Triangle, from an Angle of which as 
Cf let fall a Perpendicular on AB, meeting the 
fame in P, alfo tet a Plane be drawn thro' any 
Line ifc ^ of the End D, perpendicular to the BsSe^ 
and let it meet the fame in KK, and from any Point 
H of ^^, a Line being let fall perpendicular onKKj 
fleeting the lame hi (^ then HQ is the He^ht 

of the Prifm: Whence CPic — xHQ^is the 

Meafure thereof, which is evident from this Pro* 
pofition, and Cor .2. Prop. i.Cbap. i. 

Cor. 4. If the Bafe was any regubr Polygon^ 
let the Area thereof be found by CoroL 4. Prop, i^ 
Chap. I. then this fSukiplied by the height <^€he 
Prifm, will be its Contents 

Exdmp. Let the Bafe be a Fent^on whofe Side 
is 50, the fame with that Page 68. and let i;he M^ 
fure of a Line drawn from a Point in tb<p £n4 
tft the Bafe {fig. 37.) bcr 12 Inches, then the Aral 

Of 



tbF die Bafe i$ 4301,1751 and tl^at multiplied by 
12, gives 5i6i4,j[ £^are Inches for the Meafure 
of the pentagonal Prifm ABEF. Alfo if the A-^ 
tea of the Bafe was tny Conic 3e^iQn^ ia Area 
may be found by ^ne of the three laft Propofitionsi 
then this muki^ied bj^ the Height^ will be the 
/Content of that Priffh. 

Cor. $. lience $IG^ the Meafure of eVeiy Cylin- 
Uer is equal to' the Square of its Diameter multi- 
|)lied by ,7854*, and ^t Prodilft by the Height of^ 
the Cylinder : Butxo meafure this by the. Sliding- 
Kule, another Confideradon muft be brought ; 
for if the Dianietet of the Cylinder's Bafe is d^ 
and its Height *, then i* x*, x ,7854 is its Con- 
iciic: Call that Ci then 4*X/&)i,7854=i5C, or 

^*^*'=^.ife«^«^-i^8378 4% fori/,^;:;^^^ 

1.12835^8, hence i.i2«378i* :h\id*\C. This 
iProportion gives this following Rule fw meafuring 
b Cylinder S ^be SUding-RuU. 

3et 1. 128378 on D, to the Height of flic Cy^ 
Un4er on C, then oppofite the Diameter of iti 
Bafe on P, is die Content on C. See Prop. ^. 
^e£l. 4. Cbap. 3. Part i. 

Examp. Let the Diameter AB (FJg. 38.) of the 
Cylinder's Bafe be 12 Inchjes^ and its Height 1$, 
,to find the Content. 

Firji^ By the above Solution we have the foJ* 
jtpwinji; C^cratian^ 



t^ 



ti6 'The tHEOkV and Ch. HI. 



d=:-'- - - • 


- - - 12 
II 


d*^ 


- - 144 

0,7854 




31416 
51416 

7854 


'^*x,7854:*= 


- - ii3>«>976 
16 



.;jx& 



^ 



1/* X i& X 57854== C 3=1809,5616 

Or by the SHding-Rule, I fet 1.128 oh D^ to 
16 on C, then oppofite 1.2 on D is 18,096 on 
C : and becaufe 12 was divided by 10, I multi- 
ply 18,096 by roo, and have 1809.6 for the Mea- 
furc of the Cylinder. 

taop. It 

Lei VMN (Fig. 39.) be a Curve offuch a Und^ 
that the Proportion of every Part VOitrx, and the 
Perpendicular MN (pajjing thro* O, and intercept^ 
ed by the Curve) being equal to y, be exprejfed by 
the Equation y*s=:Ax+Bx* the tetters A,B, deno- 
ting given ^antities ; then if this Curve revolve 
round VO as an Axis (which from the Equation bi* 
feSs the Lines MN, #»», mfn^) the Meafure of 
the Solid generated by this Motion will be exprefi^d 

by this Theorem, -- — l--rr xa, 

(where a=785398i6, 6?^.) 

For let the Abfcifla VO be conceived divided 
into an infinite Number of equal Parts in the 
Points 0^ o\ o\ d\ of'\ (:^c. and thrc^ the lame 
imagine Planes, to pafi at right Angles to VO» 

the 
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the Axis of Revolution : Then *tis manifeft the 
Icvcral folid Elementa Afe, i»'», m'n^y C^c. may be 
taken for fo manyCylinders having equal Altitudes, 
the Diameters of their Bafes the Lines MN, mn^ 
ntfr{. wFiiF^ iSc. put j to denote the Meafurc of one 
of the infinitely fmall Parts O^, o(f^ o.cF^ tSc^ and 
let us denote the Meafures of the fucceflive ele- 
iBentary Cylinders M», mnf^ m'tif^y 6?c, by e^ if^ 
e?, (f^\ &f r. refpeftively, and at, x\ x^j ^^ iSc. for 
the Diftance of each them fromV, viz. Xyx'^x^yX^J^^c^ 

z=z Yoj Yo'^ Yofy Vc^y ^c. hence — is the Num- 
ber of elementary Cylinders, orAbfciffasAr, x'^x^^x^. 
Now fi nce j?*=3A:^+BAf *, therefore a %y^z=a \ 
AV+Bx* is the Area of the Bafe of the elemen- 
tary Cylinder M«=:^ 5 therefor e by Cor . 5. of 
the laft Propofition yx«xj?*=jxtf xA^+BA?*=f, in 
which for x write fucceflively ^, o^^ x^^ (Sc. and 
for e write ^V^^ ^1 &?^. then we (hall have the 
following Table of EJementary Cylinders^j afl4 

their Values. - 

r^isjx^x Ax+ Bx^ 
. J^' = yxtfx A^M-Bx'* 
^'^' |^=yxtf xAy^4-B^l 

6f f , ^.. 

Therefore the Meafure of the generated Solid is e* 
qual to the Sum of a Series of the ( i ) oneYowm of 
Quantit, in Arithtn. ProgrefEon from ^ to kx inclu- 
five,more by the Sum ofaSeries of the (2) oxfecond 
Powers of Quantit. in Arithm. Progrcflionfrooi $ to 
B;tf*, and this Sum multiplied hy qxa. Now the 
Sum of the firft, viz. A;^-f.Ax'rfA*^+A;!^, 6fr. 

to e;, is ^ X— , for by the Lemma Pag. 85, tli« , 
Jaft Term is Kx^ th? Number of Tcrnjs is -^, and . 

la i^ 
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the Index i, whence for », /, arid », write y 

Ax and 2, and W|5 have — ' for the Sum required. 
Alfo the Sum of Bif'4-Bx'»+Bx^*4.B;r*% £5?^, 
to ^, is ^ by writing for », /, 1^^ in the Lemtnst 

~, Bx% 2 ; bchcc then the Meafurc of the whole. 

&)li4i which we will call S, is --jr -fc- -^ X d x f, 

therefore ^ + ^ x j^?:S. ^ E. 0. 

C^. I. If in this Expreffion for Rjf* be put its 
Value from the Equation of the Curve Q^^ssA^-tt 

B;tf*) we ihall find S^XJ^Rpx^ ♦ the Mea- 

fore of the Solid generated by the Motion of die/ 
Curve VMN about V6. 

Cer. 2. tf any other Abfciffii as VC be called 
b^ and its correlponding Ordinate PQi^> thei\ 

~+H X ^ is the Solidity of the Conoid VPQ^ 

whence putting F fpr the Meaf ure of the Fru-, 
ftum MNQP> we have F=3Axir*— »*-f ^B % 
pm^ X ^i but A'— x^ =A— ;v X A*^i&;f4-x^% and 

^*4^y^a; . "^^^"^ ^/"^ from th? Equation of 
^he Curve, whence 

F—A^^^S^BM-^i^^^ g xl3S:j, wh^iij 

is better aceprnmodated to meafuring the Frir- 
ftucns of Conoids, and confequently better fitted to 
-Giilging, . 
' From this Propofition, and the ^ Cor. above, 
we may ^iy dfedwc the Meafure of the Cone,' 
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Sphere^ Spheroids of both kinds, and the two Co-» 
noids and their Fruftums : But firil we mull fhew 
what is meant by thefe Nances. 

Difin. I. If the generating Curve VMN {Fig. 
43O be a Circle, the generated Solid will be a 
Sphere, atiy part of which \mn (cut off by a 
Plane m n) from the Vertex, is called the Segment 
ef a Spbere ; and the difference of this from half 
of the Sphere, viz. Mlimn is called a Fruftim 
pftU Sphere, 

a. Jf the generating Curve VMvN {Fig. 41.) 
be 4A Ellipfe and the Axe of Revolution the tranf* 
verfe Axis thereof, the generated Solid is called a 
Spheroid*^ but when ^e Axe of Revolution is 
the conjugate .Axis, an oklate Spberrid^ any Part 
of which Vmn cut off" by a Plane perpendicular 
to the Axis of Revolution, is called a Segptenf of 
the Spheroid ; and wh^t this wants of half the 
Spheroid, is called its Frtffiu^ ; if the Spheroid is 
cut by a Plane parallel to tj^e Axis ot Revolu- 
tion, we may call the Piece cut off a Parallel Seg- 
ment ; and any Part of the Segment of a Spheroid, 
cut off by a Plane ^rpendicular to Us Safe, is 
called z/econd Segment thereof. 

3. If the generating Curve VMN (Fig. 41.) be 
a Parabola, the generated Solid is called a Parabo^ 
fie Conoid I any Part from the Vertex V, (viz. 
Vi»») cut off by a Plane perpendicular (a VO the 
Axe of Revolution^ is called its Segment ; and what 
this wants of the whole Conoid, (viz. mnMN} ia 
called its FruftHPn. 

4,. If the generating Curve VMN {Fig. 39.} be 
an Hyperbola^ the generated Solid is called aq 
Hyperhlick Conoid ; and any Part of this from the 
Vertex, cut off by a Plane perpendicular to the re- 
volving Axe, is cadkdits Segment ^^nd whatthis wants 
of the whole Conoid^ iscalledan Hyperholic Fnfium. 
5. But if th? Circle or any of the Conic Sec* 
I 4 tions 
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tions revolve round an Ordinate to the Axisa£ 
the Circle, or Conic Section, the Solid in gene-^ 
ral IS called a Spindle^ with the Name of the ge- 
nerating Curve prefixed. Thus if the generating^ 
Curve be a 

Circle, 1 C Circular Y 

EllipfCj (The generated 3 £///?/^V I e • it - 
Parabola, f Solid is a ^ParahUc f^P'^d*^- 
Hyperbola, y {^Hyperbolic j 

Cor. 5. From the preceeding Propofitions it foK 
lows, if the Height of any Cone {viz. VO Fig. 
40.) be b^ the Diameter of ks Bafe {viz. MN) 

z=zb, then the M?afure thereof lhaU be a** ){•--• 

And if this Cone be cut thro*' 0^ any Point in the 
Axis by a Plane parallel to its Bafe, fo that the 
Meafure of Wo be x, and that oF the Line mn, jr, 
then the Meafure of the Fruftum ikt » M N isi 

?m;5^«x^=^x^, 

For let the Cone be generated by the rightT 
angled Triangle VON, roiyid VO as an Axis, 
then per fimilar Triangles x xy \ :b : b, therefore 

iyzzbxj or jy* = -jr » this being compared with 

the Equation in the Propofition {viz.y*z=:Ax^ 

Bx*; gives A=^, B =5 jr; therefore S^Ax-^iy* 

X -g- {Corollary, i.) is S=s-^ — ^5 this vhcn x: 

becomes b, and j=^^ is S =: —^7 — 5, the Meafure 



of the Cone AMN. Alfo F. = AxS+x-t^^Bbx-^'^ 
2*» -f 2)r» X b—x X ^ becomes F= ^ x **-4- ^**- 



3t ii*x 
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r-g- = ihy, frqm the Equation of the ConeJ an4 

from hence the following Rules for meafiiring anjr 
Cone, and its Fruftum univerfally having a cifr 
cular Bafe, both by the Pen apd Sliding-Rule. 
Rule I. ^0 meafure any. 6me^ having a circular 
Bafe. 
The Square of the Cone's Bafe being multiply 'a 
by its Height, and that ProduQ; by »26i 79939,, or 
in Pradlice by 2618, the Refult will be the Mea-. 
fure fought. 

Rule 2.T0 meafure any Cvne hy the Sliding-RMle. 
Set 1.9544 on D to the C6ne's Height on C, thea 
oppofite the Diameter of the Bafe on D is the 
pontent of the Cone on C. 

Fpr an Example of thefe two Rules : Let the 
Hieght of a Cone be 50 Inches, and the Diaract 
ter of its Bafe 30. 

Reoperation. 
,2618 
45POO = ^*xA 



30 



J»=: goo 

h = ' 50 



i*xZ>=: 45000 
Or, by the SI 



13090009 
10472 



11781,0000 = ^* xi^x,26i8 

iding-Rule 1.9544 on D being fet 
to 5Q on C, then againift 3 oh D ffor 30 is of the 
Linej is 117.81; which multiplied by 100, the 
Square of the Divifor of 30 (fee Prop. 5. Se&. 2. 
Chap. I.) gives 11 781, for the Meafure of the Cone 
as before. 

Rule 3* To meafure the Frufium of d^ Cone iy the 

Pen. 
To the greater Diameter of the Fruftum and 
the Leller ; and from the Square of this Sum, .take 
&e l^iCQ^yiQi of the two Diameters s muhiply the 

Rc^ 
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Remainder bv the Height of the Fruftum, and 
that Prodaft by ,1618 » fo Ihall this laft Proda<£b 
f^yc the Meafure of die Fruftotn fought. 

Ili^e 4. fo mafnn the Fh^hmt. ofa Qm h tht 
SUimgrRkie. 

Set «,>64 on |> to the Height of the FiHilhini 
on C, then find both die greater and lefler Dia-^ 
meters, and alfo their Pifierence on P,^ and note 
die diree Numben oppofite diem on C : then 
from ttiple the Sum of die firft and fircond, take 
the third, and the Remunder b the Ntefure 
fought— The Re^bn of this Rule la from hence. 

Example of a Fruflxiin of the above Cone. Xjt%. 
|he Height at the Fruftum be 2q Inches, then tb^ 
5)ianacteT is i$ Inches. 

the Operatm. 





zrh 

35a8o,o=ff^?— ^x* 
8162 ss,a6i8 inveite4 
70560 
iii€,8 

• 282 __ 
Mwf. ^^Gbpic Etu,.' ?*3!^»3=Sy «\-^J9wfoc,26i8; 

Or 
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Or, by the Sliding-Rule 2,764 on D being fct 
to 20 ufion C, agsunft 30,18 and 12 upon D is 
2356.2 i 848,23 and 377 refpeaively : the Sum 
of the fifft and fecond is 3204,43, three time%r 
which is 96r3j3 j from which the third being u- 
kert, Itares Q236.3 as before. 

Cof.^. Am from this Propofition It follows, if 
the Height of any parabolic Conoid be VO=&, 
(hg. 41 .) the Diameter of its Baft I', and in the 
Axfe my Point 9 be laken, diftant from V by ar, 
and a Plane be drawn thro' the fame, whofeSec* 
ition with the Conoid is the Circle «»», the Dia- 
meter of which is «tf »=/, then the Meafure of 

fhe ^oiMd VMN wiH be ~- 1 and the Mea- 
fure of the Fruftum «»MN 5= **-f"3'* x«x-^\ 
For (per C^. i. Prop, 2. Chap. 2.) b:h*::x :;»», 
therefprejf* == Cx *■, this compared with the JE- 
quation (;*=: Ax-+-'Bx*) in the Propofition gires 
Ar=f-, B=s<», whence S ss A«f + 2j'*x**=: 

f^x-f 2y* ^ 1*^ but •p=y*y hence S as 3^* x 
^as—^, and this when x becomes b is 

*!:i±ii=VMN; alfo F = Ax*^+2B&hI 

.- « . . 1 .. . •< < I- • • 



*— *. l^ 



zi^-^rzy^x <» ^ -^ l^^omcs — >c *& +*+2^*4-2jra 



And from hence we have the following Rules for 
ntearQnng,tl|ie parabolic Com)id and its Fjrtiln:unti 

Rule 
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Rule I. To meafure a parabolic Conoid iy the 

Pen. 
Let the*Squareof the Conoid's Bafe be multiplied 
by its Height, and this Produft by 9392;^, the laft 
produft is the Meafure of the Conoid propofed. 
Rule 2. To meafure a parabolic Conoid by tb^ 
Sliding-Rule. 

Set i«59577 on D, to the Conoid's height on C, 
then againft the Diameter of its Bafe on D, will 
be the Meafure fought on C. 

Rule 3. To meafure the Prujium of a parabolic 
Conoid by the Pen. 

To the Square of the greater Diameter add the 
Square of the Lefler, and multiply their Sum t^. 
the Height \ this Produ6l multiply'd by .392^7, 1$ 
the Meafure fought. 

Rule 4. To meafure the Fruftum of a parabolic 
Conoid by the Sliding-Rule. 

Set 1.59.577 on D to the Conoid's Height on 

C, and find the greater and Icflcr Diameters on 

D, the Sum of the Numbers oppofite them on C^ 
is the Meafure of the Fruftui^ required. 

pjor an Example to tbefe four Rules ; there is a 
parabolic Conoid, whofe Height is 60 Inches, 
the Diameter of the Bafe 40 Inches, and which 
is cut at the Pittance pf ii.6 Inches from its 
Vertex by a plane Parallel to its Bafe, to find the 
Content both of the Conoid VMN^ and its Fru-. 
ftum mnMNmn : it will be found that mnz=yz=:24 
for 60 : 40X 40 : : 21.6 : 24X 24t=w» *, thence 
mn = %4, and ^0= 38.4 the Height of the fru- 
ftum. 

l^j the Jirfi Rule s=~^' 

And by the tkird Rule F =A*-f.jr*xaic^^ 

The 
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For the whole Conoid by the Slidii^-Rule thus, 
by Rule i. I fct 1.59577 ^^ ^9 ^^ 4^ on C, then 
againft 6 on D (for 60 isoiFthe Rule) is 376.99 
on C ; this multiply'd by 100, the Square of the 
Diviforof 60, gires 37699^ the Mcafurc of the 
Fruftum as before. 

To meafure the Fruftum of the Conoid by the 
Sliding-Rulc, thu« by Ruk 4. 1 fct i .59577 on D to 

384 
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38.4 on 'C ; 'then againft 2.4 and 4 onD, k S6.Sizs» 
and 241.27=13*, the Sum of which U ♦4-iSh^a*/i3, 
which I mulcip]]^ by koo the Square pf the Ciyi- 
for$ of 24 and 46', amd then &m 328131 for the 
Meafure of the Conoid ^ as found before. . 

Cvr. 5. If the generating Curve be the Semi-' 
iElftpfis VMN (Fi^. 42.) about its tranfverfe V'^ 
c=2i^ and the Conjueate MN=^^ and if this be 
cut by a Plane^ parallel to the B^ MON, whidi 
is diftant from V by V 0:3X9 whofe Seftion with 
MVN, is the Line mn^y-^ then the Meafure of 
jhe 

Segment Vpnmisi — +-y * 7 =^ 3? 4" V* 6 



'xKa 



^rufiim «iiM[N=2i*4.>*x — j 

IPor <l^ l^ff. I. Ch^. 2. Part, i.) ii" i >* : : 
2j&-^'^xy : jr*.— ~- — -J7*- : this Compared ^\i 
yzs,hx^x* <thc Equation <if ttic Projtofition) 
gives A= ^ $ = -i- ^, aind therefof^ by Cur. 

I. S = ~ ^f X "^^Ymm the.Segrt. In wI^H 

h 3 

fiiiking x=;&andj=s*j wehaVc 2i» x y fcVMNM 
the Semi-fpheroid j and by (Cw. i.) we halrc F == 

^. X ^^~^, the Fruftuih «»MN,iibdii»» J»ence 

the three following Rules ibr meaforii^g thefcSo-' 
li4» bjrthePcn. ^^^ 



J 
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Jlulc r. ?i mtafwt^nj Segment of a Spbermd. 

Let the Square of the conjugate Axi$ of the Sphc^ 
toid be multiplied by the Height of the St^ment^ 
end call the Quotient thereof divided by thcSemi- 
tranfverfe «, to which add the Square of the Dia-*" 
meter of the Segment^s Bafe ; and multiply the 
Sum by the Height of the Segmeht^ sind that Pro* 
duia by ,2618, which will give the Meafurcof 
ihe Segment propofed. 

Rule a. Tf VMfure anySpinrHd. 
Multiply the Square of the conji^te Axis of 
the generating Ellipfe by the tranfvefft Axisthere^ 
of, and th^t Prodiift by ,5236^ fo Ihall you 
have the Meafqre of the Spheroid propofed 

Rule 3. To muifiire ojBff Fnifim ^ a Spheroid. 

To twice the Square of the Diameter of the 
greater End^ add the Scpzxt of the Diameter of 
the le^r End ^ let this Sum be mulciply'd by 
the Height or Length of the Fruftum, and that 
t^roduft by ,?6i8^ which will give the Mcafur^ 
of the Fridlum fought. 

.Examp. Let the tranfverfe Axis be 40=2iE^, the 
Conjugate jo^k*, the Heig ht of the Segment 
8=^, then h^ ; ** : : 2<t^-^ xx:y:=i 576, and 
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For the Segment. 




*= - - - - 30 




5° 




^* = - i - QOO 




* ass i - 20) 7200 (366 






>*= - - - 57^ 




T+r= - 935 




8 




— x4-;r» X * =s 7488,000a 


42618 invcrtad 21620 




14976000 

4492800 

74880 


59904- 


i 



fh\nssi - . 1960,3584, 



m 
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Oi» fi R A T 1 o N /or theSpbereid. 



its 



3? 






'i&*JC2fc= - • * 36000 



2,16000 
108 

t86 
J* 5c 2^ X .5a36=iVMN = 18849,6000 

From its half = - 9424,8000 
Take the Segmient ia 1965,3584 

The RemaliMjer = 7464,4416 

^ th^ Fruftum as found by the next Operation* 



15 OPBf 



Op shatiok fir tie Fh^im, . 



»s ... 

i3» si 


• 


30 
30 

900 
2 

2376 

12 




475* 
4376 

• 


2^18 inverted 


28512.000 
8162 




5702400b 

I7IO72OO 

285120 

228096 



i»»MNsa5 : * 7464,4416 

And (rom hence we have the three following Rules 
by the iSliding-Rule. 

Rule I. Tl? tuafun ih^ Segment of a Spheroid hy tht 
Sliding-Rule. 

Firft fet the Semitranfverfe on B to the Conju-^ 
gate on A, and call the Number «, which is on A 
oppofite the Height of the Segment on B ; thca 

fet 
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M i.>64 6n D to thfc Height of the Segment att 
fc, ind find both the Ku^nbei* «, and tfce iJiame- 
tcf of £hfe Segtfldnt's Baft 6n D. then if to th^ 
Numbtt- OH Coppolitc « be iddcd triplfe the Nam- 
her opppfite the faid Diameter, that Sum will bd 
itfie Meaiare of the Segment 5 fo m the pfefeftt Cafe,^ 
firii: I fet 20 on B to thirty en A, then oppofit^ 
§ on B is 12 on A, which is cc I then letting 2^764 
6H D to 8 tin r againfl 1,2 (for 12 ii pIFthe Rule) 
^ i>5i>Si and a^ainll 2,4 is 6,0318, which triple, 
is 18,0954 ; this added to 1,508 gives i9.6o34» 
Whfch multiplied by 100 (the Square of the Di^ 
vifor of « and 44) gives 1960.34, nearly the fame 
as was found before. 

Rule I. Si meafure a Spkiroid ly the SUding-RuIe. 

Set 1.382 on D to the tranfverfe Axis onCf 
then aeainft the c6njugate Axis on D is the Mca-» 
iure of the Spheroid on C. 

Thus in the prefent cafe 1.382 oft D being ftt 
to 40 on C againft 3 on D (for 30 is off the Rule) 
is 188.5 on C ; thi^ multiplied by 106 Cthe*Sduarc 
of the Dl vifor of 30) gives 18850. for the Mea- 
fure of the Spheroid, nearly the fame as before. 

kulc 3. fo meafure the Fhtlitm of a Spheroid l)j 
the Sliding Rule. 

Set 1.954 on D to the Height or Length of the 
Fruftum on Q then the OTeatei* and Icffef Diame- 
ters of the Fruftum*s Ends being found D; to 
twice the Number oppofite the firft on C,add that 
oppoAte the lefler on C, and this Suni will bt 
the Meafure of the Fruftum fought. 

So here, 1,954 on D being fet to 12 on C, a^ 
giitift J oti t5 is 28.274 on C, arid againft^ 2.4 on 
V IS 18.096' on C, to which add 56.548 the double 
^ K 2 of 
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of 28^274, and you have 74.644 1 where remo* 
ving the Decimal Point two Places towards the 
right Hand (becaufe both 30 and 24 were divided 
by 10) we find 7464.4 for the Meafore required $ 
nearly the fame as before.' 
CifT. 6: if in the Expreffion above for the Sphe- 

foid, its Segment and Fruftum, you put b =— , 

youMl have the following Exprcflions for the 
Sphere, its Segment and Fruftum, {vide Fig. 43.) 
where MN=:^. the Meafure of the 

Segment Vmnfi is 2^x4^ x — ss 2y*+^*\ ^' 
Semifphere VMNM is ^ . 

Fruftumw»MN is 2**-f-y* x b^ix — • 

And thefe Expreffions put into Words, give the 
three following Rules for meafuring the Sphere^ 
its Segment and Fruftum by the Pen. 

Rule I. 7^7 meafure the Segment of a Sphere. 
To the Square of the Diameter of the Segment*« 
Bafe, add twice the Produft of the Diameter cf 
the Sphere by the Height of the Segment, and 
multiply this Sum by the Height of the S^menti 
then this laft Produft multiplied by ,2618 gives 
the Meafure of the Segment propofed. 

Rule 2. To Meafure any Sphere. 

The Cube of the Sphere's Diametdr itiUltiplied 
by ,5236, gives the Meafure thereof. 

Rule 3. To meafure the Frufium, of a Sphere. 

To twice the Square of the Sphere^s Diameter, 
add the Square of the end j and multiply the Sum 

by 
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by the Height of the Fruftum, and that Produft 
by ,2618 5 fo will you have the Meafure fought. 
Examp. Let the Diameter of a Sphere be 25 
Inches, the Height of a Segment thereof 9 Inches, 
and confequently the Diameter of jts Bafe 24 
Inches, and the Height of the Fruftum 3.5 Inches^ 

Op E R A TiON /<^r (be Segment. 

y ss: * s :! • • ^4 

24 

48 

jr>= . • - 576 
^^X=:50X9s= - 45P 

2^*+>*=? ^ -r 1026 

^= - - - 9 



^tx+y*xXss 9254,0000 

tiL^ 1 8 inverted <^ 8162 



J 8468000 

5540400 

92340 

7387^ 



l»Vffs: - 5 -. 2417,4612 



K 3 Op£- 
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. Or MA A V ton fo' tkf Sfbtre, . 



2 



9i 



125 

J*p- . - . «625 
25 



3»25 
1250 



i*9^ - - - 15625,0006 
.5236. inyerted 6gaf^ 

78125009 

312500a 

468750 

937 5^ 

^'x,5»36 ss=8i8i.2500( 



Ore- 
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OfSKATi^aifir the Vruftm^ 

25 • 

125 
50 

4*1!? ? S 3 ^»5 

a 

?^.* 33 '- - * 125P 



SB 5 2 ♦ 3-5 



2 



9130 
5478 

2j»4^» ije ^— 4* sp , 6391,000 
4618 inverted - - 8i6a 

1278 200a 

3834600. 

63910 

51128 



J!L'. . I 



And from thefe Rules wc naay deduce three 0,% 
t^ers, for n^eafuriog tjicfe Solids by thp Sliding- 
Ruie. 

K4 ' Rule 
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Rule I. To me^fure a fpberital Segment iy the 
. Sliding'Rule. 

Set 2.764 on D to the Height -of the Eruftuit^ 
on C, and find the Diameter of the Segment Bafe» 
and alfo the Height pf the Segment on D ; then, 
to triple the Number on C oppofite the firft, add 
quadruple that opjpoiite the fecpnd, fo ihall this 
Sum be the Meaiure required. 

So in the sibove Examph^ 2.764 on D fet to 9. 
on C, againft 2.4 on D, is 6,7866 on C, and a- 
gamft 2.5 is 95.43 ; now becaufe 2.5 was divided 
by ip» 5678,6 is the firft Number^ which tripled \% 
2035,8 •, and 95.43 quadrupled is 381.72, thefe 
added together, give 2417.52^ the Meafure fought, 
nearly the fame as before. , 

Rule 2. ^a meafure a Sphere ty the SUding-Rule, 

Set 2.382 on D to the Diameter of the Sphere 
on C, then againit the faid Diameter on D, is^ 
the Meafure fought on C. 

In the precedmg Example^ I fet 1,382 on D 
to 2,5 on C J then againft 2.5 on P is 81,812, in 
which removing the decimal f^oint twQ Places 
forwards (becaufe 2.5 is -^ of 25) and we have 
81S1.2 for the Meafure of the Sphere. 

Rule 3, Si meafure the Fruflum of a Sphere hy the 
Slyding'Rule. 

Set 1.954 on D to the Height of the Fruftum 
on C, and find the Meafures of the Diameters of 
the Ends on D, then twice the Number on C a- 
gainft the greater, added to that againft the lefs, 
is the Meafure required. 

In the prefcnt Cafe 1,954 on D, fet to 3,5on C| 
then againft 25 on D is 572.6^^ which doubled vi 

114538 
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1145,38, and againfl: 2413 527,79, which added 
to 1145^38 gives .1673,17 nearly the fame as 
before. 

Cor. 7. If the generating Curve be the Hyperbola 
PVQ(F/g-. 39.) about the Axis VC=*, the Diame- 
ter PQ=^, and fuppofe this cut by a Plane parallel 
to the Bafe VQ^ diftant from the Vertex V by 
V03c=;r, the double Ordinate MN==y, and the tranfi. 
vcrfe Axis of the Hyperbola equal to t\ then the 

Meafure of the Segment VMN == ^^ x ^ 

Fruftum PQNM = ^-^ x bb^— ^-^' x xy xg • 
For call the Parameter of the Hyperbola />, then 
(by Brop. 3. Chap. 2.) tip:: /x+x* : - 5 there- 

fore y^Tss 4/x-f- ^^. Let this Equation be com-? 
pared with that in the Propofitionj then A 5=4^, 
and therefore (by Cor. i.) S =4px^flp^ j- 5 
and this when x becomes b, and confequently j^=* is 
PVq|=5 4^^^. 2^*'x^==^^ x"*-^ i for the fame 

reafon MVN =5^*x^; and the Difference of 

thefe is the Meafure of the Fruftum PQMN = 

i£±^_vv^y2f±if ^f From hence it is ma- 

nifeft to meafure the hyperbolic Conoid, bcfidcs 
the Data that was required in the preceding 
I ones, we muft knQw the Meafure of the tranl- 
verfe Axis of the generating Hyperbola ; and to 
meafure the Fruftum, the whole Height of the 
Conoid muft be found from the Equation of the 
Curve J diat is the Spbere, Spberoid and parabo^ 
' ' 'lie 



\ 
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He CoMoid are ia a deCerminate Ratio to their riH- 
cumfcriUng Cylinders^ but in the hyberbolic Co- 
soid^ that Ratio is variable. 

We fhall add no £3cam[de to this, becaufe it 
ieldom can occur in GaugiMt ; and from what 
has betn faid abo?e» it will be eafy for the Rea-t 
der to fupply that of himfelf. 

Cn-. 8. .if the generating Curve be a Semi-£K. 
lipfe VNv {Fig. 42.) about its Samcanjugate Axis 
NO.whicb now kt be ^and its Tranfverfe b^ there^ 
by generating the ScmiokUfe SfberoidYHvj which 
is cut by a Plane nn' parallel to Vv, at the Point 
c^ in the revolving Axis, diftancc from N the 
Vertex, by Nfl=af 1 and the correfponding Ordi- 
nate to this, viz. nnf be put equal to j, thet^ 
the Meafwre of the Segment irNii' is 

The Scmioblate Spheroid VNty is - — r — i 

^lieFruft. n »'vV is 2^*+ j* xh—x x — • 

Which are analogous to thofe for the common 
Spheroid, irs Segment, and Fruftum Cor. 5. fore- 
going ; for here the Equation of the generating 

Curve is jr* = -^ — jr^* ; whence for A ==s 

-j^, andB=:"^, {Cor. i and 2, forgoing) thcfc. 

y^lqies being put, you'll haye the Ezpreffions a- 
hove. 

Having in the preceding Propofition, and its Co- 
rplla|ics, given tlie Meafure of the Cone, Conoid, 
their Fruftums and Segments, we fhall now ihew 
how to find the Meafure pf a fecond Segment ^ or 
Slice cut off by a Plane^ parallel to the Axe of 
Revolution ; in order to which, we muft premife 
the following Lemndas. Le m m a 
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Lsfif MA I. 

ifa J^ir^htlif Q^oi4 is c^t iy a Piane^ faraUet 
fo the J^fis of Revgluiion^ the Figure (^ the 5elfioi$ 
xaill alfo be n'Parabohj and the Parameier thereof 
jfoiife with tbat of the Generating Parahlai 

Fpr let MVN (Plf^. 44.) be the Conoid, and 
mvn the Section thercpf, by a Plane parallel toi 
VO the Axis of Revolution, which cuts the gene- 
rating Parabola, in th^ Line v^ ; then will mnv be 
a Parabola, whoie^ Parameter i$ equal to that of 
MVN 5 call it p^ then (by Cor. 3. Prep. 2. Chap 
^.) pK^a 55? M^ xqH, but M* Ke?N=z»S\% (8 Eul 
^//</6.)fhcrefcipp/)j:v^rBa5«i\ which is tlie Pro* 
pprty of^ Parabola, vhofc Parameter 1$ />, Abt 
fcilTa vo^ ^d ordinate on ; therefgr^^ ^c. 

L ^ M if 4 II. 

^ a Spl^fmd be cut by a Pl$ne^ parallel to the^ 
7r(fttfyerje or 4^if ofRevplutmy the Figure oftlk 
SeSifm ^Ul alfo ^e ^u EUipfis^ the ^ranfvtrfe and. 
X^onjtig^Pe of wkifif wilf be to tbofe of the genera^, 
ting Ellipfi in a direS Proportion. 

For let VMvRM f F/>. 46.) be the Semifphe-i 
roid, generated by the aemi-Ellipfe VKv about 
its Tranfverfe Aiti^ V-w, yfhsJk Center is Q^ and 
ED its 8eaion by a Plane parallel thereto, lo that 
"EnmVm i$ t}^ Sediem of that Plane ^ti4 che^ 
Spheroid : Let two Planea be drawn perpendipular 
to the Tranfverfe, one of which pafles thrp* the 
Center Q, making the Semicircle MRM^ and tha 
other thrtf any Poinj g (in yv% making the Cir- 
cle NrN, anj cutting riie Plane. EmnumR^ in 
the Linftt mm, mm l&y UtnnDnmE is an Ellipfis, 
and ED its Tranfverfe, is to mm its Conjugate, 
asVt; istoaOR. 

For 
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For put VQ==T, QR=C, OD=/, Om=cl 
Oozsxzzonzsy ; then from the Property of the Cir-^ 

c\t r^^ox rq—qo^rq^^^-^^zzzon^^zsy^ 5 but (by 



Cor. 2. Prop. I . Chap, z.) "^*=C*— ^ , and 
for the fame Rcafon ;5\*=EF*=:C*-^ —T. 



tljcreforc ;^* = p x/* — x*^ where making xz=:a 
thcnj^=r, but then c*=^*=: ^ , or r= y» 



that is T : C : : / : f, whence y* =jr xr*. 

which (by Cor. 2. Propofii. i. Chap. 2.) is the 
Equation of an Ellipfe, whofe Tranfverfe is ?/^ 
and Conjugate 2c. 

Prop. III. 

If the Parabolic Conoid MVN fpig. 44.) wA<^ 
>fWj is VO=h the Diameter of itj Baff b, ie cut 
hy a Plane mvn parallel to V^, and difiant fron^ 
it by oO=z, the Meafure of the Slice mhvM Jbalt 
be exprejf'ed by this 

Theoretm, wz. 

innvM^TII^E^^^^xb, where ^ ^ 

denotes the Meafure of the circular Segment iwM», 
viz. pf a Circle, whofe EJiametcr is b^ and verfec^ 

Sine -"7^. 



For put wwssyssV^'—^j^*, then becaufe by. 
the firft Lemma above, mvn is a Parabola, whofe 

Para- 
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A* 

l*arameter ia -^ , wihaTe{byi*rd?/>.i. cb. i.fart 2.) 

-Txvo = - : but — is the Meafure of mvrt^ 

4*' 4 3 

(by Pr^. 4. Cittfj). 3.) therefore — X • == -|r» 

is equal to mvn. 

Let this be drawn into '/J - the Flution of 

Mv ±; V^^' i and we have -ri x--^^ for- 



the Fltixion of the Meafure fought j but ^^^■_^,^ v 

ssS. Now froin the 7th Propofttion of the Book 
of Quadraturcsi if P be the A rea of a Curve* 

whofe Ordinate is py^' x HhP^~'' »"** ^'*"^ 
Area of another Curve, whofe Ordinate is 5^+"-'' 

h 

fore becaufe here p^^^ J = ^»> 9 = 3* ^=t* 
e^szb*^ /=: — I, and »i±=i2, we have Qjii 

£ 'T'Z^^xh in which for P write S, and 

fory, b^^z\ then 4 _ ^^>-=^'^^^^^^^^ 

is the Meafure of the Slice mnvM. ^ E. O. 

Cor. 1. Let MhNm (Fig, 45.) be equal to the 
Bafe of the Conoid* MN its Diameter, and M^ 
±^c ; thro* draw the Perpendicular mon, meet- 
ing the Circle in the Points »f, », from m. Thro' 
the Center O draw the Line mOk^ and from », 
let fall a Perpendicular thereon, meeting the fime 

in 
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in L then the Solidity of the Shce imvM of tbs 
Conoid (f5y.44.) may be expircft by ^^'!^ 
x*i fcr {per Frpire) b:y ::jr :-j==*A ani 
^ : •*»— j» : : jr : -^ ^^'f*' = «/; therefor* 
^5 x^— j^ i=j» -^^^^ M Ac ^leafure of the 
Triangle *»»/•, confequently!^!! !l'x* is equal 

roC~^lZ^x*=««vM. 

C^. 2. It » / (F/V. 45.) be continued till it nucet 
the Circumference in «?, and the Line nm dfawn^ 
then the Seghicnt nMfnw=^^mnM'^^nmU whence 

— X b) is the Meafure of nmvM^ which is the The- 

6 

orem pid^liniM by Mr. Ihnt^ and faid to he re* 
ccived from Sir TJ'tftff Newtan \ Fmt what we havA 
givf above is more fitnpic, it requiring b«t the 
Area of one Segment of a Circle to be founds 
"whereas by this Method you muft have the Area 
cf two. 

Fcr an Example^ Let MNirpa Inches, M^rrgt 
Inches, and ¥0=294 Inches, then by theTfieo- . 
tcti) (P^g. 100.) J find the Meafure of the Seg^ 
mcrt mMn equal to 1968 nearly, and becaulc 

M.=:3i, 2^15, thercforeiH*!E^^^I!S*= 

iliiISill:l2S=io4.qi proximci htnce acco^ 
6x84164 ^^^ ^ 

ding, to the Theorem -i>_«J_^i943x=:789^9x 

294= 



t: 
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294=232169 nearly^ the Meafure of the Slice 

In fyrdtr to fhcw the Invention of the abov^ 
Theorem, I. was obliged to^ ufe the Method of 
Fluxions, becaufc befidcs the Lemma^ Pag. 85^ 
1 muft have mferted feveral more (too "tedious for 
this Place) in order td render a Demonftration but 
tolerably clear., 

PkOP. It. 

If a Spheroid generated from the EUipfe VQyft^ 
wbofe tranfverfe Axis is Vy=t (Fig. 46.) and Se- 

iniconjugate QjR. :=i — becuiiya Plane ibro^ O 

in QR, diflant Jrojn R^ the Vertex of the Conju- 
gate by ^Oz=Xy and ED tht Setiicn of the gene- 
rating ElJipfe be called y, the Meafure^ of the Seg- 
ment of the Spheroid EDR fbdll he exprejfed by this 

Thborem, viz. £DR=i2/**-4-0^* x^. 

For conceive OR divided into an Infinite Num- 
|»r of Parts^ the fi.rft Divifioii of which from O 
is at O', and let j denote the Meafure of the fmall 
iPartOd', now *tis rnaftifeft (by Leifima 2. fofe- 
gding) EmDmEy the Sedion of the Catting-PIane 
with the Spheroid, is an EUipfe fimilar to che ge- 

tiertttbg EUipfe \Rv 5 thereftM-e t : c::y : ^ =sfWf«r 

the Conjugate of the Seflion EmDfJtE^ but be^ 
caufc MRM (fee^ Lemma 2.) is a Circle whofc 

bian:«efisf^ we have mm^zs^ cx^-x"^ ^ there- 
fore — =2v^rx-^^* :-but all fimilar Figures are 

as the Square of their homologous Sides, fas is de- 
Iflohftrited further on; and die Area of the gene- 
rating 



i44 'TbeTltEOk ^dnJ fchiV^^ 

rating ElUpfc is iix/xr, (by C^r.t. Pr.s. CiE>.3.)thcre- 

forc c* : MtYC : : 4wx — xie : ~x^;tf — x* the Mea- 

furc of the EllijJfc EmDmE^ and this dra^n into 
pi gives the Mearure of th^ firft or grcateft Ele- 
xnenta of the Segment fought, call it e; and 
the fucceedihg ones ^', e^^ ir^ Csfr. the corrc^ 
fponding Values of RO, x', •. A fc?r. Theft 
we have the Mcafure of the feveral Elementa, 2U 
here under. 



4ffl^ r- 



^ifat 



e' =^xrx'— X- 



4^tf/ 



c 

and the Sum of thefe is the Meafure of the whole 
Segment fought, but the Number of the Elementa 

is - , and the Quantities x^ x\ xF^ x^^ fc?r. art 

in arithmetic Progrelfiori i hence, (by the Lemma 



latx 



is the Meafure of RD«jE«= — X3cx — 2x* i 

3^ 

fa which for X put its Valufc ex — ^ ^ and *rfe 
have "alvf^x p ac RD»E»*. $. JE. O. 



CoroL I. Therefore making ;f= — and j as ^, 
then for the Meafure of half Ac 3pheroid we hare 

a7^ 
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2/*x-7-K/*Xt7= » the fame as was 

20/3 

fhcwn before. Cor. 5. Prop. 2. 

Cor. 2. If from the Mcafure of the Scmifphe- 

roid -— — , that of the Segment, viz. zt^x^cy^ 

X — , be taken, we Ihall have for the Meafurc of 

the Fruftum this 

Theorem, viz. VvDEs=-2/*+^* x ~ x^^^^^ 

And the firft of thefe Theorems being turned into 
"Words, give the folh>wing Rule for mcafuring a 
parallel Segment of a Spheroid. 

Rule. 

Multiply the Square of the Tranfverfe Axis of 
the generating Ellipfe by twice the Height of the 
Segment ; and the Square of the Tranfverfeof the 
Sedion of the Spheroid, by the Conjugate of the 
generating Ellipfe, and add thefe two Produdh to- 
gether, then multiply their Sum by the Produ6t of 
,2618 by the Height of the Segment; this laft 
ProduiSl: divided by the tranfverfe Axis of the ge- 
nerating Ellipfe, is the Meafure of the Segment 
fought. 

Eicamp. Let the Tranfverfe of the generating 
Ellipfe be 73 Inches, its Conjugate 29 Inches, the 
Height of the Segment 2 Inches, and therefore 
the Tranfverfc of the Scftion 25 Inches, to find 
the Meafure of the Segment 'KOmE.m. 



Ope 
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J= 



Operation. 
37 73 «' 



37 
III 



73 

tig 
5" 



^»= . 1369 5329 =/* 

« = - 29 4 =2* 



1232I 21316 >=2/*X 
2738 



^*= 39701= 39701 SO'* 



61017 SS2/'*+0'' 
2 S« 



S/2S2I9) 



122034 
1095 



1253 

»095 



1584 
1533 



557,20 =s2/'x+gr»x- 
4587.0 



39004 

4458 

279 

22 



51 



'r: «^ 



436,63 =2/*«4-<J'*k,-; 



Carol. 3. But if the above Segment fcould !» 
cut by a Plane through feme Point r, and paral- 
lel to the Conjugate RO, then the Piece cut off 
is called a Second Segment of the Spheroid ; to mea- 
fure which by a finite Expreflion, is impoIEble, 
even tho* you ufe the Segment of a Circle } at 

leaft 
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leaft by any Method I yet have met with : but 
when oD is fmaJl in refped to OD, it may be had 
by an Approximation, fufficieqtly near for Praftice, 
from what has been faid in the laft Propofition : 

for in the Figure put r} = — 5 i^a?, ^D=r/, and 

denote the circular Segment ttrnpn by S, then the 
Meafure of the fecond Segment Dmn is nearly 
had by. this ____^__— . 

Theorem, viz. Dr»» = - y^^i —zv'i>*-^4Z* 

Ctrol. 4. From hence, and Prop. 3. we may 
coHipute the Meafure of the Part mRmnnr (Fig. 
46.) for by changing the Form of that Theorem, 

viz. for X put its equal ^=^ from this Spppo- 
fition o{QChsqo=Zy then -7 = ^^^ * ^^^ 
j^l. v^f* — Az* — — : ib that the MeafUre df the 
fecorid S egment QgRr, which isn eariy i^^zw^iZ^ * 

x^+z^/^^e^T-^^^ljijc-f* may ^ com- 

puted from the Meafures of RQt »"?» ^"y and 
OCi( = oq) being given ; that is the Bung and 
Head-Diameters of a Spheroidal Calk being 
given, and alfo Its Leilgth, add the Diftance of 
3je Sulfite of the Liqeor from the Axis thereof, 
we may by this Cdrol. nearly compute how much 
isdrawn off: But Note, if the Qflc be inore than 
half empty, you will then find how much remains 
in it i which uken from the whole Content, leaves 
what is drawn off. But this Theorem requires too 

L i much 
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much labour to be followed by the Officers of Ex* 
cife, fo we fhall give other, Nfethods for that 
purpofe further on. 
But I mud obferve this is exceeding near the 

' Truth, cfpecially if for S you put Hi^^x Si 

^^ihdl? — 22, which is deduced from that Page 

- . h — iz - 

loi. by putting — — for v. 

We might alfo give a like Approximation for 
the Second Segments of the Hyperbolic Conoids, 
for they as weH as thofe of the Spheroid, do not 
admit of a pcrfeA Cubation ; but as no Cafks are 
ever made refembling this Solid, I Ihall not de- 
tain the Reader with ufelefs Speculations, but pro- 
ceed to (hew how to meafure the Spindles, which 
are generated by the Revolution of a Cdoic Sec- 
tion roi^nd an Ordinate to the Axis. 

Prop. V. 

Lei AVBvA (Fig. 47.) be a Spindle^ generated 
by the Parabola AVBV turning round its double 
Ordinate AB \ and tbrt? n a Point in the Axe of 
Revolution^ let a Plane be imagined to pafs per- 
pendicular to it^ wbofe Seaion with the Spindle is 
the Circle Mnm 5 (put Vv=b, Mm=:;y amlCn=x) 
then tbe Meafure of the Fruftum^ VMmrJhall be 
exprej/edby this 

Th £ or e m, viz. 



1 



VMmv = 2**-+.7*- 

For call the Parameter of the generating Pa- 
nibolap, and fuppofc Cn divided into an mfinitc 
Number of Parts, each of which is meafured by 
q J and denote the fucccflivc Values of x from n 

to 
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to C byy, **, **, &?f. viz. x'ssff—qy jf'=Jf'— j, 
x'zsx*-^, 6?f. alfo let ^, <f', «*, ^, V*". denote the 
correfponding Elementa of the Sol.d. 

Now (by Prop, 2. Chap. 2.) /xVO=MO^% 

that i%px^ = ^*» therefore ;^ = * — — , and 
y*=i*_~4.— 5 whence the Valine or Meafureof 

of th^ firft Elementa (0 is aq x^* — i^ + ^-^ j 
and from hence the following Equations ; 



P P* 

P P 

^€. lie. 

And fince q Viftance gives i Term, sc Diftance 

will give — Number cf Terms 5 that is— is the 

Number of Elementa, or Terms of the above 
Series, each of which is alfo compofed of three 

X 

Terms i the Sum of all the fr^ is aqxb* x-^ 
=ab*ycxj and (by the Lemma^ Pag. 85.) the 
Sum of all the fecsnd Terms, viz. aqxy x 

L 3 and 
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and (by the fame Lemma) the Sum of all the 
third Terms, viz. « J x-4 x x^+x'^-f-Ar^*, 6fr. 

is' ^j X TT X -r X — = — r , whence coUefting 
thefe Sums under their refpeftivc Signs, we haire 

VMm;-3»~t^4-fpx^x : but ^ =*-;.. 
therefore the laft Theorem is equivalent to 

?3TiSS!l-f."B!x tf;r. that is to l^'M^r\'}yl 
3 5 5 

X—, and this to — -^-^ — z =^-^-^ ^T — 

Cor. I. Whence if j'=tf, then the Meafure of 

_ flX AB 

the whole Spindle is 2/»* — 4^* x — — , or 4r 

X ^*<^xAB, that is T^ths of its circumfcribing Cy- 
linder. 

From this Propofitioo we have the following 
Rules. 

Rule I. ^0 Meafure the Frufium ofaparabglic 
Spindle. 

To twice the Square of the Diameter of the 
greater End, add that of the leffer, and from 
the Sum take ^ths, or (,4=)T5^ths of the Square 
of their Difference, and multiply the Remainder 
by the Height of the Fruftum ; then if this Pro- 
dua be mukiplipd by ,*6i7994==26i8 nearly, 
it will give the Meafure fought. 

Rule 2> By the Sliding- Rule. 
Sef 1,954. on D, to the Height of the Fruftum 
on C > then find the greyer and leflcr Diameters, 

a$ 
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as alfo their Difference on D, noting the three 
Numbers oppofite them on C 5 th^n if thefecond 
is added to twice the firft, and ^ths, or Aths of 
the third taken from the Sum, you'll have the 
IMeafure required. 

Examp. Let {b) the greater Diameter be 32 
Inches, (jy) the leffer 24, and {x) the Length 
40 Inches. 



J(=24 

24 




1 

)= 


P E R A T I N. 
32 =3 

64 
96 

1024 5S3* 


:cd. 




96 
48 

57^ 
,4X8.8=25,( 


• 


2048 =23* 

57^ =3'* 

2624 =23*+;'* 

25,6=^. i-y* 






2598,4 =23»-4-j»».^T 






103936,0 
8 1 62,0 =,261 8 invert 






20787 2 
6236 I 

.1039 
831 






27210,4— 23*-hy*—x 
L4 


, 2^=51 


But 
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Bat by taking ^£22617994 inftead of ,2618, we 
ihould find the Meafure to be 27210,3814 true to 
the laft Fiffurc. 

By tbe Sliding-Ruk. When 1.954 on D is fet to 
40 on C» then againft32, 24 and 8 onD, 1510723,3, 
£03199 and 670,2 refpeftively % therefore. 
Twice the Firft - - = 21446,6 
More by the Second - = 6031,9 

27478^5 
Lefs by T^ths the Third = 268,08 

Gives the Content - = 27210,42 

Prop. VI. 

Let AVBvA (Fig. 48.) he a Spindle generated 
by tbe elliptic Space AVB round A^* ^incb is paral- 
ielto TT, tbe tranfverfe Acis tbereaf \ and tbro* n a 
Point in AB, diftantfrm C, tbe Middle of tbe Spindle 
hy X, let a Plane ie drawn perpendicular thereto^ 
wbofe SeSioUj witb tbe generated Solid, is tbe Cir- 
cle Mnm : and put da?sOC, tbe Diftance of AB, 
from TT, and S for tbe Meafure of tbe elliptic 
Space Wfo ; tben tbe Meafure of VMmvV^ a 
Frufium of tbe Solids fhall be expreffed by tbis 

Theorem, viz. 



For put / for the Tranfverfe, and c the conju- 
gate Axis of the generating Ellipfis, the reft as in 
the preceding Propofition, then (by Prop. i. Cbap. 

2.) /* : r* : : /*— 4^* : 2i-f;f\*=:M«\*, therefore 

^'=■71//* — 4X^ '■-^zdy and confequently y'^ xj XiJ, 

the 
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die Meafure of the firft Elementa is, q^x 



4g*Jg* V-f 



c-j^j^d*^^^ yv'/*— 4** i and from 

hence the following Equations. 

Now Cby the Lemma^ Pag. S5.) 'tis manifi^ 
the Sum of all the three firft Terms of thefe Ele- 



mentsit]saxc*X'\-4d*x — ^-^ , and the Sum of 

the fourth Terms are evidently equal to 8iax 
MVON. ._ 

But the Meafure of MVON is S4-x x i + A 
which being put for MVON, and r * — Ud+y' * for 
its Equal -jr , then we fhall have the Meafure 



of VMmv = 2r*4-^rf-+-3^* — 12^* — 12^ ^ T"^ 
8</xS5 buti/+-j-=-~, therefore 2r*=8 i^+SiJ 

+2i* 5 put this for 2c* in the laft Exprcffion, 
then for the Meafure of YMmv we Ihall £nd thi% 

Thborem, 
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Theorem, viz. 

Cor. I. If/=f» or thcElHpfe in this Propofi- 
tion fhould be chang'd into a Circle, then the 
elliptic Space YMq becomes the Circular Seg- 
ment VM^, {Fig. 49J and therefore for Mea- 
faring of the Frufium of a circular Spindky we have 
this 

Th bor e m. 



*■ i 

Cor. 2. If (in the Theorem for meafuring an 
Elliptick Spindle) for d be wrote — i, becaufe O, 
Fig. 48. is on the contrary fide C, ta wlwt it is 
Fig. 51. nen for meafuring the Fruftum of an Uy- 
fcrbalic Spindle we have 4bis 

Theo rem. 



VUnw (Fig. so.) =2i*+y*^Sdxk—y——%^f 

where hnVv^ y=zMmj xzzCnj d=CO ancj S die 
Meafure of the hyperbolic Space V M^. 

But if any are not fatisfied with theft Inferen- 
ces, they may by the lame Steps with thofe for 
the Elliptic Spindle^ inveftigate the two laft The-- 
orcms a priori. 

Cor. 3. If / be the tranfverfe, and c the con- 
jugate Axis of the Ellipfc or Hyperbola, tficn 
for the 



Mllipfe 
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^ 

^ 

^ 


1 




1 




^ 








^ 1 














«^ 










11 







"« •'(I 



Tr^Jh- 



il II 



4- 

♦1- 

X 



I 



II' 



.^ 



+ i 

But if / be put to denote the Line nn^ or IziziXf 
that is, if / 4en6te the Length of a Cafk, gene- 
rated by a conic Sedion, round an Ordinate to the 
Axis, whofe Bung-Diameter is *, Head b^ and Q^ 
denote that Part of the generating Curve, whofe 

L L 

Abfcifla is — - , and Bale Or double Ordinate /, 

then the Meafure of thefe Caiks will be found by 
the following Theorems, viz. 



The 
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I 



tJ> 



? r -s 

2. 1 * 



> 

D 

s 



^ 



tt. S- 5- ^- 




Cor. 4, By making dsso^ we fiird the fame 
Theorems for the Fruftums of a Sphere and Sphe- 
roid, that was given at C$r. 5, 6. of the fecond 
Propofition. 

And hence it alfo follows, if the Hyperbola 
MVM (Fig. 50.) revolve round NN, H Line paf. 
fing thro* the Center of the Hyperbola, the Mea. 
fureof the generated Solid MMM'M' is 2xVx?l*-f. 

a xNN 

MM^* ^ — r~f which is an Expreffion fimilarto 
3 

thofe 



f 
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thofe for meafuring the Frufturii of the Sphere 
and Spheroid. 

Cor. 5. By help of the Theorems for Approxi'- 
mating the circular and hyperbolic Segments, we 
might give the M^ures of thefe Solids Mrithouc 
Q, viz. expreffed in the Terms of the Qijeftion: 
but as only the Circular, and Equilateral hyperbo- 
lic Spindles, feem to be of any ufe in Gauging^ 
we have omitted the others, and only put down 
the Approximations for them, which are thus^ 
wz. the 



y. 




F^ 
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Fir an Example to thefe two Cafis \ Let ^=32, 
ik=249 and /s:40 Inches, then for the 

C/r^«/tfr 1 5^/^j f ix-^V^~^x56 7 C 50-14=36 
Eq.Hyp. \^^\ ix-'^SP-M-ixse J \ 50+14=64 

Twice the firft added to by or 32, gives 104 for 
the Diameter of the generating Circle ; and ^, or 
32, taken from twice the fccond, leaves g6 for 
the tranfverfe Axis of the generating Hyperbola ; 
whence from the Theordhls, Prop. 3, and 6, of 
Chap. 2. For^the 

— -I-^Xyt A— yX^ U I ^X-jV 

C— v^x^D+Ofr. 
io6.66666y 




3 »o 



= As 



Xt'tA= B: 
x^ BzrrG 



^x^D 



TT'^TT' 



4876 
I 



B-fC+D4-E« —,858275 

A— B— C— D, eff. =:io5,8o8392=MVM: 
Bg. 50. the Area of the Hyperbolic Segment. 
A = 106,66^667 , 

B = 853333 ,004876=0 
D= 65 j=E 

,004877 = C+D 

107,515188 =:A+B— C+D— E 
The Area of the Circular Segment MVM Fig. 49. 

Whence 



A-f-B+D = 107,520065 
004877 



r 
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Whence by the above Thcoremi^ we hare fer 
the Circular Spindle this 

Operatic ir. 

32=3 io7,5i5iS=Q^ 

32 3_ 

■7— isar+o) 322^54554-= 3<^ 

*'4 * 30 

96 24=y (8,o6364=:-JS 

I024=** ^'*'. 8,ooooo= &~3> 

2048=2^* t a&8r =j8i 

576= j^* =576 50912 

■ ^ 50912 

2624=23*40^ ^2728 

—18,32832 = 8Jx*—j^— ^=18,32832 

2605.67168 =2**•fjy*-^«A *~.^— T^ 
40 

104226,8672 . 
S83997i62,<> (ssa) immyed. 

268453734 

62536120 

1042269 

729588 

93804 

9380 

3'3 
8 _ _ 



2728§,5299=2**4.^*-|-8ix*--*— lS| ~ 

And' 
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And for the equilateral HyperhoUc Spindle this 
Opk-ratiok. 

105,80839=0^ 

4=+o)3i7,425r7 = 3Q^ . 

(7*93563 = T" 
8,00000 = i — h 



0,06437 = *— *— ^ 
512 = Sd 



12874 
6437 



32,95744 = 8i X ^— ii^-42 
2624 . . . =2^*+A» 



259^04256 

40 = / 



103641,70240 = 23»-f^»— 8<f xi-Hfr— 22> xt 
883997162,0 = 261799^ ©•<•, inverted. 



2072834048 

621 8502 14 

10364170 

7254919 

932775 
93277 

3109 

829 

83 



*7i33»33424 = 2^»+*«--8</xd— ,&— iSx ^ 
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i muft obferve the Value of Q^ in the Rule for 
ineafuring the Hyperbolic Spindle, might have 
been computed from Mr. Coatj's Theorem for 
that purpofe. Page iio; but the Series in this 
Cafe dots it with Icfs trouble. 

Or^ By the two Theorems for meafaring thcfc 
Solids by Approximation, we have for the 



53 



ift.f2624- ^^^6^-^^^^ x,26i8x40=27286, 

2d. U624^^^j^^x,26iSx40=2yiss,s5 
Nearly the fame as before. 

Scholium L 

We (hall now colleft together the feveral The- 
orems found by Vropojit. 2, 5, and 6 ; which in- 
clude all the Vat-ieties of Cafks, hitherto mentioned 
by thofe who have wrote on Gauging, and fet 
down the Theorems, and their Contents for 
Mr. Everards^s Ca(k, whofe Bung-Diameter is 
^2332, Head i&2=:24, and Length /=40 Inches: 
The Names of which are, ift^ The Middle Fru- 
ftums of a Spheroid ; 2//, Circular Spindle ; 3^, 
Hyperbolic Spindle % ^tb^ Parabolic Spindle \ ^th. 
Two Fruftums of a Parabolic Conoid 5 and 6tb^ 
two Fruftums of a Cone. 
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The Meafures here differ a fmall matter from 
w^t Mr. Everard gave in his Appendix^ which a- 
rifes from his induftionary Method of computing 
their Contents, but the true Theorems for Meafu- 
ring the circular, elliptic and hyperbolic Spindles 
were never, that I know of, publifli'd before, if 
we except the laft, for which a Theorem is given 
by a Gentleman (that writes himfelf Merones) in 
the Mathematical Diary for 1740. 

I muft obferve the Hyperbola in the above Ek- 
ample was fuppofed to be Equilateral, becaufe o- 
therwife the Data was not fufficient, but the The- 
orem 
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orem itfelf rs univerfal, for all Hyperbolic Spin- 
dles whatever. 

S C H O !» 1 U BT II. 

To what lias been already faid for meafuring 
Cafks, we may add the Method for finding what 
is called the mean Diameter }, for tho* Rules for 
that purpofe are to be met with in moft Books on 
Gauging, yet I cannot find any that have fhewn 
whence they were derived, nor is this Defeft all 
that makes it neceffary here to examine into^ this 
Matter, but chiefly to prevent the Errors that mufl: 
unavoidably arife from ufing thcfe fixt Numbers 
call'd Multipliers : for there neither are, nor is' 
it poflible there Ihould be fuch, that will reduce 
all Caiks of the fame Name and Length, to Cy- 
linders, but they ought to vary as the Proportion 
betwixt the Bung-Diameter, and the Diflference of 
this from the Head varies. 'Tis true indeed that 
Proportion may be fuppofed pretty near the fame 
in moft Calks to be met with in Pra6tice,which is all 
that many are foHcitous about ; this I allow, how- 
ever, fince they are not abfolutcly fo, 'tis necef- 
fary, nay Pam perfuaded every Officer of the leaft 
Ambition*", to have a rational Knowledge of the 
Art he profeflTeSj muft be defirous to know when 
. the fixt Multipliers may be depended on, and 
when not, aad alfo whence they were obtained. 

That ready Analyft^ Mr. Tho. Simpfon^ in his 
Treatife of Fluxions, has given the Limits be-^ 
twixt which are the Numbers we are fpeaking of, 
and from Mrhat he has done, with little Trouble 
the very Multipliers themfelves may be found : 
However^ as his Book may not be in the Hands 
of every one concern'd in Gauging, and alfo fome 
of them may want the necefiury Knowledge to . 

M-2 make 
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make fiich Inferences, I have not only given the 
very Rules tbemfelves for finding the Multipliers, 
but alfo the Limits from a different Conudera- 
tion, which I fuppofe will be underftood with lefs 
Trouble, as I have no occafion for the Term In-^ 
finite J which that Gentleman is obliged to intro- 
duce in determining one of them. 

In order to which, let b be the Bung- Diameter 
of any Caflc, in the Shape of the Fruftum of a 
Spheroid^ Parabolic Spindle^ Parabolic Conoid^ or 
Cone^ b the Head Diameter, and dz=Jf — h : Alfo 
fuppofe m fuch a Number or Quantity, that mul- 
tiplying b-^by or dy and the Frodu6t taken from 
bj the Bung, the Remainder may be the Diame- 
ter of a Cylinder, equal in Length to the Cafk 
proposed and of equal Magnitude ; and put mf to 
denote the Multiplier when the Produft is to be 
added to bj the Head Diameter, in order to have 
the Mean fought. Then 'tis evident m'zzi — mj 

for fince b — mycb — bz=zb+m^xb — by we have 

b—bz=zm^m^x b-^b^ or iw'= i —m. 

But to find m (by the preceding Scholium and 
Prop. I. Cbap. 4.) we have thefe Equations. 



viz. For 
twoFru-< 
ftrums 
of a 



Spberoid 
Parab. Spim 
Parab. Con. 
Cone 



2^ ^+^^-4^ 
3 

2 



In which for b put its value ^— ^, and for r— 

write r ; then from the Equations above, we Ihall 
refpeftively have the folJowing ones, v/z. 



PRACTICE e/'GAUGING. 165 



c_. 



o 

-§^ 
3 

(/a 



<^ > ^ 
§ ^ ^ 






I 



8 



„j« ^l- MJl> 

4- t ^* 

{irtiriii 



a 






8 



wIm rt 

X - 



? 



I- 



a' 

c 

—I va 

I: & 

CD 



"^ir 



II I 



I I 



a 
II 



II 



- y y 

q- 1- i. 






o 

'g" tirtii.|.||. 



I* 



5 " 


1 


1 


1 


^ 


^ 
»> 






1 


-|- 


4" 


-- 


« T 

8? 





-I 


II 


il 


ri 


II 



lir 



^1 5> 



c 



I 



From hence it appears there can be no fixt Mul- 
tipliers; but Jet us fuppofein the moft common 
Caflcs, the Bung- Diameter to be 32 Inches, and 
Head 26, then for the Fruftum of a 
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Which will ferye indilFercntljr, when the Bung- 
Diameter is betwixt four and/i;mme$ the Diffe- 
rence betwixt it and the Head. 

But thofe (,7 ; ,68 ; ,54 -, ,52) given by Mr. 
Bamford^ can never anfwer, unlefs where the 
Bang-Diameter is betwixt three and four times 
the Difference betwixt that and the. Head. 

Frorn what has been faid, the Limhs of all the 
Values of »/, are eafily deduced, by putting for b^ 
its extreme Values in the fecond Series of Equa- 
tions ; now they are b and o, for *cis evident b 

mufl 
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muft ever be greater than the greateft, and o 
lels than the leaft, both which being fubftkutcd 
JFor by we have * 

1 r 6«— 2 i 






r 6«r — 2 

3W* — I 
^ow — 10 



2/»* 1 

6«r — % 
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I 

^and "^ 



3«^ 



3»,» — 1 
3og» — 10 
iS«-— 3 

^ 4w— ^ 

ZJW* 1 

6»» — % 
3«* — 2 



>=i 



And finding «» in thefe Equations, \\% njanifeft 
all Values thereof for the refpedive Varieties fag. 
164, muft be 
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And thcfc Limits taken from Unity^ le^vc tbofe 
of m'j which therefore are 



^and-f 



•I = ,8165 

/t = ,7071 
^l = .5774 



y^c. 



S I ^=,6666, 6?f. 
« 4=,5 

[ T=»5 

•'V. 

As they were firft of all determiii'd by Mr. Simp, 
forty in his Treatife above mention'd. 

From the foregoing Theorems the Reader >yill 
be able, with very little trouble, to find a- true 
Multiplier for reducing any of the Forms above 
into a Cylinder of equal Length ; but as I have 
fhewn how they may be meafur'd by the Lines 
C, D, iX. one fating of the Sliding-Rule, there can 
never be occafion for fuch Rcdudtions : nay, I can 
always gauge any of thofe Cafks fooner by thofe 
Rules, than by firft reducing them to Cylinders^ 
So that thefe Rules are really of no Service in 
gaugittg a' /a// Cask, but will be of particular Ufe 
when we come to Waging, which is confider'd 
m the next Part. 



1 
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CHAP. V, 

Ofmeafuring the Hoofe of Pyramidie Cones ^ 

Definition I, 

IF a Point V {Fig. 51.) be fituate in a fixt Po- 
fition above the Plane ACEDB (of any Figura 
whatever) and from V as a Pole an Indefinite right 
Line be carried round the fame, it will defcribc 
the Likenpfs pf a Solid, which we call a Pyramidic 
Cone-, of which ACEPB is the Bafe, and V 
its Vertex. 

Defin. II. If a pyramidic Cone be cqt by a 
Plane parallel to its Bafe, the Part contained bcr 
twixt the faid Plane and Bafe, is call'd its Frujium. 

Defin, III. If a Plane be drawn thro* the Ver- 
tex of the Cone perpen^licular to its Bafe, its Sec- 
tion with ffie FruKum is call'd the vertical Plane 
thereof; and then its Sedions with thejE»iand 
Bafe^ their Diameters refpcftively. 

Defin. IV. If a Plane be drawn through either 
Extremity of the End's Diameter, at right Angles 
to the vertical Plane of the Fruftum, and fo as to 
cut the Cone's Bafe, the Part of the Fruftum con- 
tained betwixt the cutting Plane ^nd Part of 
the Bafe, is call'd a Hoof thereof 5 and the re- 
maining Part of the Fruftum, the cotnplemental 
Hoof \ alfo that Extremity of the End's Diamc- 
meter through which the Cutting- Plane pafleth, 
may be call*d the Vertex of the Hoof. 

•Defin. V. The Containing Part of the Cone's 
Bafe, is callM the Bafe of the Hoof \ the Sedion of 
the Cutung-Plane and Fruftum, its Side\ and the 
SeAion of the faid Side and vertical Plane, the 
Axis of the Side. 

Lemma 
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L S M M A^ I* 

If a Pyramidic Cone be cut hy a Plane parallel to 
Us Bafe^ the Area of the SeSlion will be to that of 
the Con^s Bafe^ as the Square of the Perpendicular 
from the Vertex to the Plane of the SeStion^ is to the 
Square of the Perpendicular's fleightofthe Cone. 

For let VEO be the vertical Plane of the Cone, 
which cuts the Bale in EQ, and the Seftion acq 
in eq^ then EQ^and ^i^are the Diameters of the 
Bafc and Seftion aeq^ {Definit. 3.) on which from 
V let fall the Perpendicular VP, meeting the 
firft in P, and the other in p^ then Yp is the ver- 
tical Diftance of the Seftion. Alfo in EQ^aflume 
any Point F, and fuppofe the Diftance EF. di- 
vided into an infinite Number of equal Parts in 
the Points G, H, K, &?r. thro' every one of which 
and the Vertex V, let Planes be fuppofed drawn 
perpendicular to VEQ, cutting the Bafe in the 
Lines CD, MM, NN, QO, (^.c. an4 the Secftion 
acq in the fame manner in cd^ mm^ nn^ ooy ^c. 
thereby diftinguifhing each into an infinite Num- 
ber of Elementa ; let thofe of the Bafe from P 
towards E be denoted by E', E^ t]\ ^c. and 
the correfponding ones of the Se6tion aeq 
t^ef^.ef", Sc, then (p^r Fig.) E'=CDxFG and' 
e*z=udxfg, but FG :/^ : : PETife : : FP :/p, 
and FP :fp:: VP : Vp ; hence E^:e^: : CD 54 
YP :cdx Yp. Again, (from the Fig.) CD : cd : : 

VP : Yp, therefore E^ ^' : : VF' * : V^ * ; anci 

for the fame Reafon E'^ : e^ : : Vp'- : V^* ; alfQ 

W : ^'' : : VP^* • Vp* •, whence (by the 12 Eucl. 
5.) E'+E^'+E^ ^c. ^^+/+E^ 6fr. : : VT^.* 
:Yp\' : But E'+E^^+E^ fe?^. =CED, and tf'-f-- 
^ji^e^\ (^c. -ced, therefore CED : ced: : VF^' : 
VP^*. ^E.D. 

Cor. 
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Cor. Whence it is evident all fimilar Planes arc 
to another, as the Squares of their homologous 
l^^ines. 

L £ M Af A I|. 

^e Meafure of every Pyramidic Cone is equal to 
the ProduH of the Meafure of its Bafe^ by one third 
jPart of its perpendicular Height. 

Fpr let the Meafure of the Cone's Bafe be 
b^ its perpendicular Height VP=/&, and x the 
Meafure of Yp (fee Figure 51.) then by the 

preceding Lemnja A* ib:i x^ : -^, the Mea- 
fure of the Seflion acedb. further, let us im;i- 
gine Yp divided into an infinite Number qf c-. 
qual Parts, every one of which is meafured by 
J, and through each of them let Planes be fijp- 
pofed drawn parallel to the Bafe qf the Cone, 
thereby dividing the Part V aeb into an infinite 
Number of^ cylindrical Elementa, and let their 
fucccflive pittances from V be denoted by Xj or', 
x^y x'\ ^c. viz. x—q=zx\ x'-^qz^x'^ ^ — i=^^ 
(^c. then from what was faid above, the fucceffivc 
Ivleafures qf the Bafes of thefe elementary Qylin- 

, .,,\ bx^^ bx'^ bx«^ b^«^ ^^ 

ders will be— , _, -^,_ , iSc. and 

therefore the Meafures of the Cylinders themfelves 

ix- b^^ bx"^ bx^^ ,3 , 

are "^/f» -j7^ ?> "^^ >^ ?» -pr x^^^r.whence 

the Meafure of the Part Yabc, is equal to the 
Sum of an infinite Series of Squares, whofe Roots, 
x^ xf^ x"^ ^'-j ^c. are in Arithmetic ProgrefBon 

h X J 

frpm ^ to;tf inclufive, multiplied by-jr>butthe 

•IP 
Number of them i? -r > whence (by the Lemma 

3 P«g- 
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fag. 85.) Vabc is equal to -^ xx* '^'J^^^^^^ 
which when a? becomes ir, gives VAEB=:^x — . 

Lemma III. 

Lit GHI (Fig. 52.) be awy. Right 4ined Triangle^ 
and in WGa Point E taken^ and the Line lEdrawn % 
alfo through E let EK he drawn parallel to IG, 
' and made equal to EI, and through the Point K a 
I^sne drawn parallel to HI meeting GH produced in 
V : then a Perpendicular let fall thence on IE {con- 
tinaed if needful) will he equal to a Perpendicular 
drawn from \i on IG, that is VFssHP. 
' For draw IQ^ perpendicular to HG, then from 
the fimilar Triangles HGP, IGQ, we have GH ; 
(jI : : HP : IQ, but from the fimilar Triangles 
BIG, VKE, GH:GI::EV;EK=EI {per 
Canfir.) hence HP : QI : : EV : EI. Again, from 
the triangles EIQ^ EVF, we have IQj IE : : 
VF : VE ; whence, and the laft Proportion, VF i. 
VE : : HP : VE, therefore VF=HP. ^ £. D. . 

Prop. I. 

Let KEBA (Fig. 53.) be the Fruftum of a Pyra- 
midic Conej whofe Pole is V, Bafe the Plane 
AMEN, End the Plane KE, Vertical Plane VAB, 
and MNEB a Hoof thereof: then AB, KE are 
the Diameters of the Bafe and End refpeffively, and 
EL the Axis of the Side ; on which make EI equal 
to EK, and through I draw IG, IH parallel to 
AB, AV refpeSlively \ and from the Points V, H» 
let fall VC, HP Perpendiculars on AB, IG -, then 
{calling the Bafe of the Hoof MNB, S, and its Side 
EMNi SO the Meafure of the Hoof MNEB is - 
exprefjed by this 

Theorem, 



I 
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THEOkjfeM, viz. 



ER 



MNEB=BC xS— GP x S> :^ • 

For through V and the Line MN, imagine a 
Plane drawn, whofe Scftion with the Cone is the 
Triangle VMN, and from V let fall a Perpendicu 
lar on the Axisof the Side (produced if necefiary) 
meeting the fame in F. 

Now 'tis manifeft the Hoof MNEB is equal 
to the pyramidic Cone VMNB, made lefs by 

vc 
VMNE, but (by Lmma 2.) VMNB=:Sx — , and 

VMNE=S' X J. But VC=: -^^^ (for BR 

: ER : : BC : VCjalfo VF=HP by Lmma 3, and 

H P = — 3j^- (for BR : ER : : GP : HP) there- 

fore for VC and VF in the above Values of 
VMNB a^nd VMNE put their equals, and we have 

MNEB=bCxS— Gl'xb'x^- ^ £. a 

Cot. I. But if the Cone be upright, ortheTri- 

. angle VAB ifofccles, then BC=:i.AB, and GP = 

4IP 5 whence if D be put to denote the Diameter 

of the Bafe, and d tl^at of the End of the Fru* 

ftunv viz. D:5=AB, i=KE, and ER=i&, the 

Height of the Fruftum, then BC=— , GP = 

-^^j- , and BR = -^ 5 whence, in this Cafe, 

the Meafure of the Hoof MNEB i^ exprcfs'd by 
this _• 

d X BL b 

Theorem, viz. DxS =7— xS'x — ==^ 

' EL 3 X D — dr 

Cor. 



15^4 ne'thEOKYand Ch.V. 

Cor. 2. Let M/3|3N*i«* (Fig. 53.) be the 
Fruftum of an upright fquare Pyramid, which is 
cut througli the Sides e j, MN by a Plane « c MN ; 
then if D be the Side of the Bafe, d that of the 
End, and b the perpendicular Height of the Fru- 
ftum, |the Meafure of the 

r Hoof i£MN/3/3=2D=px ^7 

jCom. Hoof I i MN W=I7fD x ^ f 

For fince the f Pyramidic Cone, or) Pyramid b 
upright, (by Coroll. i. j we have ccMNlSjSa: 

DxS— -57- xS'x--==^, but S=D% and 

D-W 

S' = — Y" X EL, as is evident from the Figure, 
whence -^jj- x S' = -^ x -^ x E L = tf D x 



D-|-</ ^ X BL i& 

^Y*, therefore D x S — - ^^ ' x S' x "^^ be- 
comes D^-^DixD+^x — L=-- 2D3-PV-^P/« 
» 3XL»— </y" D— i 

X , but — j^~j = 2D* + D^, hence 

f f M Nj3j3=2D+^xD x-^ : and this taken from 

D^+ Dd + d"- X — , the Area of the whole Fru- 
ftum (as eafily follows from Lemma 2.) leaves 
£eMN/t)&=2^4-l5xJx-|-. \^£.0. 

And from hence thefe Rules y to meafure the Hoofs 
of the Fruftum of a fquare Pyramid. 
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R U L E I. 

To twice the Side of the Bafe add that of the 
£nd, multiply the Sum by the Side of the Bafe, 
and that by one fixth of the Height of the Hoof^ 
the Produft will be its Content. 

R U L £ II. 

To twice the Side of the* End add that of the 
Bafe, the Sum multiplied by the Side of the End, 
and that Produdl by one fixth of the Fruftum*s 
H eighty gives the Content of the CompUmenial 
Hoof By the Sliding-Rule. 

Rule III. 

Set 3,464 on D to the Fruftum^ Height on 
C, and find the Side of the Bafe, that of the End^ 
and their DiiFerence on D, noting the three Num- 
bers oppofite them on C. Then to the fecond 
add five times the firft, and from that Sum take 
the thirdj the Remainder is the Meafiare of the 
Hoof. 

But if to the firft five times the fecond be ad- 
ded, and the third taken from that Sum, the 
Remainder is the Meafure of the Comflemental 
Hoof 

Example. Let there be the Fruftum of a fquare 
Pyramid, the Side of whofe Bafe is 25, that oV 
its End i^, and the Height of the Fruftum 12 
Inches, which is cut by a Plane through oppo- 
fite Sides of its End and Bafe, to find the Mea- 
furcs of both the floofs. 
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rD=257 



The Meaf. df the Hoof. 



The Meaf.oftbe com.Hoof 



Or J 3,464 on t) fet to 12 on C, then againft 
2^ 16, and 9 on D is 625, 256 and 81 on C re-^ 
fpcftively ; therefore by the Rule, 

f 3125 (=625 X 5) +256^81=333001 _ _ 
\ ^ ^as before. 

I1280 (=256x5)4-625—81 = 1824) 

Cor. 3. If ABKE {Fig. 54.) be the Fruftum of 
an Upright Cone with a circular Bafe, whofe ver* 
tical Plane is ABKE, which is cut by a Plane 
thro* the Points E, A, and D be the Diameter of 
the Bafe, d that of the End, and b its Height, 
then the Mcafure of 



The 



I 



Hocf ABE 

Com. Hoof. 
AEK 



D^—d^/Ddx 



D^/Da-^d"^ X 



i%h%a . 
3xD— </ 



50=2!) 
j6=d - 


3i=2i 
25=D 




•1 


66=2D+*/ 
25 


57=2</+D 
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330 


342 




1 


132 


57 






i650=2D-HixD 


9iz:=2d+DxJ 
2=^ 




3300=2D+i* Dkib 


lS22i.=s2d-\-Dxdx 
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For here the Points M, N and L, are .united in A, 
and theSpace S' (by Defin.^: Chap. 2,) is an El- 
lipfe, whofe Tranfvcrfc is EA orEt, and Conju- 
gate a mean Proportional betwixt D, d ; hence Sfe 

EL Vl55xii; (Cor. 3. Prop. 4. Chap. 3.; and S= 
U* xa. Piit thefe Values for S and S' in the l^e^ 
crem Cor, i, tl>en the Meafure of the Ktoof is 

DxD*x<J — ■ ^>T — — * — ^ 



KL 3 X D— i/ 



D xi^ X /« 



13 ^—d^Dd X — ==; •• which taken from D '— ^ ' 
3xJ>— i/ 

the Meafure of the whole Fruftum, 




Prop. 2. Chap'. 3.) leaves Dv^D?— i/* 
for the Meafure. of the Complement at 

Hoof. ^E.O. 

And from hence we havethefc two Rules for 
meafuring the elliptic Hoofs of an upright Clone. 

R tj L i L ' 

«• ' ' ' 

From the Square, of the Diameter of the Bafe, 
fuTjftraft the Produft of the Diameter of the End 
by a mean Proportional betwixt the two Diame- 
ters; multiply the Remainder by the Diameter of 
the Bafe, and that Produft by th? Height of thd 
Fruftum, and this by ,261799388 (or in Prac- 
tice .by ,2618) then if tlic laftProduft be divided 
by the Difference of the Diameters, the QubtienC 
irill be the Meafure of the Hoof propofed. 

Rule II. 
From the Produft of the Diameter 6f the 
Bafe by d mean Proportional betwixt that ani 
the Diameter of the End, fubftraft the Square 

N <?f 



17B 
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of the Diameter of the End, multiply the Re- 
mainder by the Side of the faid Square, and 
that Produfi: by the Height of the Fruftum, and 
this by ,261799388 (or ,2618) then if the JaA 
Rcfulc is divided by the Difference of the two 
Diameters, the Ouotjent will be the Meafure of 
the Complementalnoof. 

Exatnp. Let the Diameter of the Bafe be 60^ 
that of the End ^^4^ and the Height g6 Inches* 
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^i» jjRkTife* fir AKE (-%. ssi 
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1474.56 «*! 



a88ci =t)^fe 

1405,4 ^DylS— rf^ 
38.4 =^ 



A6417 6 
1114^52 
421632 



36 j=* 

323^1337^ 

i6i9<>6688 



V^dsss2i,6) 19428^0,25^ 
2148 . 
2048 
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*3548,375 = 
Co»p.HoofAXS, 
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We might alfo (hew how to meafure thefe Htoofs 
by the Slidif^-Rule. But the Operation would be 
too tedious for Practice, fo I proceed to the Pa- 
rabolic Hoof. 

Cor. 4. The lame being fuppofed as in the lafk 
Corollary ; only httt let EL {Fig. 56.) the Axis 
of the Hoof's Side, be parallel to KA ; then 
MEN the Side it felf (by Dejin. 6. Chap. 2.) is a 
Parabola, and therefore the Meafure of the 



il 



•l-v 



For 
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For's' (by Prop. 4. Chap. 3.) = i£i±Mi _ 

^~^i/axD-dy therefore -gj;- xS' = ^x B L x 4 



V^^xD^rf, or 4x^x1)— rf •JxB^; let this 
be put in its Room in the Theorem Ccr. 1. and 



it becomes D x S — J. xd x u—ds^d x 
ir?fe= D=J^S— ^•75;^JfX-j,an<ithis 

taken from JJ*+^xl>+rfx — the whole Fruftum, 

leaves the Meafure of the Compkmental Hoof^ a» 
bove. ^£.0. 

Exampl. Let the Dimenfions of a Conic Fru- 
ftum be as above, to find the Meafure of the 
Parabolic Hoof. 

Firft we muft find S the Segment of a Circle, 
whofe Diameter is D=6o, and verfed Sine D — d 
=21,6 : Whence by the Rule, Page 105, I annex 
two Cyphers to 2 1,6, that fo it may confift of three 
Decimals as the Rule requires, and it becomes 
21,600, which divided by 60, gives ,360, againft 
which in the TMe of Segments is ,2545505-, this 
multiplied by 3600, the Square of 60, gives 

916,3819=8, alfo j^^ = ~, therefore g^-^x 
S = -r^-, and from hence the following 



N 3 , Operation, 
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Hence the Meafure of the Parabolic Hoof is 

12851,3436 J and this taken from D*4-^xl5^ 

X — 2=369541,2893, the Meafure of the whole 

Hoof, leaves 56689,9457 for the Complementul 
Hoof ELB. 

Cor. 5. The fame things being ftill fuppofed, 
only here let MEN {Fig, gy.) be an Hyperbola, 
then the Meafure of the HyperMicHoofMNZ^, 
is exprefed if this • 

Theorem, viz. 

MNEB = DxS — ^ x"5x— 4^ / 

"Where L£ is the Diameter of the Side, and LB 
that of the Bafe, which muft be^iven befdre thefe 
Hoofs can be meafured : But iiMEN, the Cut- 
ting Plane, Ihould be Perpendicular to the Baft 
of the Cone, then the Meafure cftbe HorfMNEB 
is exprefjed by this 

Theorem, viz. 
MNEB =a "x— ; X S — T- xS'. 

And the tranfverfe Axis of the Hyperbola, §' or 

MEN, is gir^. Conjugate— • 

The firft Theorem is evident from Corol i, ancf 
the fccond follows from th« ; for when MNE 
is pei-pendicular to the Bafe of the Cone, then 

LB=: 9 and LE==i>, which being put for 

LB and LE, will give the Theorem above. 
But as is commonly fmall in refpeft of D, 

yre may for thofe Cafes give an approximation of 

N 4 Theorem 
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Theorem 2, which is very near the Truth j for D,J, 
and b ftatiding for the fame Sines as before, 

MNEB =5 ^^^ 7^+ii4 :_ VMTfttiii^ V 

— s/\y—d^ proxime. 

For an Example to thcfe two Theorems, let 

P=:32, i=24 and fc=2o, therefore BL = ^Il!fz=U. 

In the firft place we niuft find the Values of 
S and S^ that is the Area of the Segment of a 
Circle whofe Diameter is 32/ and verfed Sine 4 ; 
ialfo the Area of an Hyperbola, whofe tranfverfe 

Diameter is 5=;^= ^^o. Conjugate 12, and Ab- 

fcifla 20 ; for the firft } annex three Cyphers to 
4, and^dcvide it by 32, the Quotient 125 I look 
for 'in thei Table of Segments under VS, argainft 
which under ^^^. is ,0566640 ; this multiplied 
bv 32l*=i624 gives 58.0239=8. And to^find 
SS (by Prop. 6. Chap. 3.J we mtift put f ory,^, 
and V their Values, which here are 20, i/^xzo 
and 140; therefore calling*— rss-^i/TFJ = 

282,2 1 347= A ; then S'=A— — -. — _« 2H 
-: ^^ - . . , •. -5-7 7.7.. 9.? 

— rr?' ^^* ^^ follows. 

A = 282.21347 
B= '8,06324 

G=: 16456 

E= 5, 

F = ./; 

Sum — S ::.^67.o 

There 
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Therefore for S and S', put thefe Values in the 

' bi ■ 32x20 

fecond Theorem, then jj__^ X S, becomes ^^jp 

X 58,0239== . ... 1547,3040 

and ^xS'= 4x273,97727 *=* 1095,9091 

Their Difference is the Mcafure of? 

EMNB= ... S ^^ *^^*3 
But ifweufe the Approximation, then we Ihall 
have ^ 

that is EMNB=: 164,48 — 116,5 x ^•448 = 
451,35, nearly the fame as before.^ 
^ So that from what has been faid in thisPropofi- 
tion and its Corollaries, the Reader will be able to 
meafurc the Hoof of any Cone, let the Figures of 
the Bafe and Side be what they will ; from whence 
is deduced the Method of Gauging an inclined Co- 
nical Tun. Alfo from the laft Corollary any Calk 
in the Shape of two Fruftums of a Cone may be 
yijlagedy but in what follows, I Ihall lay dowa 
a Pjrop6fition for meafuring Planes or Solids by 
Approximation,a tjbing of the greateft Importance 
to this Part of Science, of any that was ever 
brought for that Purpofe, fince it niay be faid to 
contain the whole Ar% of Gaugingy and that of Cop- 
perSy Stills^ TunSj as well a§ all kinds of Cafks, 
whether full or part empty, either ftanding or 
lying. 



CHAP. 
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CHAP. VL 

. Ofmeafuring Curve-Lin' d Planes^ and Solids^ 
by Approximation. 

pR o p. ^ 

IF MQ=y^ NR=/, PS==j^ (Fig. 58.) repre^ 
jent tKfree equiiiftani perfendicildr Ordinates t9 
tt?e Jxis of a Curve MNP, wbofe Equation is y~ 
a4-bx-+-cx% where xfiands for any Mfcifs QT, 
and y its Ordinate TO 5 then^ calling (^ tte Di- 
ficnceof the extream Ordinaies 1, the Meafnre of the 
Space QM?SfhaU be exprefs^dby this 

Theorem, x?/z. QMPS :=2y^+y''^J^j^f x— 

6 

For by the preceding Principles, the Quadra- 
ture of the Curve, whofe Abfcifla is at, and Or- 

dinate a^bx-^cx*, will be found a-^^ ^£. 

^ ^^ I 

X y ; and thiswhen x becomes /,is ^ + - 4-^ ^ ^ 

a « 3 

= ba+ii?l^2cl^ xL, = QMPS. 

But from the Equation of 1 . »/ ^/i 

the Curve we havctlicfe three y^^ tT"^"T 
Equations, f 

]f^a+bl^d^ 

, And by taking the Differenccr ■'^ ^ "" 1 "^ 4 
M cholc above, we have tliefe, ^ ,„ „ hi 'id'*' 

y— /=— + - 

And the Difference of the) ,// « , r/» 
laftgWes j//_2/+^=~ 

Whence 
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Whence 2^/*=4 xjf*'— a/4-tf i and by the 3d 
Equation above, W=gr*— tf-— c/*, therefore 3^= 

2y/ff^2a—6 ??y— 2/+tf=— a)r^4-i 2/— 9^ 5 put 
thefe for 2r/* and 3W, in the above Exprcffion of 
the Area, and then we have 

Car I. The lame Method of Demonftratipn ex- 
tends to any Number of equidiftant Ordinates j 
fo if A denotes the Sum of the cxtream Ordinates,. 
B the Sum of thofe next to them, C the Sum of 
the two next following the laft, and fo on ; 
then we fliall have the foUpwing Tables (^ Areas ^ 
for the feveral Numbers of Ordinates prefixt a- 
gaiiuft them, 912. for 

Ax -^ 



A+sBx-g 
7A+32B+i2Cx^ 



5 
6 

41 A+216 B+27 K^^^^u X ^^ 

8 I IS^ A+3577 B+1323 C+^89D x ~^^ 

This Method was invented by Sir Ifaac New- 
ton^ and publilhed by Mr. Janes in 171 1 ; and 
fince profecuted by Mr. Coats^ Mr. DeMoivre^ and 
by Mr. Stirlingy in a whole Trcatife entirely built 

thereon. 



i88 T^THEORY iHi^ Ch. VL 

therepn^ ^here fuch as defire a further Ittfighr in^ 
to this matter, may find it fufficiently explained, 
and applied to fome of the moft intricate Faitss 
of P^athematicks. 

But as 1 am going from thence to ofFcr a new 
Method of Gauging, by which all Gueffing will 
be laid afide, I judged it not amifs to ihew its 
IJfc in fome Inftanccs of a different Nature. 

And F/r/?, *Tis known the Hyperbolic Loga^ 
ritbm of any Number denoted by i+x, is as the 
Area of a Curve wbofe Abfcijfa is x and Ordinate 

-nr ; therefore to find this Area, or the Log. 

of i-4-y, let X h^ fuppofed equal to i, and di- 
vided into fix eaual Parts, then we (hall have 

the fcven following equidiftant Ordinates ^[jT^y 



I I 



T> T» A> -rrj A> ^^ therefpre according to 
tlie Rule, againft the Ordinates in the Table of 
Areas, we have this Procefs ; 



A= 
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And the Sum 582,2443717, dhridcd by 840, 

equal to 3— (for /ssBAtei; gives ,6931479, which 

is the Hyperbolic Log, of 2=14-^, and would have 
required at lead 1 000000 Terms of the com- 
mon Series x — 4** +4^' — i^*, 6fc. 
For a Second Example ; Let it be required to 

fquare the Curve, whofe Equation is 7:^1 , this 

fby what was fhewn Prop. 2. Chap, i.) is equi- 
valent to the circular Arch, whofe Radius is i, 
and Tangent / ; let the Arch be 45 Dcgr. then 
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/=i, which fuppofc divided into fix equal Parts, 
and we have thefc fevcn cquidiftant Ordinates, 

' I I- I I 1 » 

i+o, i+A* i+A» «-fr*» i-Ht, 1+4^ i4-i4 

Or. 1.4^, 44, ^ 44* 41, iJ. 

And hence by the Rule agsunft the Ordinates in 

the Table, this Froeefs, 
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And this Sum di\rided by 84«^ gives » 78^399 
for the Length of the circular Ard» <rf 45 Det. 
erring but 5 in the laft place, . 

Thefe two Examples will be foficieht t6 give 
the Reader a Proof of the grtec Ufc and Accuracy 
of this Method in Qjiadf&twes- } I fhail now vio^ 
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<:eed to Ibew its Application in meafuring of So- 
lids. 

Cor. 2. For if ^', /, f in the Propofition, 
inftead of the Ordinates MQ^ NR, PS, fliould 
denote the Circles generated by them, when the 
whole Curve MNP turns on QS as an Axis, then 
the Expreffion itfelf would be the Meafure of the 
Solid, generated from that Motion, which there- 

fore is cxprefe^d by y+^Z-b^^ "g" ^ or putting 

d'^ i/^ ^ for the Diameters of thofe Circles, the 

Mca&rcof the Solid, will bc5^H^3^H^3^ ^. 

And therefore when this Method is applied to 
meafuring Solids, the Quantities A, B, C, D, (^c. 
Page 187. denote Spaces, but Lines when ufed 
in meafuring Spaces. 

Cor. 3. So if S' denote one End of a Solid, S^ 
the other End, andS^a Section thereof by a Plane 
in the Middle betwixt the two Ends, then the 
M^ure of that Solid is, nearly exprefs'd by 

S'-4»4S^+"^' x-g- , where I denotes the perpendi- 
cular Diftance betwixt the Planes S', S^. 

The fecond Corol. is fufficient for Meafuring or 
Gauging all Solids, generated by a Curve revol- 
ving on fome Line as an Axis ; and the third 
for all others, or Ullaging a lying Caik. 

Cor. 4. For let the Bung and Head-Diameters 
of any Caflc be denoted by by b, and. the Length 
/, as before ; alfb put m to denote a Diameter 
taken iq the Middle betwixt the Bung and Head, 
then for naeafuring any Caflc whatever in cubic 
Inches,, this is the 

Th-eorem, **+i&*-f 4^* x'iL , nearly. 

6 

Or, 
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tivhy the Sliding-RuU^ fet 2,764 on D to the 
Length on Cy and find the Bung, Head, and 
Middle Diameters on D, noting the three Nfum- 
bfcrs oppofitc them on C ; then to the Sum of 
tfie firft and fecond, add four tinries the third,' and 
the Sum is the Meafure fought. How to ob- 
tain the fame in Gallons will be fhewn prefently. 

To engage the Reader's Attention ftill more 
in favour of this Method, I fliall fhew what The*' 
orems are thence deducible, for mcafuring the fe-i 
veral Varieties of Cafks, mentibh'd in the firft 
Scholium of die laft Chapter. For aS the Forms of 
thofe Solids are givci), we Can by help of the E- 
Quation, denning the Curve by whole Revolution, 
tney may be fuppofcd generated, find m the 
Middle Diameter:^ which in Pradlice, when we do 
npt know the Form, muft be found by aftual' 
Menfuratioo. 

Cor. 5. For if the Sides of a Solid were ftrelgfef,' 
and the two Ends two Ellipfes, parallel and fimi- 
larly pofited, or fo that the longeft Axis of the 
one was parallel to the fhorteft of the other, and 
B, W denoted them of the greateft End, alfo 3, w 
thofe of the leaft refpedtively ; then, if this Solid 
was cut through its Middle by a Plane, paral* 
lei to its Ends, the Section which is parallel to 

B, bj will be denoted by -i- , and that parallel 

to W, w, by ^Lt2! 5 whence the Area of thtf 
greater End is BxWx^, the lefler ^xwxj, and 
of the Scdion in the Middle ^^ x ^^^ xa, 

z z ^ 

(as is evident from Cor. i. Prop. 5. Chap. 3.) tf 
thcfc are put for S', S^, and S\m Cor. 3. forego- 
ing, we have Bx W-f^ x w 4- B+* x W^^w x -^ 

for 
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for the Meafure of this Solid, or W x 2B+H- 
WX2H-B X g-, which is a general "theorem for 

mtafuring all Jlretght-fided Tuns^ who/e Ends are 
circular y elliptical or reSangular^ and fituate as J- 
hove. For let the two Ends be Circles, then 
WB and «;=^ ; whence for meafurins; the Fr u- 
ftum of a right Line .we have 2B*+2^*-f2B*x 

"—, or B*-f**+B*x y , as was fhewn Cor. 3. 

Prop. 2. Chap. 4. 

If the two Ends are Squares, then a in the laft 
Theorem muft be made equal to Unity, whence 

B*4.^»+B*x-j-, is the Meafure of a Tun in 

the Shape of the Fruftum of a fquare Pyramid. 
But if the Ends are Reftangles, then 

W X 2B-f-* + te; X ^h+B x-g- is the Meafure of all . 

< ftreight-lined Tuns, whofe Breadths at Top and 
Bottom are ^, B, or B, *, and Widths corre- 
Iponding w^ W, or W, w. 

We might from the fame Principle deduce the 
Meafures of Tuns, having their Ends of any o- 
ther Figures, but they never occurring in Prac- 
tice, I decline fuch ufelefs Purfuits, • and proceed 
to 

Cor, 6. If MMPP be the Frii/tum of a parabolic 
Conoidy the Diameter of whofe greater End is ^, 
lefler h^ and Length /, as before; alfo put p 
the Parameter of the generating Parabola-, then 

(by Cor.i. Prop.^. Chap. i.)pxl^'^ x — , 

- / b+m b^m , , ^*+^*, 

and py. — = — ^ x , whence m- =-^— 

O the' 



!»* = 
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the Square of the middle Diameter 5 therefore, by C^. 

4, foregoing, **+ib* + 4»*x j-=;^*-hi&* x ^* 

as found before, Pur^^ 123. 
Cor.j. If MMPP rcprefent the Fruftum of a Spbe^ 
roidj whofe tranfverfe Axis is /, the reft as abovc> 
then Cfrom Cor.s2. Prop. i. Chap. 2.) /* : ** : : 
/•— 4/* : i^% and /*:*•: : /*— /* : w', whence 

*— 7 — , the Square of the Middle-Diame- 
ter, therefore now 3*-i-i>*-f 41^* x-g-=2** ^ i&* 

X - , as was (hewn P^ff^ 126. 

Thefe three Cafes agree exaftly with the Solu* 
tions given from other Principles, but in thofe 
chat foHow, efpecially the two laft, which do 
not admit of a perfedt Cubation ; the Solutions 
found from this Method, will deviate a fmall 
matter from the Truth, but never fo much as to 
be of the Icaft Confequence in Gauging. 

Cor. 8. Let MMPP be the Fruftum of a paraJbo- 

lie Spindle^ the Letters ^, h^ /, m, denoting the 

fame Lines as before ; then from what was faid 

2/* 
Prop. 5. Chap, 4. h:=sb , and therefore »« 

i— 4- = ^— '- y ibe Middle Diameter. Put this 

for m {Cor. 4.) and we have 2^*+i&* — \ x iZI^* x 

- too much byi— A^* X ,^, which can never a- 
3, ' 120 

mount to T^th of a Gallon in Gauging any Cafk to 
be met with in Pradice. But if we fhould fup- 
pofe another Fruftum cxaftly equal to this in e- 
very refpeft join'd to it ; then we have the Va- 
ue of five Equidiftant Diameters of this Solid, 

the 
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the Extreme ones being b^ b^ the ntytt to thefe 
«, «» ; and the middle one b ; whence by the Rule 
againft; five Ordinates in the Table, we have 

*^AHh32B +12 tJ X- ^ which is equivalent to 
i4i&*-{--V- X 3M^*-h3** X ^; for A=:ttfi*+ 

»^* : which put for A, B, C, gives the Exprcf* 
lion above ; and that contracted, is equal to 

2> » -j-i* — ^ X ^— i&l x-r* *he Meafure o£ a para* 

bolic Spindle, the Diameter of whofe Ends are i&« 
that in the Middle betwixt them b^ and Length 1% 
txaftly the fame as was ftiewn Prop. 5. Chap. 4. 

Cor. 9. Laftly, let MMPP reprefent the Fru- 
fium of a Circular^ of Equilateral Hyperbolic 
Spindky and / the Diameter of the generating 
Curve, then from what was faid Prop. 6. Chap^ 

4. we have for the {^'^^^} 

But fince in the Theorems {Scholium 2. Cb. 4.) for 
mcafuring thefe Solids, there is S a Segment of 
die generating Curve, therefore we can no other- 
wife fhew the Coincidence of the Meafure deduced 
from' this Method, widi the true Solution there 
given, but by a particular Exatnple ; for which 
purpofe let *a=32, b^ZA^ and /=40> the/amc 
as m the above Scholium, then for the 

Q 2j CircU 
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And therefore (by the Theorem Coronary 4.) 
**'H*+4«* K -1' gives for the 

^ • Cinches. ^ ^A.GatL 
Circle t = J 27301,12 for J 96,81 
£?•/&?.$ 1*7150,343 (96,28 
The firft differs but T^e-rsAth Parts of a 
Gallon from the Truths and the Second but 

— sr-rrds of a Gallon . 
100 164. 

From what has been faid, it plainly appears by 
this Method, you are certain either to have the 
true Content, or within the 20th Part of a Gal- 
lon 5 whereas 1 nfiay venture to affirm, by the 
common way of gucffing at the Form of a Cafk, 
and thence finding its Content (by reducing it 
to a Cylinder from the ordinary Multipliers) you 
can never be fure within two or three Gallons, 
or perhaps more; and this Method being alfo 
very ready in Praftice, I would fain hope fome 
time or other to fee it generally foUow'd by the 
Officers of Excife. 

Having now laid down all the neceflary The- 
orems for Gauging, I fhall proceed to fhew their 
Application to Pra&ice. 




PART 



PART III. 

T^e PraS^ice of Gauging. 

IF what has been faid in the preceding Pages 
was thoroughly c6nfidered, there would be no 
neceilicy of adding any thing further ; for 
fincc , 

^GallonofJle 1 f 282 T 

A < Gallon of /Fine Icontains^ 231 \CuhJncb. 
l^BuJhel of Mali j (^^ 1 50, 42 j 

*Tis mj^nifeft if the Meafure of any Solid in Cu- 
bic Inches, found by the foregoing Rules, be 
divided by any of the Numbers above, the Quo- 
tient will refpedively Ihew, how many Gallons of 
Ale, Wine, or Bulhels of Malt, a Vcflel in that 
Form will contain. 

But as this Traft may fall into the Hands of 
feme, whofe Employment requires, they fhould 
be aicquainted with the Praftice of Gauging, and 
yet have not Time, or perhaps Patience to in- 
form themfelves with the Theory, and fo might 
have fome Difficulty to fix on the proper Rules 
or Theorems for their purpofe, as they are inter- 
mixM with the inventive Part, and alfo the The- 
orenis themfelves, require fome farther elucida- 
tion to render them more eafy to Learners; 
I h^ve for their fakes added this Third, Putt, 
which contains the Praftice, or all the Rules for 
Gauging, neceflary to be known by every Offi- 
cer in the Excife. 
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CHAP- I, 

• Of Cask-Gauging^ 

THIS Chapter is dividedinto three Sc6HoMji 
containing three different Methods for Gau-^ 
ging a full Caik, The firft and Jecond arc on 
Suppofition that the Form of the Calk is knowna^ 
and alfo that it is generated by a Circle, or one 
of the Conic Seftions turning round its Axis^or 
an Ordinate thereof. But }^it third Method is by 
taking a fourth Dimenjion without any regard to 
the Form; which is required in the other two. 

The Number of Forms into which Cafks arc 
commonly diftingui(h*d in Praftice, are only three, 
viz. two Fruftums of a Spheroid, two Fruftums of a 
Parabolic Spindle,and two Fruftums of a Cones; but 
as there undoubtedly may be others betwixt thefe, 
^nd alfo becaufe we have given Rules for Mea- 
(bring fome of the intermediate ones, we diftin» 
guifli them in fix Forms \ the Order ?ind Names 
of wljich are as follows 2 

r I T r spheroid. 

I 2 I J Circular Spindle. 

Variety the) ^ l^'^^ ^i^^U ^^rabolit Spindk 
i^artfty fbe^ ^ ( Fruftums I Efat. Hyp, Spin, 

5 1 tf<^ I Parabolic Conoid^ 
l6j ICone. 

Some have laid down Rules to difcover thefe 
Forms one from another by Infpeftion, but as I 
conceive that impoflible, inftead thereof we re- 
fer the Reader to the Figures 58, 59, 6oy 61, 62, 
6^y which are exaftly drawn for the feveral Var 
riptie^ above, when the Bung-Diajfncter is 32^ 

Head 



PRACTICE vf GAUGING. 199 

Head 26, and Length 40 Inches ; by which he 
^will acquire a better Idea of the feveral Varieties 
above, than can poffibly be convey'd by any ver- 
bal Befcription whatever. 

SECTION I. 

Pro p. I. 

^Cbt Lengthy Htady and Bung-Diameters of a Cask 
in the Shape of two equal Fruftums of a Spheroid 
heing given^ to find itsMeafure in Ale or JVine^ 
Galions. 

Solution. To twice the Square of the Bung- 
Diameter, add the Square of that of the Head, 
and multiply the Sum by the Length of the Calk 5 
then if that Produft is multiplied 

C,ooo92847or divided J 1077,15! ijle^ 

the Produd, or Quotient, will be the Meafure re* 
quir'd. . 

Or hy the Sliding-Rule. 

HSr^^^^..^^ ^^ '^ ^J^^Cafk'^ 
Length on C, and on D find both the Bung and 
Head^Diameters, noting the two Numbers oppofite 
them on C ; then if the fecond is added to twice 
the firft, the Sum will be the Meafure required. 
Example. Let ABCD (Fig. 58.) reprefent a 
Cafk in the Shape of two eqdal Fruftums of z. 
Spheroid, whofe Bung-Diameter EF js 32 Inches, 
HeadBD=:AC 26 Inches, Length GH 40 Inches, 
and its Meafure required in Ale and Wine Gallons. 



O 4 Twice 
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Twice the Square of (32) the 11 Of 2048 

Bung U|-j 

The Square of (26) the Head- J -j-. (^ 676 



Their Sum - - - - 2724 

Multiplied by (40) the Length - . 40 



Gives - ... 108960 

This multiplied by ,0009284 inverted 4829000,0 

5806 

218 

87 

4 



Gives the Contont in Ale Gallons • 101,15 

Or^ . • - ' - - 108960 

Multiplied by 3331100,0 

10896 
' 1090 

33 



Gives the Content in Wine Gallons ^23,49 

Or J By the Sliding- Rule, I fet 32,82 on D, to 
40 on C, then againft 32 and 26 on D^ is 38,03 
artd 25,1 on C J therefore by the Rule, twice the 
firft (38,03; viz. 76,06, added to 25,1 the fe- 
cond, gives 101,16 yile Gallons. 

But 29,7 on D being fet to 40 on C, then a- 
gainil 32 and 26 on D, is 46,4, and 30,7 on C i 
therefore twice (46,4) the firft, viz, 92,8, added to 
30,7> givc» 12^,5 Wine Gallons^ both nearly the 
f^me 9s before, 

PHOF. 
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Pro p. 11. 
^be Lengthy Bung, and Head-Diameters of a Cask 

in the Shape of two equal Fruftums of a Gircular 

Spindle being given ^ to find its Meafure in GaU 

Ions. 

Solution. To twice the Square of the Bung-Dia- 
meter, add the Square of the Head-Diameter, and 
let the Sum be called \\itfirfi Number •, then to the 
Square of the Length, add the Square of the 
H.ead-Diameter» and from the Sum take the Sqqare 
of the Bung. Diameter, the Remainder multiplied 
by fourteen times the Square of the Difference of 
the Diameters is a Dividend : And thirty-five times 
the Square of the Length, added to five times 
the Square of the Difference of the Diameters, is 
theDivifor: the Quotient of this Divifipn is the 
Second J^umber : Then if the pifference of the 
firft and fecond Numbers be multiplied by the 
Length of tke Ca(k, and that Produd: 

, (,ooo9284?or divi- J 1077,15)^ J Ale, 
^^^l,ooi?333 5dedby J 882,35$^'' { Wine, 

the Produft, or Quotient, will be the Meafure 
required. 

Or, By the Sliding-Rule, 

^'{l^f |f°'-|wL|- D, to tw aflc's 

Length on C, and find both the Bung and Head- 
Diameters, as alfo their Diflference on D, noting 
the three Numbers oppofite them on C -, then if 
to the fecond twice the firft be added, and tV ths of 
the third taken from the Sum, the Remainder 
will be nearly the Meafqre fought. 

Example. Let the Dimenfions of a Cafk ABCD 
(Fig^ 59 ) reprefcnting two equal Fruftums of a 
circular' Spindle, be theXame astn the preceding 
Propofition. 

Opera^ 
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Operatiok. 
By the laft, the fr/i Number is - 2724 

The Square of (40) the Length is - 1600 
The Square of (26) the Head-Diam. is 6y6 

Their Sum - - - - 2276 

From which take the Square of (32) 1024 

There remains - - - - 1252 

Which' multiply by (14 x 6 x 6=; 504 

5008 
6200 



The Produfl: is the Dividends^ - 631008 

And 35 times the Square of 40 = 56000 
To which 5 times 6y.6 being added = 1 8a. 

The Sum is the Divifor - - 56180 

Then 56180)631008(8=5 . 11,232 

Which taken from the ift N**^ leaves 2712,768 
This multiplied by the Length - 40 

Gives - - - - . - 108510,720 
Which multip. by ,0009284 invert. 4829000,0 

97660 

2170 

868 

+3 



Gives the Content in jSe Gallons 100,741 

Or, 
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Or, 


« 


io"5io,72 1 


MwltipHe4'by 


»P0I 1 333 inverted 


33331100,0 
108511 






10851 
3255 




1 


326 

33 
3 



Gives the Content in H^ine Gallons 122,979 

By the Sliding-Rule^ I fet 32,82 on D to 40 on C, 
then againft 32,26 and 6 on D, is 38,03, 25,1 
and 1,34 on C ; therefore 76,06 (=38,03 x 2) 
'+25,1— ,4 (;p=i,34Xj3) gives %oo,j6 Jle 
Gallons. 

And if zg^y on D was fet to 40 on C, then 
againft 32,26 and 6 on D, is 46,42, 30,64 and 
J^S^ on C ; therefore 92,84 (=^46,42 x 2)4-30,64 
•^,49 (=1,63x3) gives 122,99 ^^^^ Gallons-, 
both nearly the fame as were found before by 
Computation, 

Prop. III. 

^e Length, Bung, and Head-Diameters of a Cask 
(Fig. 61.) reprefniting two equal Frufiums of a 
Parabohc 5pindlc. being given, to find its Mea^ 
Jure in Gallons. 

Solution. To twice the Square of the Bung-Dia- 
meter, add the Square of the Head Diameter^ 
and from the Sum fubftraft 4-ths of the Square of 
the Difference of the Diameters ; then if the Re* 
mainder be multiplied by the Cafk's Length, and 
that Produdt 

for 
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The Produft, or Quotient, will be the Meafure 
fought. 

By the Slidins-Rule. fetf fMa^ ,^^ j Ale^^ j ^^ 

^'/r°,'"^ i:^"Sth on C, and find both the Bune 
and Head-Diameters, as alfo their Difference on 
D, noting the three Numbers oppofite them on C ; 
then if the fecond is added to twice the firft, and 
4th$ of the third token from the 3um, the Re- 
mainjjer will be the Meafure of the Calk pro- 
pofed. . ■ '^ 

For an Example to this Propofition, let the 
Dimenfions of the Ca(k be the fame as thofe 
before. 

Then twice the Square of the Bung , 

added to that of the Head-Diam. } ^ ^724 
4ths of {6x6) the Sq. of their Differ, is 14^ 

Which taken from the firft, leaves 27006 

This multiplied by the Length, 40 

?T,- r . ■ - iq8384,o 

And this mult, by ,0009284 invert. 4829000,0 

97546 

2168 

867 

43 



Gives the Content in AU Gallons ±z 100,624 

Or, 
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Cr^ 108384,000 

Multiplied by ,001 1333 inverted 33331 100,0 

108384^ 
J 10838 

23 
3 



Gives the Content in ff^ine Gallons = 122,835 

But, when 32,82 on D, isfetto40on C, then 
againft 32,26 and 6 on D, is 38,03 ; 25,1 and 
1,34 on C: therefore 38,03X2+5i»i — 1>34>^>4 
= 100,62 yile Gallons, 

And when 29,7 on D, is fet to 40 on C, then 
on C againft 32,26, and 6 on D is 46,42 30,64 
and 1,63 5 hence 46,42 x 2-f-30,64 — ,4 x 1,63= 
122,83 PTine Gallons. 

Prop/ IV. 

^e Lengthy Bung and Head-Diameters of a Cask^ 
(Fig. 62.) reprefenting two equal Fruftums of an 
equilateral Hyperbolic Spindle being given, to 
find its Meafure in Gallons. 

Solution. Let twice the Square of the Bung-Di- 
ameter, added to that of the Head, be called the 
firji Number \ and to the Square of the Length 
add the Difference. of the Squares of the Bung 
and Head-Diameters, let the Product of this by 
fourteen times the Square of the Difference of the 
Diameters, be a Dividend ; alfo from 35 times the 
Square of the Length, take five times the Square 
of the Difference ot the Diameters, the Remain- 
der is the Divifor ; tjie Quotient gf this Divifion 

is 
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is tht fecand Number. And the Diflfcrcnce betwi^fet 
the firft and fecond Numbers, multiplied by the 
Lengdi of the Cafk, and that Produdt 

for J Ale ?b^J,ooo9284jor divi- J 1077,15? 
"^ JWine5^y2,ooii333jded byj 882,35$ 

the Produft^ or Quotient^ will be the Meafure 
fought. 

By^be SMng.RMie, for l^Jr4llfl 

on D, to the Length on C, and find the Bung and 
Head-Diameters, as alfo their Difierence on D^ 
noting the three Numbers oppofite them on C : 
Then if from the Sum of twice the firft and fe- 
cond 4* the third be taken, the Remainder is the 
Meafure required. 

Example. Let the Dimenfions of a Cafk repre- 
fentiug two eoual Fruftums of an equilateral hy- 
perbolic Spindle be the fame as before, and it;^ 
Meafure required in Ale, and Wine Gallons. 

Op e rat ion. 
The firft Numier is • . - 2724 



The Square of (40) the Length = 
The Square of (32) the Bung-Diam. : 


1600 
= 1024 


Their Sum . . • - 
From which take the Square of 26 =■ 


2624 
676 


There Remains . . - 
This multiplied by 14x6 xd = 


1948 

504 




7792 
9740 


Gives ti>e Dividend =3 5 


981792 
From 
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iFrom 35 times the Square of 40=: 56000 
Take 5 times the Square of 6 ss 180 

The Remainder is the D/w/<y = 55^2© 



Therefore the ^i NunA. is V,ViV -- = 1 7.59 



"Which taken from the ift N°. gives 2706,41 
This multiplied by the Length 40 

Gives . - - - 108256,40 

And this by ,0009284 inverted 4829000,0 

97431 
2165 

Z66. 
43 



Gives the Gsntcnt in Ale Gallons 100,505 

Ory 108256,4 

Multiplied by ,001 1333 inverted 33331 100,0 

J082 56 
io8a6 

3248 

32 
3 



Gives the Content in ff^ne Gallons 122,690 

But, By the Sliding-Rule, when 32,82 on D, is 
fet to 40 on C } then againil: 32,26 and 6 on D» 
1538,03, 25,1 and 1,34 on C; therefore 2x38,03 
•+•25,1— 4. X 1,34=100,49 Jle Gallons. 

Or, 



2o8 . 71^ THEORY and Ch.L 

Or J 29,7 on D, fct to 40 on C, againft 32^25 
and 6on D is 46,42 30,7 and 1,63 onC, there* 
fore 2 X 46,42-1-30,7 — i X 1^63=122,7 WineGaU 
lons^ both nearly the fame as before. 

'Prop. V. 
^^ Lengthy Bungj and Head-Diameters of a Casky 

(Fig. 63.) in the Shape of two equal Frufiums of 

u Parabolic Conoid being given^ to find its Mea^ 

fure in Gallons. 

Solution. To the Square of the Bung-Diameter, 
add that of the Head, multiply the Sum by the 
Length of the Ca(k, and this Produft 

forJ-^i^ 5bvJ'^^'3925iordivi.j7i8,i ? 
^^^^Wine^^yj,ooi7 Jdcdby ^588^23$ 

the Produft, or Quotient, will be the Meafure 
required. 

By the SMng.Rulc: for IwL^^J 2^:25^ 

on D to the Caflc's Length on C, and find the 
Bung and Head Diameters on D, noting the two 
Numbers oppofite them on C, whofc Sum will 
be the Meafure fought. 
Thus' in our Example^ The Square 

T-heir 5um - - 1700 

Multiplied by (40) the Length 40 

Gives - - . - 68000 

And this multiplied, by •0013925 0,0013925 

11 1400000 
. ^3550 



Gives the CDntent in Ale Gallons 94,6900000 

Or, 
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Or. 



JSSooo 



Multiplied by t t °»^}7 

476000 
68 



Gires the Conteht in fTine Gallons 11 5,6000 

By the SUdk^'Ruie, wheii 26,8 on ^, isfet to 
40 on Q then againft 32 ahd 26 on D, is 57,1 
apd 37,6 : whofc Sum is 94,7 yile Gallons, 

But 24,25 on D, fet to 40 on C, then againft 
32 and 26 ont), is 69,63 and 45.97= ^^o^e 
Suih is n 5t6 Wine Gallons, as before. 

Pko^. Vi. 

"'^e tengthj Bur^ajid Head-Diameters of a Cdsk 
(Fig. 64.) reptejenting two 'equal Fruftums of 
an upright C6ne, being given, to find the Mea- 
fure in Gallons. 

■Solution. Multiply the Sum of the Bung and 
Head-Diameters by the latter, and to theProdu6t 
add- the Square of the Fdrriier i that Suiti muUi-' 
plied by the Length of the Caft, and this 
wSAIc Jk^J ,ooo92847or divided J 1077,15 
^^^WineJ^J'i ,ooi,333y by J 882,35 
•the Produ£k, or Quotient, will refpeiftively be the 
Mjafure in Ale op- WincGallons, as required. 
: By/*. Sliding-Rule ', for{Alf„Jfet{|.64| 

on D to the Gafk's Length on C j and on D find 
fcoth the Sum, and Difference of the Diameters^ 
noting the two Numbers oppofite them on C ; then 
if the feeond is added to three times the firft, four 
times the Suni is the Meafiire fought^ 
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Example. Let the Dimehfions of this Caik be 
the fame with the foregoing. 

Operation. 

Their Sum » s y * 58 

Multiplied by ^ « z6 

348 
ii6 



Gives - ^ 1508 

To which add the Square of 32 =: 1024 

li 1^ • I. 

The Sum is- - - • . 2532 

This multiplied by the Length 40 

Gives •» *• - 101280 • 

And this by ,0009284 inverted^ 4829000^01 

jii ■ .1 

9115a 
202a 



The Prod, is the Content in /Se Gall. 94*029 

Or, ■- - . - 101280 

Multiplied by ,0011333 inverted 33331100,0 

10J280 

10128 

3038 

304 



Givci the Content in fTtne Call. 1 14,783 
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ibut, by the SUding'RuIe^ when 65,64 on D, is 
i^t to 40 on C ^ then againft 58 (the Sum of thd 
Diameters) and 6 (their Difference) on D, is 31,23 
and i34 on G refpeftivcly ; therefore if to three 
tiroes die firft, viz. 93^69^ the fecond ^34 be ad- 
ded, we have 94^03 for the Meafure in AUGal- 
Ions. 

Or^ 59,4. on D fet to 46 on C, then againft 58 
and 6 on D is 38,12, and ,4! on C ; therefore^ 
^41 added to three times the firftj viz. 114,369 
gives 114,^7 ^t^^ Galtvnsi nearly the lame as 
found by Computation. 

We might have fet { 3^.8^ }for{ ^^^^ 

to the Calk*s Length on C ; then if the Sum of 
the Diameters^ and their Difference were found 
on Ei, three fourths of the firft, added tb one 
fourth of the fecond, woiild hstve been the Mca-. 
jfure of the Cafk propofed. 

S^c H o L I tr M. . 

Thus we have done with the firft thing pro- 
jpofed in this Chapter, wherein, befides the The- 
orems for computing the Meafbres of the feveral 
Varieties tif Caifcs nientidned at the beginning, we 
have given the Method of Gauging, ^ach by one 
Setting of the Lines C,D on the Sliding-Ruky . four 
of which are ftriftly true, and the others (wij^thofc 
for the Circular and Hyperbolic Spindle) fo near^ 
dmt they will never differ from the Truth, by 
the TfVth of a Gallon, in gauging any Cafk ever 
to be met With in Pradtice. And fince the Ope- 
ration is fo very eafy, lam furprizcd this Me- 
thod was never praSifed } becaufe I am very cer;* 
tainj any of the abovementioned Caflcs may be 
gauged with half the trouble required in the com- 
irion Method o£ reducing thenr to Cylinders 

P z- " , witfc 
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widi this Advantage, that here you are tvttfure 
if the true Content ^ if the Cafk has the affigtied 
Form; whereas by any Rules hitherto publifh'd 
^r finding the Mean Diameters^ it is doubtful. 

And to rcflder this Method ftill more eafy for 
Pradice^ I would advife every Officer that in- 
tends to make ufe of it, to have the Points an- 
fwering the Numbers 32,28 and 29,7 on D, 
mark'd with a Brafs Pin, and A,W placed againft 
them refpeftively, to denote Ale and Wine 5 which 
Points, in this way of Gauging, might be call*d 
Gauge Points^' zs 18,94 and 17,14 are in the com- 
mon Method. . 

However, that this Tr^atife may not appear 
deficient, wq fhall how proceed to the fecond 
thing propofed, viz* 

S E C T I O N II. 

The Manner of Gauging a full Cask bj the MeM 
Dtatnefer. 

P Ro p. I. 

ne Bung and Head-Diameters of a Casij refembling 
the Fruftum of a Spheroid, being given ^ to find 

/i&^ Mean Diameter. ^ 

♦ ■ 

Solution. To the Head-Diameter add two thirds 
of the Difference of the Diameters, and to this add 
one third of the Quotient arifing from dividing 
the Square of the Difference of the Diameters, by 
the Sum of the Head and twice the Bung-Dia- 
meters, fo will you nearly have the Mean ;iip- 
quir*d. 

Example. Let the Bung be 32, and Head 26 
Inches, (as in the laft SeSlion) then we have this 

OPERATIOl^f 
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Operation. 

The Hcad^Diattieter is - 26 

4ds of 6 the DifF. of the Diam. = 4 



Thfeir Sum is the Mean, viz. 3o> 1 3 3 3 

Prop. II. 

The Bung and Head-JDiameters of a Casky re/embling- 
the Fruftumofa Circular Spindle, being given^ 
to find the Mean Diameter. 

Solution. To the Head-Diameter add two thirds 
oF th^ Difference of the. Diameters, and to this 
eleven fi^^tieths (4^) of the Square of the Diffe- 
rence of the pi^ineters, divided by the Head and 
twice the BungrDiapietcr, the Sgn> will be the 
mean fought, nearly. 

Thus in this Example 1 

The Head-Diameter is -^ * 26 

4of6 '. . 4 

44of^=si4^='-^=: . 0,0733 

Their Sum is the Mean, n/iz. 30>0733 

Prop, III. 

The Bung and Head-Diameters of a Cask^ refempling 
the Fruftum of a Parabolic Spindle, given^ to find 
the Mean Diameter. 

Solution. To the Head-Diameter add two thicd& 
of the Difference of the Diameters, and to this four 
thirtieths (^ s= 4.^ of the Quotient ^rifing from 
dividing the Square of the Difference of the Dia- 
meters by the Head and twice the Bung-Diameter, 

P 3 the 
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the Sum of thefc three Terms is the Mean fougl\t 

nearly. 

The Head-Piameter is '-. - z6 

4 of 6= - -4 

Their Sum is the Mean, viz^ 30^0533 

Prop. IV. 

32^ Bung and Head-Diafneters tf a Cajty reprer 
fenting the Fruftum of. an Equilateral Hyperbo- 
lic Spindle, given^ to find ibf Mean J)ii^mefer. 

Solutm. To the Head-Diameter add two thirds 
of the Difference of the Diameters, and to this 
add one twelfth (xV^ of the Qiiotient found by di- 
viding the Square of the Difference pjF the Dia- 
meteis by the Head added to twicft the Bung- 
Diameter, the Sum is nearly the Mean fought. 

The Head-piametcr - 26 ^ 



• of 6 



Torosa: . r^r. 4 

^ of -J4- s^ ^ = *4 s 5 0,0 J33 

The Sv(ov- is the Mean, viz. 30,9332 

Pro?. V. 

^be Bung and Head-Diameters of a Cajk^ in the Shape 
of the Fruftum of a ParaboUc CpHoid^ i^'^^t^ ^« 
find tie Mean D/ameter. 

Solution. To the, Head-Diameter add half the 
Difference of the Diameters, and to this one fourth 
of the Square of the faid Difference, divided by 
the Sum of the Diameters^ the Sum is the Meaq 
fpught, neatly. 

The 
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»9) 4»5 {»^SS^ The Head-Diam. is 26 

-^ 4 of 6= - 3 

T of ^^i H 44= 4 X A = o, 155^ 



160 
1^0 < 
59 



The Sum is the Mean, viz. 29,1552 



Prop. VI. 

^Ibe Sung and Head-Diameters of a Cajk^ refemhling 
the Fruftum of an Upright Cone, given^ to find 
the Mean diameter ^ 

Solution. To the Head-Diameter add half the 
DiiFerence of the Diameters, and to this one 
twelfth (-r^) of the Quotient found by dividingp 
the Square of the faidlDifFerence, by the Sum of 
the Diameters, tic Sum is nearly the Mean requirM, 

5 8) 300 G05 1 7 The Head- Diam. is « 26 

"^ 4^6= - 3 

— - 1^x44=^. 0,0517 

420 ' i . 

Their Sum is the Mean,W2. .29,05 1 7 

paving Ihewn how to find a Mean Diameter for 
any of the fix Varieties, (Page 198.) that is to 
find the Diameter of a Cylinder of equal Length 
^nd Magnitude to a Calk proposed, which is de- 
duced from the Theoreais[(P/jrftf 165.) we muft now 
Ihew whatf Ufq is to be made of it when obtained t 
and as I fuppofe the chief Defign of reducing 
Calks to Cyhnders, was from a Suppofi^ion that 
their Contents might thence be more eafily com- 
puted by the Sliding-Rule, than when confider'd 
in their original Forms* (tho' we have Ihewn it is 
otherwife) fo here yre fhall only give. the Method 
of finding the Content after that manner, the nu^ 
meral Operation being eafy from wh^t was &id 
Prop. I. Cbap, IV. Part. 2. 

P4 ' Prop. 



X 
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' Prop. VII. 

^e Lengthy Bung; and Head-Diameters of a Ca^i^ 
reprefenting any of the fix Fdrieties^ (Page 198.) 
given, to find its Meafure i^ Gallons by the Sli- 
aing'Rul(. 

Solution. Firft find the mean Dtameter by one 
cF the preceding Prbpofitions, proper to the Gafk 
propofed. 
Then for{^f^Jfet{;^;94j^nD^^ 

Length on C, and on C, oppofite the mean Di- 
ameter on p, will be the Meafure in Gallons of 
the Cafks propofed. 

^ Example. Let the Dimenfio.ns of the feveral Va- 
rieties of Cafks he the fame with thol^ in the pre- 
ceding Propofitions, we have ihewn the Mean 
Diameters for them to be as. hereunder, viz. 

"Spheroid 
Cir. Spin. 
For the Fru-j Par. Spin. I the Mean 
ftum oF^ ^ Equil. H. S. \ Diaril. is 
Par. Con. 
Cone 

Therefore by the Rule above, 

fei [30,1333! 

Ifeti8,94liM^'^733 

onD,to4oii^j3^>^533>, 

ohC * gl30>^333 - -^ioQ,5 

hS \^9^^55^ 9A.7 

I ^^^9^^5^7j . l 94,0. 

Which are the Contents in Ale Gallons of the a- 

bove Caflcs, and nearly the fame as was found be: 

fore in the laft Seftion. 



1 



30.0733 
. 30,0533 
] 30.033^ 
I 29,1552 
(.29,0517 



on 



["101,2 *» 

J09.7 



§ 
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Scholium. 

The above Rules for finding the Mean Diame- 
ters are not only very near the Truth, but alfo very 
eafy in Pradice ; however, they require a fmall 
IMuItiplication and Divifion, which is more than 
nltiny care to be at the trouble of, rather chufing 
to follow Methods lefs exaft, that can be remem- 
bred, and fo the Mean Diameter found as it were 
mentally : And therefore we muft in this j5lace fet 
down fome fixt Multipliers, which will ferve 
pretty well, if (as commonly happens) the Bung- 
ipiameter be about four or five times the Diffe- 
rence betwixt it and the Head. 

They are thus fqr the feveral Varieties fore- 
going, wz. 

" Spheroid ,69 

tlircular Spindle ,68 

For two Fru- Parab. Spindle ,674.' 

fiums of a r EquiL Hyp. Spindle ^67 

Parab. Conoid ,524 

J Cone >5^ 

By which if the Difference betwixt the Bung and 
Head-Diameters of a Cafk refembling any of the 
above Solids be multiplied, and the Produdt ad- 
ded to the Head-Diameter, the Sum will nearly 
give the Mean thereof/ 

The Methods delivered in this and the laft Sec- 
tion would be fufiicient for Cafk-Gauging, as be- 
ing each of theqi very exa6t, and (which indeed 
is chie^y to *bc confider'd) ready in Praftice^ if 
there was not an Objeftion to both, which is too 
material to pafs over in filence : It is this ; In each 
of them the Shape or Figure of the Cafk is fup- 
pofed given, or eafily determined by Infpeftion; 
bi^t this I conceive to be the greateft Difficulty of- 

alls 



9iS 75&tf THEORY ^i Ch. I, 

^\U And is generally thought fo by thofe who have 
been moft convcrfant therein : nay, if it was others 
wife, why have fo many Mathematicians, even 
thofe of the firlt: Rank, taken fo much pains to give 
us Methods for deterniining the Loci defcrib'd by 
Lines or Angles, moving according to fome cer- 
tain Laws ? If it was fo cafy a matter to deter- 
mine the Curve, (by whofe Revolution on fome 
Line as an Axis, any given Solid may be fup- 
pos*d generated) meerly by Infpedtion ? For in 
what I have juft mentioned, you not only have ai\ 
occular View of the Curve, but alfo the Law by 
which it is defcrib'd ; therefore we ifiuft have re- 
courfe to fome other Methods, which are built on 
a more certain Foundation, of which I think the 
following one (deduc'd from the laft Chapter of 
Part 2.) is better fitted than any, or indeed the 
beft the Nature of the thing admits of, whether 
we regard its Accuracy or Readinefs in Pra^ice ; 
but as therein a fourth Pimenfion is requir'^d, 
viz. one more than in the other two, we muft 
fhew an eafy Method of taking that at the fame 
time th? Length is meafur'd ; and this is the thirc^ 
tling propofcd in this Chapter. 

SECTION HI. 

Of Gauging a full Cafk by help of a Fourth Dimen- 
fiony without knowing tp which Variety it belongs. 

To render this Affair as clear as poflible, let 
AA^DD^ (Fig. 66.) reprefcnt a Caik, whofe Head- 
piameters are AD, A'D', and Bung EF ; alfo let 
the Center of each .End be at O, O' : then if a 
ftreight Ruler,, having a Pin or fomething of 
that kind in its Middle, which is put in the 
Bung-Hole at E, be turn^ about the lame as ^ 

Center, 



PI^A€TIGB e/^ GAUGING. 219 

Center, till a Plumb-Line let fall from cither end 
would pafs by O the Center thereof, and fixed 
in that Eofition ; then two ftreight Rulers being 
apply 'd to each End^ fo as palling by O, O^ the 
Onter of both, they would alfo pafs by the Ruler 
mentioned above, which we will denote by PP', 
prpp' I 'tis plain from thisPofuion of the Rulers if 
the Suni of the Parts AP, A'P^, or Ap, A% which 
are eafily meafured,^ be taken from EF the Bung 
Diameter, you -11 have AD, or A'D^hofe of the 
Head. And the Rulers remaining a$ before, if 
the Points M, M', or w, m^y be taken in the mid- 
dle betwixt the Points P, P', or pj p'y and any 
common Foot-Ruler be apply'd fucceflively to 
M, M', or m^ m\ in a Pofition as nearly parallel 
to DP, DP, as poffible, and (lid down till it meet 
the Caik, fuppofe in N, N^ you^li have the Mea- 
fures of the Parts MN, M'N', whofe Sum being 
taken from EF, the Bung-Diameter, will leave 
NR^ or N^R', that in the Middle betwixt the 
Bung and Head ; And lailly, if the Ends of the 
Ruler PP^ which is fixt in the Bung, be moved 
in a vertical |^ofition round the Pin at E (which 
is done by letting it conftantly touch the Rulers 
PP, D«PO till the Part A'F be equal to AP, then 
the Diftance betwixt the Interfcdtions of this Rule 
with thofe applied to each End, (as before di- 
refted; will be the Length of the Cafk. And I 
mull farther obferve, both this Length andconr 
fequendy the Middle-Points M, M' would be ob- 
tained very readily, if the Rule PP' was divided 
into Inches, and numbered both ways from E its 
Middle! But I Ihall not take upon me to give a 
particular Defcription, how this Rule for meafuring ' 
the Lengths of Caiks, and finding their middle Dia«: 
meters, may be moft conveniently made, that be- 
longing to the Inftr^ment-Makers ji but I am per- 

fuadcd 
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fuadcd a better Contrivance than the Callipers 
might be found, which would render the follow- 
ing Method of Gauging vaftly eafy in Praftice i 
and for its Truth, I wilTprefume to fay, 'tis much 
more fo, than any that has yet been ofFer'd for that 
purpofc : for the Confirmation of which, I £ub- 
mit to any one who will only take the trouble ta 
gauge any Cafk by it, and after fill it with Water 
carefully meafured. 

ne General Prop osiTiovt. 

ne Lengthy Bungj and Head-Diameters of a Cajky 
• as alfo another Diameter taken in the Middle be^ 

twixt tbem^ being given^ to find its Meafure in 

Gallons. 

Solution. To the Square of the Bung-Diameter 
add that of the Head, and four times the Square 
of the middle Diameter ; let this Sum be multi* 
plied by the Length of the Cafk, and that Pro- 
duft for 

•Ale ? by (,0004642 7 or divi-52154,32 
Wine J ^ J ,0005667 J ded by J 1 764,7 1 

the Produft, or Quotient, will be the Meafure of 
the Caflc propofcd. 

BytbeSliding-Rulei For{^?^Jfet{ jJ|4.]on 

D, to the Caik's Length on C, and. find both the 
Bung, Head, and Middle Diameters on D, no- 
ting the three Numbers oppofite them on C 5 then 
if to the Sum of the firftand fecond, four times 
the third be added, you'll have the Meafure re- 
quired. 



0ne 
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Cne Example will he fi^ient to itlufirate ibis. 
Let the Length OO' {Ftg, 66.) of the Caik 
AA'DD' be 40 Inches, 

{Bung 1 f 32=EF T 

Head ^Diameter \ 26=AD ^and its Mea- 
Middlej l30,4=NRj . 

iure required in Gallons } 
TheSq, I32 the Bung 1 || f 1044 

of 3 26 the Head I g I » €y6 

3>^'^qlf}30,4theMid|g[ . 3696,64 

Their Sum - - 539^9^4- 

- Multiplied by the Length s • 40 



215865,60 
And this by ,0004642 inverted / 24^4000,0 

' . ' . 86346 

' X2952 

863 

43 



Gives the -Content in Ale Gallons » 100,204 
Or, By the Sliiing-Rule ^ I fet 46,4 bnD, to 
40 on C, then againft 32, 26, and 30,4 onD, is 
12,8, 19 and 17, I on C, refpedtively j there- 
fore 12,8-4-19+ (4 X 17,1) 68,4=100,2 as found 
biefore by Compm^ition 5 and after the fame man- 
ner by ufing the Numbers proper for Wine ^ea- 
iure, the Content will be found 122,3 Wine- 
Gallons. 



CHAP, 
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CHAP. It 

O^ULL AGING. 

AS the Portions bf'a'Cafk for the GonVehience 
of drawing off, tnay with refpeft t^ its 
Axis (which is a Line fuf^posM drawn from the 
Center of oRt End to that of the other) be ei- 
ther ^/^/&/. oi* borizontuly fo from thence there 

. will naturally be two Cafes in finding the Quan- 
tity of Liquor drawn out or remaining in a Caik 
not quite full, and called /// Ullage^ which are 
very different from each other. -To find the Ul- 
lage of an horizontal or lyiH^ Calk, is a very dif- 
ficult Problem, except for tWo of the Varieties^ 

, viz. the 5th and 6th ; the firft of thefe may 
be folved^by Prop. 3. Chap. 4. Part. 2. and the 
fecond from Corol. 5. Prop. i. Chap. 5. of the 
fame Part ; alfo by the theorem Pag. 147. yod 
may nearly find ,the Ullage of any of tlie othef 
Varieties ; but they are all too tedious for Pradtice^ . 
fo'we mOIl have recourfe to other Methods^ of 
which that now j^cnerally followed, is by help of 
the Lines marked S L, S S, on the Sliding-Rule. 
I cannot find for certain by whom thefe Lines 
were firft introduced into Gauging, nor the Manner 
by which they are laid doi^h ; however^ what I am 

' going to offer on that Head^ fecmsta be fufKcient 
for the Line S, L, which is by the help of the 
table Pag. 116. Edit^ 9, of Everard's Steriome-^ 
try : For the Line of Numbers, or Slider N^ 
f whofe Conftruftion has been already fhewn) being 
drawn out till 29.5 thereon (which is the Bung-^ 
Diameter of the Cafk, from whence this Experi- 
ixi^ent was made, and oa which that Table is ibuilt) 
I €oincid<< 
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%oiiicide with a Point at the End bf the Line SL 

marked icx>, (which was oppofite to 100 on N 

l3efore it was drawn out) for then againft the fe- 

Veral dry Inches on the Line N, taken from 

his Table, muft be the Points on the required Line 

SL, correfponding to the Number ot Gallons of 

the Table that are refpeftively oppofite the dty 

Inches, by which means thirty one Points of this 

Line will be had^ and the remaining ones may 

cafily be found by Proportion* But if this is not 

thought fuMcient, both it and the Line SS may 

be made aftct this manner t Let a Cafk be fixed 

Upon, whofe Form agrees the neareft to the molt 

common ones in Pra£lice, and fuppofe both its 

Bung^Diameter and Length divided into 100 e- 

3ual Parts^ and Planes drawn through each of 
lem, viz. the firft hundred all parallel to the 
Heads, by which means this Calk will be divided 
into a [hundred Parts two ways, the firft ferving 
for the Line SL, and the fecond for SS : For if 
by the preceding Propofitions the Meafure in Gal- 
lons of each of thefe Slices (which are parallel 
to the Axis) be fuccefilvely found, and tne laft 
always added to the Sum of the preceding dnes, 
you'll have a Table of Meafures analogous to that 
of Mr. Everard^s ; after which the Line S L may 
be made, as has been fliewn above. In like man* 
ner, if the Meafure in Gallons in each of the Sli- 
ces parallel to the Heads of the Cafks are fuccef- 
fively founds and the laft always added to the Sum 
of the preceding ones, a fimilar Table will be had 
for a (landing Caik, or for making the Line SS. 
And this, I imagine, was the Method by which 
they were adtually made, becaufe the Line SL, at 
this time, does not correfpond every where with 
Mr. Evcrar^% Table. 

t 
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I thdught it neceflary juft to hint at the Man- 
ner by which thefe Lines may be laid down, hot 
fo much for any Direftion to the Inftrument-Md- 
kers, for then I mud have been more explicit^ 
but that the Officer might be able to give feme 
account (if required) of the Invention of every 
Line on a Rule he fo frequently ufes. We fhall 
now proceed to Ihew the manner of operating 
thereon. 

Tie Jirjl Method of VLL AGING. 
SECTION L 

to find the Ullage of afianding or lying Cask, hy 
help of the Lines S S and SL, novii on the Sli- 
ding-Rule. 

The General pRoi^osixio^. 

,# 

^e Lengthy Head, and Bung-Diameters^ as alfo the 
wet or dry Inches either in a ftanding or lying 
Cask being given, to find the Ullage. 

' SOLU T ION. ' ^ 

Firft by fome of the preceding Propofitions pro- 
per to the Calk propofed, find its Content; thenf 

N to ICO on the Line| gr J and againft the wet 
or dry Inches on N, is tht referved Number on 
Igj^j. Again; fet loo on B, to* the whole 

Content on A, then againft the referv'd Number 
. on B is the Ullage on A, viz. what remains in the 

Cafk, if you ufed the wet Inches^, but what is 

drawn out, if the dry Inches^ 
;: ^ ' Example. 
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r Length ^ 
Examp. i. Let the^-ff/^»^-2)/J«r.i of a (landing 
L Head'Diam. 3 
Cafk in the Shape of two Fruftums of a parabolic 

Spindle be^ 32 Cinches, and the wet Inches 28, 

to find the Ullage. 

The whole Content of this Cafk, by Prop. 3. of 
the laft Chap. iS 106.6 Ale Gallons 5 and 40 the 
lutcngth on N being fet to 100 on SS; then againft 
dS the wet Inches, and 12 the di-y is 71.6, and 
2 8;4 the referved Numbers on SS reipeftively. 
Again, 100 on B being fet to 100.6 the whole 
Content on A, then againft 71.6 ahd 28.4, .the 
referved Numbers on B, is 72 arid 28.6 oh A, 
whdfe Sum is 160.6 the whole Content; the firft 
is what remains in the Cafk, and thtfecond what 
h^ been drawn out, 

Examp. 2. Let the Gaik whofc Dimenfions are 
the fame with that. above, be lying with its Axis 
parallel td the Horizon, and here alio let the dry 
Inches be 12, and cdnfequently the wet Inches 20, 
to find the Ullage. 

I fet 32, the Bung-Diarrieter, oh N to 100 on 
the Line SL, then againft 12 and 20 on N i* 
32.8 and 67.2, the referved Numbers on SL. A- 
gain^ ido on B fet to ioo.6, the whole Content 
on A, then againft 32.8 and 67.2, the referv.ed 
]^f umbers on B, is 33 and 67.6 on A ; the Jirjl 
is the empty part, or Liquor drawn out, and the 
ficond what remdins^ whofe Sum is iOo,6, the 
whole Content. Thefe two Examples will be 
fiilficient to Ihew the Ufe of the Lines SS, SL, 
now put on the Sliding-Rule for Ollaging •, but 
as they are laid down from fome particular 
Calks, fo 'ci^ nioft certain they can only anfwer 

Q^ for 
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for fuch as are fimyar t<>it, or nearly fo ; there- 
fore in ;hje third Method further on, | iball fhew 
how others ^nay be fubffituted in their place, 
which will render this difficult part of Gauging 
tx>th readier in Pradice, and mpre certain than 
heretofore, 

lie fecond Method of ULLAqiNO- 
S E C T I O N II. 

To find tbeV\h%t of a Ca,sk by meians of a Mfddie 
Biumetcr. 

P R OP. !• 

The Ilead'DiametEr ofanuprigbfCask^ and that of 
the tdquor^s Surface ^ as alfo another in the Mid- 
iie bet'ibixt it and the nearejt Hkad^ being given^ 
with the wet or dry Inches^ to find the Ullage. 

So L U.T ION. 

To the Square of the Head-Diameter, afldthat 
of the Liquor's Surface, arid four times the- Squarcr 
of the Middle-Diameter, multiply the Sum by 
the wet or dry Inches (according^ to which is leaft) 

divide it by { "|^'^ j }:the Produft, or Quotient 

will be the Ullage fought, wz. what is dra^n out 
if the dry Inches are leafi^ what remains in if the 
wet Inches are leafi^ and half the Content of the 
Caffc when the wet Inches zxt equal to the dry, 

BytbeSMing-Ruleibu,. M^^J^llwF 
on D, to the Diftance of the Liquor's Surface, 
and ncareft Head on C (that i$, to the wet' or 

dry 
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dry Indies on C) then on D find the Diameter of 
the Head; the Diameter of the Liqaor's Surface^ 
a»d twice the Middle Diameter, noting the three 
Nonibers oppofite them on C, whofe Sum will be 
the Mf eafure of the leaft Fruftrum or Ullage re- 
quired. 

Efcample. Let ABCD (Fig. 65.) be a ftandtng 
Calk, whofe Length OO' is 40 Inches^ Head-Di^ 
aineter AD 26, that of the Liquor's Surface MM!^ 
«ss3 1,04, the Diameter in the Middle betwi:^t 
thdm, viz. NN'z=2gyo6^ and OP the dry Inches 
I2y to find the Ullage. 

Op ,E R A TI OK. 

I'hie, square of 26 die Head-Diam. 676 

TheSljuare of 3i,04the Liquor*sOiam. 963,482 
The Square of s%i2 (=29.06x2)1 

twice NN'= —.—-•;• J 3377>934 

Their Sum — — i— 5017,416 
Multiplied by the dry Inches -— 12 

Gives 60208,992 



24084 
3612 

241 

12 



, , . 27,949 

Gives the Ullage or Meafur^ of ADM'M in Jiei 
Gallons ; which is nearly one Gallon lefs than was 
found for this Caflc by the Line SS in the laft Sec- 
tion, the Dimenfions above being fuch as they 
would be found in a Caflc in the Shape of two e- 
^ual Ff uftums of a parabolic Spindle. But if yoii 

0^2 yould 
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would try the fame by the Sliding-Rulct, fct 46^41 
on D^ to 12 on C ; then againfl 26,31 and 58,1a 
on D, is 3,76, 5,37, and 18,32 on C, whofeSum 
i3 27^95 AU Gallons^ as found by Computation. 
The Dimenfions required in this Method of Ul- 
laging may here eafily be taken after this manner : 
The dry Inches OP being taken by dipping, let 
a ftreight Ruler with a Flumb^Line at the end^ be 
laid over the Center O, and moved backwards or 
forwards till the String jufl: touch the Cafk as at 
E>. then having made a Mark on the String at S 
and R, fo that QS may be equal to the dry Inches, 
and QR its halt •, the Parts SM and RN are. ea- 
fily mcafured by applying a common Foot- Ruler 
parallel to QO thro* the Points R,S, and to touch 
the Staves at N> M ; for thep; twice SM and twice 
RN taken from twice OQ (which is equal to the 
Bung-Dianietcr) will leave MM' and NN. . 

Prop. II. 

^be Lengthy Bungj and HeadrDiamelers $f 4 tyihg 
Casky as alfo another in the Middle betwixt them, 
and the dry or wet Inches king givetfi to find 
the Ullage thereof. 

Solution. 

If the Cafk is more than half full, from tht dry 
Inchesy but if otberwifey from the wet Inches, fub- 
ftraft half the Difference of the Bung and Head- 
Diameters, 'and alfo half the Difference rf the 
Bung and Middle-Diameter, noting thefe two Re* 
mainders, let the leaft be divided by the Head- 
Diameter, the biggeft by the Middle-Diameter, 
and the wet or dry Inches (according to which is 
the leafl ) divided by the Bung-Diameter, look for 
the 'three Quotients in the Table (of the Areas of 

the 
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the Segment of a Circle) at the End under VS, 
taking thence the Number oppofite them under 
the Letters Seg. multiply the leaft of thefe by the 
Square of the Head-Diameter, the biggeft by tl e 
Square of the Bung-Diameter, and the remaining 
one by four times the Square of the Middle-Dia- 
meter ; and multiply the Sum of thefe Produfts by 

the Length of the Cafk, and that for |^f |by 

or Quotient will be the Ullage required, viz. 
what IS drawn out if the wet Inches exceed the 
dry ; what remains in when the dry inches exceed 
the wet, and balfiht Content of the Cafk when 
they are equal. 

Example. Let AA'D'D {Fig. 66.) be a lying 
Cafk, the Length, Bung, and Head-Diameters 40, 
32, and 26, as before 5 alfo let NR exaftly in 
the Middle betwixt the Bung and Head-Diame- 
ters be 3P.5, and the dry Inches, viz. EQ==i2 ; 
to find the Ullage, or Meafure of the empty Part 
EAV^A. 

Half the Difference of the Bung and Head-Dia- 
jneters is 3, half the Difference of the Bung and 
Middle-Diameters is ,75, both whichf being re- 
fpeftively taken from 12, the dry Inches, we 
have 9, 11,25 : and 9, 11,25, and 12 being re- 
fpeftively divided by 26 : 30,5 and 32 we have 
for Quotients ,346-J.. 3684. and 375 »^^r/y ; againft 
which in the Table (when correfted for the frac^ 
tional Parts) is ,241327 — ^,263052— ,269013. 



Q ^ The 
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The firft multiplied by 26x z6=:6y6y , 

gives • ^ . - y ^^3^^37^ 

Thefccond multipliccj by6i x6i =:} ^^o o /r 

3721 giws . - . J 978,8j6 

The third multiplied by 3^x32=;} ^j 5,^^69 



3721 gives 

he third mu 

1024 gives 



Their Sum • . ^ 141,7,422 

Multiplied by the Length - 40^ 

Gives • • • 56696,8800 

And this multiplied by ,0005011 
(inveriid) • • . ^ J i9500o,o. 

283484 

5^7 



Gives the Ullage, or Meafure, pfl ^ 

EAo(/A' in jlle Gallons - J 33>5P78 

Which is half a Gallon more than was found for 
this Cafk by th^ Line SL. 

Example 2. Let all the Dimenfions be thefatne 
as above, only here let the Middle Diameter he. 
29, fo that the Cafk is conical ; here the twp Re* 
mainders are 9 and 10,5, and the three Quotieiits 
26)903464:29) 10.5 (.362^:32) 12 (,375; a- 
gainft which in the Table (after Correaion) is 
,241327 ,256539 ,269013. 



OpB; 
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Opbratiok. 

The firft muUipiied by 6y6 gives 163^137 

The fecond multiplied by 3364 gives 862,998 
The third multiplied by 1024 gives 275*469 



Their Srnn is . * - 1301^604 

Which multiplied by the Length 40 



Gives - . - 52064,1600 

And this multipl. by ,000591 (inv.) 195000,0 

260321 

46858 

52X 



Gives the Ullage in Jle Gallons . 30*7700 

Thiis Method is very exaft, but too tedious for 
Pradlice, unlefs the Ullage be required to a great 
Nicety j however, it will ferve to compare the 
former Method, and what I am going to explain 
in the next* place. 

ne tbirJ Method of ULLAGING. 

SECTION IIL 

^0 find the Ullage of a Cajkby the Mean Diamur. 
Prop. I. 

The Length of an upright Cajk^ the Diftance hetwbct 
the Liquor* s Surf ace j and its nearefi Head {that 
is^ the wet of dry Inches) and a "Diameter taken 
exaSlly in the Middle betwixt them^ being given ^ 
to find the Ullage. 

0^4 So L u- 
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So L ir T ION. 

Let the Square of the Middle Diameter be piul- 
tipjied by the wet or dry Inches, i. e. by the Jeaft of 

d..m..„d 4k P«Mt {otIZM'ZbV'I 

or divided by | ^^^'^^^thtProdu&y or Quotient 

will be the Ullage required, if the Calk is not half 
full, or very near it 5 but when that happens, the 
mean Diameter of the Calk found' by the lal^ 
Chapter muft be ufed inftead of the faid Middle- 
Diameter. 

The Reafon of this Solution is from hence, that 
in an upright Calk,not very near half fully the lefler 
Segment may be confidered as a Fruftum of a 
parabolic Conoid, (tjccaufc tl\e bulging Part is iupr 
pofed to be wanting, which makes this Variety 
differ fo much froqi the Spheroid and Spindles) and 
the Meafure of every parabolic Conoid is equal to 
a Cylinder, whofe Height is equal to that of the 
Conoid and Diameter of its Bafe cxaftly equal to 
that Diameter of the Conoid in the Middle be- 
twixt its Ends, 

on D, to the Diftance of the Liquor's Surface 
from the neareft Head on C ; then againft the 
middle or mean Diameter on D, is the Ullage 
on C. 

Example. Let the Length of an upright Calk be 
49, the dry Inches 12, and a Diameter esaftly in 
the Middle betwixt the Head and Liquid Surface 
29 Inches, to find the Ullage or Meafure of the 
empty Part. . • 

Ope- 
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Operation. 

The Square of 29 the Mean Diam. is 841 
Multiplied by the dry Inches - 12 



Gives 10092,000 

And this by ,002785 {inverted} 587200,0 

20184 

7064 

807 

50 



Gives the Ullage in Ale Gallons - 28,105 

Or hy the Sliding' Rule : Set 18.94 on D, to 12 
on C ; then againft 29, the mean Diameter on D, 
i§ 28.1 on C, fhe Ullage required. 

I mqft pbferve, this Method for the four firfl: 
Varieties, gives the Ullage a fmall matter too 
much, but is exaft for the fifth, and a fmall mat- 
ter too little for the fixth ; but the Variation from 
f ruth can never be material, but when the Calk is 
near half full, and then the mean Diameter of the 
Galk is to be taken for the Mean of the Fruftum^. 
to be meafured as obferved before ; but thefe laft 
Cafes arc better performed by the following Pix>- 
pofition. 

Prop. II. 

j ^e Lengthy Bungy and Head-Biameters^ as dlf0 

the wet or dry Inches of aftanding Cajk^ not full^ 
being given j to find the Ullage. 

Solution I. 

If the Curvature near the Bung be greats then 
I multiply the Difference of the Squares of the Bung 

and 
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and Head-Diameters, by four times the Square of 
the Difl^srence betwixt half the Length of the 
Ciflc, and the wet or dry Inches j let this Produdt 
be divided by three times the Square of the Cafk*s 
Length, and the Quotient taken from the Square 
of the Bung-Diameter ; multiply the Remainder 
by the Dittcrencc betwixt the wp t or dry Inches, 
and half the Length of the Cafk ; then it this Pro- 

divided by} 359»051 the Produft, or Quotient 

will (hew, how much the Caflc is more or lefs 
than half full \ and therefore, in the firft Cafe, if 
it be taken from half the Content, you*U have 
the Quantity drawn out \ but in the other Cafe, 
added to half the Content, what yet remains in. 

2®. But if the Curvature of ibi Cajk be not greats 
multiply the Difference of the Bung and Head- 
Diameters, by four times the Square of the Dif^ 
fcrence betwixt the wet or dry Jinches, and half 
the Length of the Cafk ; let the Produft be 
divided by the Square of the Cafk*s Len^h, 
then this Quotient taken from the Bung»Dia- 
meter, will be the Diameter of the Liquor's 
Surface ; which fquared and added to twice the 
Square of the Bung-Diameter, Let that Sum be 
multiplied by the Difference betwixt the wet or 
dry Inches, and half the Length of the Cafk, then 

divided by { ^g77»in the Produft, or Quotient 

will be, what the Cafk is more or lefs than half 
full, from whence the Ullage may be fiiprid as a- 
bovc, 

' The 



I 
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The Reafon of botlji thcfe Solutions is, jthat that 
Part of an upright Ca(k, not fujl, which li^s be- 
twixt the Liquort Surface and Bung-Circle, may 
b? confidered as of the firft Variety j and therefore 
inc^fured by the Rule given for that purpofe in 
the firft Chapter, the Diameter of the Liquor in 
the firft Solution being calculated for a Spheroid, 
arid in the^fccond for a parabolic Spindle, as will 
eafily be feen by confiderin^ wha,t was faid CoreU 
7ji 8. Qbap. 6. for finding me Middle-Diarnc^en 

We fliall illuftrate both 'the;fe Solution^ in tbd^ 
lafiExample^ where the Length, Bung, and Head* 
Diameters are 40, 3?, a^nd 26, the dry Inches be* 
ing 12, fo that the Difference thereof^ from half 
the Length of the Caflc, is 8. 

By tiefrfi, S l u.t i on. 

The Square of the B. Diam. is ss^^gim 10x4. 
The 5ft«are of th^ IJi J)i9Sn. h2Sml^^ 676 



Their Difference is - - -^ 348 
Multipliei by 4x8x8 - • . 256 

:%o88: 
1740 
696 

Gives • . . - ^9088 

This divided by 3X40X4fts;^.fe)P ©yep. i&,s6 

Which tfdcen from the Square of the 1 
Bungppiameter, leaves, - J, ^^^5^44 

This - muitip. by 8, the Difference! 

bet^fm the dry Inches and halfk. ft 

the Length, • • j\ 

Gives - •- > ?» '^' '^8043^520^ 

And 
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Brought over 8043,520 
And this multipl. by ,001785 (/>w.) 587200,0 

16087 
5530 

40 



Gives what the Caflc Is more thani 

half full in Jle Gallons - 5 ^^^400 

Which taken from half the Content 50,3 

Leaves the cnipty Part =s - - ^7^9 

Nearly the fame ^ found for the fame in the pre* 
ceeding Section. 

By the fecond Method. 

The Kfference betwixt the Bung and i ^ 

Head. Diameter is - . - J 
Four times the Square of 4x8x8 =: 256 



Their Produft is • r 


^sz^. 


Which divided by the Square of the 7 
Length - - - ;- 


-1600 


Gives ^ • ., - 


.96 


This taken from the Rung-Diameter, ; 
leaves that of the Liquor's Surface \ \ 


30.04 


Its Square is - • • 
Twice the Square of 32 is 


963,482 
2048 


Their Sum is 
Multiplied by ^0—12 = 


3011,482 



Gives , > B - - 24091,856 

This 
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Brought aver 24091,856 
This multipL by ,0009284 {invert.) 4829000,6 

2T^83 
482 

10 



Gives alfo the Excefs by which the I ,^ 

Cafk is more than half foil - J ^^'3o5 
And this taken from half the Content 50,3 
Leaves the Liquor drawn out - 2799320 

iMearly the fame with the true Solution. 

So that from hence it appears, if the Caflc is 
upright and nearly half full, this Proportion is to 
be ufed for finding the Ullage, but the preceding 
one when not near half fulh 

Prop. III. 
^e Lengthy Bungj and Head-Didmeter of a lying 
Cajk^ as alfo the wet or dry Inches being given^ 
' to find theUllage. 

So L U TION. 

fiy the lafl: Chapter, find the mean Diameter 
proper to the Cafk propofed, then to twice the 
wet or dry Inches^ visi. the leafl: of the two, or 
either of them when equal, add the mean Diame- 
ter, and from the Sum take the Bung-Diameter ; 
let half of this Remainder be divided by the mean 
Diameter, and the Quotient looked for under the 
Letters VS in the TaEle of the Segment of a Cir- 
cle at the find, (whofe Diameter is iJnity) from 
whence take the Number againft it under the 
Letters Sig. multiply this by the Square of the 
mean Diameter, and that Produft by the Length 

or 
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or divided byi^^^. jthc ProduaorQootient wiH 

ndie Ullage required, viz. what is drawn out 
\t dry Inches are leafi \ what remains if the 
Wet Inches are leqfi^ and half the Content of the 
Calk when the wet Inches are equal to the dry. 

Example. Let the Dimenfion of a lying Cafk of 
the third Variety be the fame as at the £xaniple 
of Prop. 2. StS. 2. 6f this Chdp. dhd the drj^ 
Jnehcs alfo i2, to flnrf the Kfekfure of the empty 
Pal-r. 

Here the mem Diameter is 30^653 fSee Prop. 
3. Sea. 2. of the tal! CMp.) M^hich added to 24^ 
(twice the? dry Ifithes) gi^es 54,053, arid 32' the 
Bung taken thence, leaves 1 2^0^ j,- half of whl6h 
is 1 1,02^5 > ^fi's divided by 3bid53, the mean Di- 
ameter, gives ,367 ^eiirly\ ^ihff i^j xanAtt 
VS is . ? - .- 3261284 

This multiplied by the Square of 1. <>.: ^^' 

30,053 linvcrtk . • f ^^'309 

7H9- 
261 

209 



Gives - - - - - 235,9^65 

This multiplied by the iLehgth - 40 



Gives - - - 9439i46ob 

And this mukip. by ,003546 {im.) 645 300,0 

47197 

077? 
5^6 



33.4723 
Example, 
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Example 2. Let the .Dimenfion and the dry 
Inches be the fame as above, only here let the 
Gafk be of th^Jixtb Variety. 

The mean Diameter here is ^9,0522, which 
added to 24, gives 53,0522 ; from which 32 (the 
Bung-Diameter) being taken, leave 21,0522, the 
half of which 10,5261 being divided by 29,0522, 
gives 3624. nearly ; againft which in the Table of 
the Segments is - - - ^256792 

This multiplied by the Square of 1 ^ 

29^0522 (inverted) - J 3<>>44» 

205*4336 

102717 

10272 

77 



Givcis ----- 216,7402 
And this multiplied by the Lengdi 40 



Gives - -^ . ^ 866g^6o$o 

And this multiph by 003546 (inv.) 6453000,0 



26oo8« 

43348 

3468 

520 



Gives the Ullage in Jie Gallons 30,7424 

From what has been faid it appears, the firfl: 
Example ci- diis Sedtion for a ftanding Cafk, dif- 
fers but j^^j the fecond but t^ and the third 
buut-ri-lTr^^ of a Galloh from the Truth, as found' 
in the preceding Seftion ; and the two laft Eieam*^^ 
pies for a lying Cafk are ftill nearer, for they 
each of them vary but -i-i^ of a Gallon from 

what 
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-what was (hewn for the fame Dimehfions in the 
fccond Method by a Middle Diameter, and is 
much nearer than can be found by the JLines S^ 
and SL on the Sliding-Rule : But as that Inftru- 
mcnt is principally ufed in Praftice, where the 
Fatigue of Computation is avoided as much as 

e)ffible, I fliali mew in what follows, how other 
ines may be put on the Sliding- Rule^ by which 
the laft Method for Ullaging a lying Calk wiJl be 
rendred very ready in Praftice ; foi' it is known 
by Method ift, now in ufe, there are no Icfs than 
three Operations for finding the Ullage of a ly- 
ing Cafk to be done on the Sliding-Rule ; Firfi 
you muft find the whole Contend ; Secondly^ the re- 
ferved Numbers by the Lines N and SL 5 and^ 
nirdfyj the Wage by the Lines A, B ; whereas, in 
that 1 am going to ofier, you'll have but two 
Operations. But I muft firft fhew how thefe Lindai 
are to be made. 

He Conftruftion and Ufe of a New Linc/(?r Ul- 
laging a Lying Cajk. 

in order to Ihew the Foundation of this Line,; 
we muft.obferve, that if S denote any Segment 
or Number in the Table at the End under the 
Letters Seg. and d be the Diameter of any Cylin- 
der, then d^yiS is the Area of a fimilar Segment 
of its Bafe in Inches. Alfb if L denote the Length 
of the Cylinder, whofc Diameter is i, then 

— ^^ — is the Meafure of a Slice thereof, parallel 
to the Axis in Ale Gallons, whofe End is fimilar 

to the Segment S ; or — — — is the Meafure 

of the fame in Wine Gallons \ call the Meafure M : 
* '^ " then 
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.men firft for Ale Gallons We have — ^g^ - sNt, 
br -g-xM=si*L. Whence this Proportion oii 

"the Lines C, D on the Sliding-Rulc, viz. ^*^* 

bn D^ k to L bn C, lb is d on D, to M on G. 
Whence *tis^^pparent^ if 282 was divided by cvc- 
Yy Number 6f our Table of Segmehts-^ niade to 
xooo verfed Sinieis, (inftead of 500) and half the 
Logarithms of the Quorients laid on a Line fuch 
as SL n6w is^ 6n theSliding-Rule, from the fanie 
Scale o!r equ&l E^tts that the Line marked N wis 
made froln, thence might the Ullage of any lying 
Caik be found i^ithout knowing the whole Con- 
tent, as now pradlifed ; for as the laft or Icaft 
Ihffumbet oh this new Line we are fpeaking of for 

Ale MeaTiii-e is -lli!i. = 18.95, fo nothing fur- 
.785398 ^^ ^ 

ther IS requifite after this Lihe iS, thade, but to 
bring the mean Diameter of any Caik on N, to 
18.95 on this new Lin^ (which would ftand where 
100 now is,) then, againft the Meaii wet or dry 
Inches on N, would Be arcJTerved Number oh the 
hew Lihe : And by iettihg this referred JfUmbetu 
on D, to the Length on C, then againft the man 
Diameter of the Calk on D, would Be the Ullage 
bn C, viz, what is draWn oUt, if you Ufed the 
mean dry Inches^ but what yet remains in, if you 
ufed the mean wet Inches : Where, by thfe tnean wet 
or dry Inches is to be liiidcrftocd, what remains af- 
ter half the JDiffercnce of the Bung and Mean Di- 
ameter is taken froni the wet or dfy Inches at the 
Bung. But I niuft be a little more explicit in 
this matter. It has already been obferved, the firft 
Kumber tdwards thfc right Hand bf this Line will 

R be 
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be i8,95, and the Point anfwering to it, the very 
fame with that anfwering to lOO now on the Line 
SL } it is alfo manifeft the Numbers on our Line 
will increafe towards the left Hand, or in a contra* 
ry Order to thofe on the Line N, in fuch manner, 
that the Number oppofite i, on the Line N, or 
againfl: its Beginning, will be nearly 460,584. 
The fame Obfervations fcrve alfo for the Line that 
IS to (hew Wine Meafure, only that Number on 
this at the right Hand will be iJ.iA-% and on the 
left Hand againft i on N wiU be a Divifion neat- 
ly anfwering to 416,87 ; but we may give a Rule 
for finding a Point on the Line N, againft which 
muft be the Divifion on the Line we want to con- 
ftruft, agreeing to any given Number. 

The Rule is tbis^ To make the Line for \^^ A 

Meafure dividc{359|05355Jby the Square of a- 

ny given Number 5 look for the Quotient in Mr. 
ji. Sbarph Table of Segments, and note down the 
verfed Sine belonging to it ; then againft that 
verfed Sine on the Line N (not drawn out) is the 
Point of Divifion on the new Line, belonging to 
the faid Number, whofe Square was the Divifor 
above. 

N. B. I chofe to refer to Sbarfs Table of Seg- 
ments, becaufe it is the largeft, and moft correet 
of any extant. ' But had this Table been made 
for a Circle whofe Diameter (and not its Area) is 

Unity,theninftead of theNumbers| 359,05 ^^-J 

above, we muft have taken | ^J^ I. I fhall juft 

five an Eicampleof this Method, let the Dimeii- 
ons be cxadly the fame with thofe inthclaft 
Example. 

Thcr 
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Therefore I fet 2 9.05 j the mean Diameter on 
N» ta 18.94 On SA \ then againft 10.52 the mean 
dry Inches on N, ought to be 33.14 on the new 
Line AL the referred Number. Again, I fet 
33.14, the refer ved Number on D, to 40, the 
Ijength of the Caflc on C ; then againft 29.05, 
the me^n Diameter on D, is 301.7 on C5 which 
is the Ullage required, as was found by Compu- 
tation. 

Hencci ffom what has been faid^ *tis moft e- 
Vident the third Method of tJllaging is by far pre- 
ferable td what is now praftifed, whether we re- 
gard' Truth, or Facility of Operation ; fo that I do 
not queftion but^ fome time or other, to find it 
generally praftifoi* 
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Of Gaugir^ Tum^ Backs, Coolers, &c. 

THE Veflels called Tuns are of various forts, 
fome having the Ends equal, others unequal 
but fimilar, others unequal and diflimilar, but in 
general their Sides are fireight, or fuch, that a 
right Line applied from the top to the bottom, 
touches the fame every where, and thefe are what 
I fliall principally confider in this place i for tho* 
irj fome Parts of England another fort, where the 
Sidfes are not ftreight, may occur, yet it is very* 
feldom, an(J when they do, what will be found in 
the next Chap, for Gauging Coppers and Stills^ will 
be fufficient for them alfo, the Theorems for Mea-^ 
furing all kinds of i?rdght-fidcd Tuns with paral- 

R 2 Icl 
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Icl Ends is hid down at Carol 5. Chap. 6, Pag. 
192, 193. fo that all that remains in this Place is 
but to give the Solutions in Words. 

In order to which, we muft explain the Meaning 
of fome Terms ufed herein. 

Definition i. When the Bottom of any Tun is 
parallel to the Horizon, or exaftly level, it is cal- 
led an upright 7un^ but othcrwife, an inclined 
one. 

2. What Liquor is required juft to cover every 
Part of the Bottom of an inclined Tun, is called 
the Drip. 

Or if a Plane be fuppofed drawn through the ^ 
higheft Point of the Bottom of an inclined Tun, 
parallel to the Horizon, that part of the Tun con* 
tained between the bottom and horizontal Plane^ 
is the Drip thereof. 

3. That horizontal Plane that juft touches the 
higheft Point of the Bottom of an inclined Tun, 
is called the horizontal Bafe^ jhd another that 
would juft touch the loweft Point of the top or 
other end, the horizontal End. 

Thus, (JFig^ 68.) Atf being an inclined Tun^ 
where A is the higheft Point of the Bottom, a the 
loweft Point of the Top, and AL, tf/, two hori* 
zontal Pljcnes drawn thro* A'j, then AL is the ho- 
rizontal Bafe, and a I the horizontal End. 

4. If from /any Point in the horizontal End 
a Perpendicular be let fall on the horis^ntal Bafe, 
viz. I P, it is called the Height of the Tun. 

5. The Ends of Tuns are faid to be parallely-po^ 
fitedy when the Sides (if Redangles) or Axis (if 

Ellipfes) of one End, are parallel to thofe of the 
other, viz. either when the longeft Side, or Axis 
of the one End, is parallel to the longeft or 
Ihorteft Side of the other End. 

6, 
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6. If a parallely-pofited Tun is cut thro* th^ 
middle of both its Ends by a Plane that is paral- 
lel to the Sides when they are Reftanglcs, or pafr 
fing thro* the Axis when Ellipfcs, the Seftion of 
this Plane, with the Ends^ arc called the Lengths 
or Breadths of both the Ends refpeftively ; that 
is, if its Seftion with one End is called the Breadth 
thereof, then its Seftidn with the other End is cal- 
led the Breadth oi thziT£xid alfo •, and this tho^ it 
ihould be longer than the other Dimenfion of that 
End. 

I was neceflitated to introduce thefe Names for 
the fake of Brevity, for it is common to call the 
longeft Side of every Redangle the Lengthy and 
the flibrteft the Breadth ; but then we muft have 
augmented the Number of Propofitions in this Sec- 
tion, to prevent Confufion ; whereas from hence 
w^ can comprehend all the Cafes in one. 

Pr o p. I. 

^e, Lengths and Breadths of the Ends of an upright 
parallely-pofited Tun^ as alfo its Height^ being 
given y to find the Meafure in Gallons. 

Solution. 

To twice the Length of the Top, add the 
Length of the Bottom ; multiply the Sum by the 
Breadth at the Top, and call the Produft the firfi 
Number ; alfo to twice the J^ength of the Bottom, 
add the Length of the Top ; multiply the Sum by 
the Breadth at the Bottom, call the Produft the 
fecond Number ; add thefe two Produfts together, 
and multiply the Sum by the Height of the Fru- 
ftum, call that Produfb the third Number ; then 

if die Ends are circular or EUipfes for | ^f j 

R 3 multi- 
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multiply the third Number by [;oSp56t7} ^^ 

divide it by {^ylJ'JI the Produd or Qgotien^ 

will ihcw the Meafure fought . 

But if the Ends are Reftangfcs, the third Num- 
ber multipUcdby |;^^fj^} or divided by 

{ 1^86 V^^ Produft or Quotjeht will be the Mea- 
fure fought in Ale or Wine, as above. 

This Rule is general forinieafuring any upright 
parallely-pofited Tun, 'v^hethcr the Ends are Qfr 
cles. Squares, £llipfes» Redangles, Equal or Un>>- 
cqual and fimilarly pofited (as fome e:sipref& then]- 
felves) or not 5 I flialJ inftanccjirirwo of the Hvoft. 
difficult Cafes. 

Example the Firfi \ There is a Tun 'EPgb (%. 
6y.) wofe Ends are Reftangles, 

and the Height 30 Inches, whofe Content is re* 
quired in Ale Gallons, 

Operation. 
Twice the Length of the Top (68 x 2) = 1 36 
The Length at the Bpttoni - - == 100, 

Their Sum - - - = 236 

Multiplied by the Breadth at Top t=" 85 

1180 
i888 



Gives thtfirji Number * - = 20060 

■■' '■ -' ""^ ' Twice. 
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BroH^bt over = 20060 

Twke ilifi Length the Bottom - = 200 
The Length at the Bottom ^ =68 



Their Sum - - - - 268 

Multi|^d by the Breadth at bottom = 80 

Gives thtfuMd Nuwhcr • =2 1440 



The Sum .of the ift and id Numb. = 41500 
^bAxxli. \fY the Height of the Tun == 30 



Gvrss^ third Number - «.- 1245000 

TWs Biult.t>y ,000591 {invert.) - 195000,0 

' _ 

622500 
112050 

1245 



• ^ 



Gives ihelMeaf. of the Tufl inJle Gal. =r 735.795 
. Id _this JExaniple, the longeft Side of one* End 
was pttt c^pofuc the lhor4eft Side of the other: 
l^vdy but in that which follows, I ^ail fuppofe 
the Jongeft and Ihorteft Side of one End refpec- 
tiveiy, oppofite the longeft and ihorteft of the 
other. 

Example 2. Let A b (Fig. 6y.) be an upright 
parallelly-pofited Tun, whofe Ends are Ellipfes, 
its Height being 30 Inches as before ; and 

Twice the Length of the Top - = 1 84 
The Length of the Bottom - = 148. 

Tlwir Sum • - - • = 33^ 

R 4 Mul- 
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Brougbtaver = 332 
Multiplied by the Breadth qf dip Top = 72 " 

664 
2324 

■ ■■ .1 ^ . ' . ' u 
Gives theJJj!^ Number - - = 23904 



Twice the Length of the Bottom = 296 
The Length of th? Top •: - ar 92 



Their Sum = 38* 

Mult, by the Brqidth pf the Bottom - 96 



2328 
349^ 



Givtt thtficond Number - = 37^48: 



The Sum of the i/and 2d Nu^pb- ;?= ^,^^5^ 
Multiplied by the Height - - = 36 



Gfives the ibird Number - 1 834560, . . . 

This multip.by 000,4642 (inv.) = 2464000,0 

1 10074; 

7338 
367 



Gives the Content in MeGattms = 851,603 

And from hence the Reader cannot be at a lofs to 
obtain the Mcafiireof any of thefe Tuns when full, 
or even part empty, by taking the Dimenfions of 
the Tun at the Liquor's Surfa^, 

But 
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But as it would be troublefome always to go 
through with tl^e Computation above, and which 
indeed, properly fpeaking, is only fitted for a Tun 
that is full, it is cbpimon in Practice to h^ve the 
Content of Veflels of this kind for every Inch of 
their Depth, regiftered at the Office \ fo t^at the 
OiBcer has no more to do, but to take the wet 
or dry Inches ; and then from fuch a Table he has 
the Liquor in any of them. Hence it is ncccflkry, 
to Ihew the Method of finding the Content of any 
"Part of thefe Tuns, ufually called inching a Tun ; 
ivhich may be performed by the following Propo-i 
fition. 

Prop. II. 

^e Lengths and jj^readths of the Ends of any up^ 
right and parallfly-pofited Tun^ together with its 
Height being given j ti find the Content a^eeing 
to any Number of wet or dry Inches. 

Solution. 

Multiply the wet Inches by the Length of the 
Top, and the dry Inches by the Length of the 
Bottom, the Sum qf thefe Produfts divided by 
the Height of the Tun, is the Length of the Li- 

auor's Surface. Alfo, multiply the wet Inches by 
le Breadth of the Top, and the dry Inches by 
the Breadth at Bottom, the Sum of thefe Produfts 
divided by the whole Height of the Tun, is the 
Breadth of the Liquor's Silrface. Thus having 
got the Length and Breadth of the Liquor's Sur- 
face, take thofe of the Top or Bottom, and by 
the preceding -Propofition find the Content of the 
upper or lower Fruftum 5 remembring if you ufe 
the Lengths and Breadths of the Top with thofe 
pfthe Liquor's Surface, you muft alio ufe the dry 

Inches, 
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IncheSf and the Refult will (hew what the Tun 
wMts of being full ; but if you ufe the I.xngthsi 
and Breadths of the Bottom with thofe of the Li- 
quidH Surface, you muft alfo ufe the wet Inches 
tor the Height, and then the Refult will be what 
Uquor remains in the Tun. 

C^ol |. Hence by fuppofing i, 2, 3, 4, &c. 
far the dry Inches, and diefe fubftrafbed from the 
^hole Height the wet Inches, you may by this 
Rule inch any ftrejght-fided Tun, vibofc Ends are 
parallely-pouced, be they round, fquare, elliptical,, 
cir re£bngulat, fimilar or diffimilar. 

CoroL 2. But from the Forms of thefe Tuns, it 
IS evident the feveral Lengths are equidifFcrent, 
and fo are the Breadths j fo that one of each from 
the Top or Bottom beiijg found, you'll from 
thence have their common Difference, yfhkh con- 
tinually added to, or fubftraftcd from the prece-. 
ding one, as the Cafe requires, will give the fuc-. 
ceeding ones. 

Examp. Let there be an upright parallely-pofi- 
ted Tun, whofc Ends are Ellipfes, the Length at 

Inches, and the whole Depth 12 Inches, to find 
the Length and Breadth at i Inch from the Top. 

Operation. 

The wet Inches multiplied by ^^^^ I j i y 5^--./^^ ^. 

Length at Top, viz. - 3 5 7 5 

The dry Inches multiplied by the 1 , . ^ , ,^ , ,^ 

Length at Bottom,^^/2. '. {1x11 0=110 

Their Sum is - • • ==^25^ 



Which divided by 12, thewholpJ ^, 

Height, gives - - I ^ 



There- 
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Therefore 68| — 65=53^ the common pifference. 
pf all the Lengths. 

Alfo the wet Inches mult, by i- , ^ /-^ ^,_ 
the Breadth at Top, wz.r'^^^- = ^^^ 



the Breadth at Top, viz. 

byr 
the Breadth M Bottom, viz. S 



The dry Inches muliiplicd by ; ^ ^ ^^^ ^ ^ ^^ 



ThwSumi^ - -. • =c 760 



Divided by la, the whok Depth* gi\«s x= 634- 
Therefore ^34^-^-^0=34 the<x>mmofh Diflf^^ 
of all the Breadths. 

Oty If the Difference of the Lengths at Top and 
Bottom, viz. ;io — 65=45, had been divided by 
12, the whole Depth, the Quotient (^^^ i% mt. 
l>tfference of all the Lengths 4 a«id the ph(&renoe 
of the Breadth at Top and Bottom^ wz. ^iidq--'^. 
3=40 divided by i^, gives 34 for the Di&renoo 
pf all the Breadths, as found beftwe. Therefore 3^ 
a^id.to 65^ and to the Sum continnafly, gives all 
the Lengths, a& in i^e ai/Cblumn of the following 
TabJe ; and 34 added to 60, .and to the Sum conti- 
nuaUy<, gives ail the Bread^s a;s.in the.3^Column^ 

CproL 3. We may alfo give a Rule for compu- 
ting the Contents belonging/ to the fcveral wet or 
dry Inches, from having three contiguous Con^ 
tents given, which renders the inching of thefe 
ilreijght-fided Tuns exceeding eafy. 

Rule. Let each of the three contiguous Con- 
tents be divided by its dry Inches, and the fccond' 
Quotient taken from the third ; then if three times 
the Remainder be added to the firft Quotient, and 
the Sum multiplied by the dry Inches belonging to 
the Content required, the Produd: will be that 
Content. 

We will illuftrate this in inching the Tun men:^ 
tion*d in the laft Example 5 and in tjie firft place 
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we muftfind (by Prop, i.) the Contents belonging 
to the three firft diy Inches, the Operation for 
them is thus, viz^ for the 

^ y^S X 2+68:^ X 60^.684 x 2+65 x 6^^^^ 
> gTjT^j = II A^ ^^AU Gallons. 
e»5x 2+72i X 6o4-72tX 2^-65 x 664^ 



2</. i 

3^ I 



6 x359,0s = 2^.1766 Ale Gall. 



65 X 2 4. 76^x604- 764 X 24-^5 X 70^ X 

And thefe three Terms being found, will ferve to 
find all the reft without purfuing the above Ope« 
rations any further ; for call (he firfl: A, the fe. 
cond B, the third C, and the reft in order D, E, 
F, G, (^c. then by the laft Rule we have 

^ -A =-^'=^ 

D = -7 + 3x — — I X 4=54,0305 



E=~+3X- jx 5=71*1355 



r t 






^?< 



r 



: 89,8 1 87 



3 

•1. 






And after this manner the Numbers in tht^b Qot 
l«mn of the following Table were computed. Each 
of which taken from 238,0595, the whole Con* 
^pnt of the Tun leaves thofe in the 5th Column. 



V[be 
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^be Tablatuhe/tt Inching an upright andpa-^ 
ralelly-pofited Tun^ whofe Ends art Ellipfes. 



M 


r 


P 




^i 




f 


I 


S- 


•^f 









^5 


60 





^3^*9595 


12 


I 


68^ 


634 


11,4884 


i27A7^i. 


II 


2 


^l^ 


66^ 


24,2766 


214,6829 


10 


3 


7^i 


70 


38,4340 


200,5255 


9 


4 


80 


734 


54.0305 


184,9290 


8 


5 


83^ 


764 


7^y^355 


167,8240 


7 


6 


B7i 


80 


89,8187 


149,1408 


6 


7 


9»T 


834 


110,1497 


128,8098 


5 


8 


95 


86* 


132,1982 


106,7613 


4 


9 


9H 


90 


15^.0338 


82,9257 


3 


10 


1024 


934 


181,7262 


57*2333 


2 


II 


io6i 


964 


209,3446 


29,6147 


I 



12 no 1 


100 


238,9595 






The Ufe of this Table b evident by Infpeftion ; 
for fuppofe we ihould come to the above Tun, and 
find 7 wet, or 5 dry Inches, then to find what 
Liquor is taken out or yet remains in the fame, 'tis 
but looking for 7 in the laft Column, or 5 in the 
firft, and oppofite either in the 4th is 71,1355, 
what the Tun wants of being fiill, and in the 5th 
Column is 167,8240 what Liquor is in the fame, 

Corol. 4. But fincc Tuns generally are. made to 
lean a little, and alfo have a certain Point &tt for 
raking the wet or dry Inches from, caird the Dip" 
ping'PlacCj which is commonly fo taken, as to 
be the eafieft come at •, we muft fhew how thefe 
Tuns are to be inched, and a Table made thereof } 
in order to which, and for the fake of Brevity, 

wc 
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wc fluU refer to Fig. 68. where AL a I are the 
horizontal Ends of the inclin'd Tui> A a^ and 
their Diftance, Or the Height thereof, / P ; then 
by the prececding, Method, the Part AL. a I be- 
ing inch'd and a Tabic made, of the fame, as has 
been Ihewn already^ let the Meafiirc of the Hoof 
*jr Drip ALB be found, by the general Prop. pag. 
%J2. and its Corollaries \ orotherwifej alfo from the 
alTxgn'd Dipping- place, take the wet Inches be- 
longfaig the Drip, then if this is added to all 
the wet Inches of AL / a*, reckoning from the he- 
rizontai Bafe AL^ yduMl hare the wet Inches for 
the iaciin*d Tun, alfo the Meafare of the Drip ad- 
ded to each of the Meafures in the 5th Column 
will be the Contents of thofe wet Inches. Then 
thefe federal Contents taken from the whole Con- 
tent of the Tun, contained betwixt the real Bafe 
AB, and Horizontal End a /, will lelare the Con*' 
tents <rf the dry Part, wanting the Hoof at 
Top ; and the wet Inches taken from the whole 
Dip, from the Dipping-place to die Bottom of the 
Tun, will leave the Dry Inches correfponding. 

To iiluftrate what has been faid, let Fig. 58. be 
a Tun whofe horizontal Ends AL^ a /, are the 
fame with that we ha\re inch'd above ; its Height 
being / P3=:i2 Inches; alfo let the Dipping-place 
be at D, and the whole Dip Df=:i5 Inches 5 of 
which fuppofe that Pirt betwixt p and the hori- 
zontal Bottom is 2 Inches, and the Meafure of the 
Drip 15 Gallons ; then by the above Method we 
haVe the following Tablci 



ttf 
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1 


1 


J? 




1 
i 


I 


65 


60 





^53^9595 


14 


2 


68^ 


634 


11,4884 


242,4711 


»3 


3 


72\ 


66^ 


24,2766 


229,6829 


12 


4 


7^ 


70. 


38.4340 


^15.5255 


II 


5 


80 


734 


54,0305 


199,9290 


10 


6 


m 


764 


7^y^3S5 


182,8240 


9 


7 


874 


80 


89,8187 


164,1408 


S 


8 


9'T 


834 


110,1497 


143,8098 


7 


9 


95 


S6^ 


132,1982 


121,7613 


6 


10 


9H 


90 


i56>0338 


97^9^57 


5 


II 


1024- 


934 


181,7262 


7^y^333 


4 


12 
13 


1064 


964 


209,3448 


44,6147 


3J 


no 


100 


^3^^9595 


15 2| 



This Mfethod feema to me more natural than 
that now pradbifed, where fomething is generally 
to be added or fubftraded, as is exprefled in the 
Dipping-place : for here by entring the Table 
with any dry or wet Inches (taken at the Dipping- 
place) in the firft or laft Column, then in the 4/A 
and sfb you have what is wanting to fill the Tun 
as it then ftands, and what is then in the fame^ 
and this diredlly without being troubled to add or 
fubftraa at all. 

Sc H O L I tJ M I. 

The Quantity of the Drip is commonly found 
In meafuringas much Water, as will juft cover the 
Boctom, and then alfb an Account may be taken 
of the Heights to which the Liquor rifes, in pour- 
ing in every Gallon, fo as to be able to tell how 
much is in when the Bottom is not cgvcr'd j for in 

all 
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all other cafes if the Depth or bip is hoc ah cxz/St 
Number of Inches, you may find ho\7 muck is to 
be added or fubftradted from the tabular NamlDer 
by Proportioh. Thus ih the laft Example^ fUp- 
pofe we (hould find at any tin)e the wet Inches 
2, 2, take the Content for 7 wet Inches from that 
lor 8, dnd there remains 15,6650 5 then fay if i 
pves 15,6056, ,i willjgive3ii2ioo,and fo much 
is to be added to 157,9246, which gives 176,945^ 
nearly the Content beloii^'ng 7,2 wet Inches, 

We have obfcrved, if the Bottom of the Tun is 
even, and alfo the Tun it felf the Fruftum of any 
Pyramid or Cone, the Quantity of the Drip may 
be computed by the Theorem, Page 1 74. and its 
Corollaries : but ftnce the Inclination is common- 
ly but fthall, half the Meafure of the Fruftum 
ABML, (where ML is parallel to ABO ^^Y he 
taken for the Meafure of the Drip ; for tho' that 
will always be a little different from Truth, un- 
kfs in prifmatic dr cylihdrlc Tuns, or Coolers, yd 
khe Error will ttot be of any Conftqiience In 
Pradicc. 

Scholium II; 

Back^i or Coolers, whofe Sides are comnfionlj^ 
iat Right Angles to their Bottoms, Which are al^ 
ways very broad in refpeft of their Height, that 
fo the Liquor put into tHerhi may the fooner 
cool ; I fay thefc Veffels are not only ihch'di but 
the Content found to every tenth of an Inch, 
which is called tentbing a Back ; in order i(^ 
i<f hich, the exaft Depth of the Veffel fnuft be 
found, for the Bottoms being very broad, arc 
very pfcen uneven, and thence the Depths taken ^t 
different Places muft be different, a fmill Error 
in which would produce a confiderable one in tht 
Content: Therefore to find the true Depth,^or 

Dip 
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Dip of a Back, or CoOlef , let any Number of 
Dips be taken, and all added together, then the 
Sum divided by the Number of Dips, will be the 
true Dip ; after which you muft try round the 
Veflel, till you find a Place where the Dip is e- 
qual to that you bfefore found for the mean Dip, 
which muft be markM for the Dipping-place. But 
this may be aflumed any where, for 'tis biit mark^ 
ing how much the Dip taken there, difiers from 
the mean Dip, and noting the Difierence thus, 
let the nlean Dip of any &ack b^ 5 Inches, and by 
dipping at the aflumed place, fuppofe we fhould 
finu 5,5 for the Dip there, thence 'tis evident, 5 
muft be taken from all the wet Dips, and it may be 
noted down thus D— ,5 ; but had the Dip there 
been found 2^,5, which is 5 lefs than the mean Dip,; 
then the Dipping-place muft be mark'd D-f-,5. i 

The Dipping-place and mean Dip being founds ( 
dnd marjc'd as above, we ihall next ihew how ^ 
the fameJ is to be tenth'd ; in the firft place, let 
the Area of the Top or Bottom, be found by fome 
of the preceding Propofitions, then this divided 
by 282, will (hew how many Gallons the Back 
holds at i Inch depth, one tenth of which will be 
what it holds at -^th of an Inch depth ; thi^ 
doubled, tripled, quadrupled, f^r. will be the 
Contents at -^th, -Aths, -^ths, -Arths, 6?r. of 
an Ipch (Sf its Depth ; and by repeating this Ope- 
ration, 'till you have multiplied the Content at 
^th of an int\k in depth by the mean Dip, you'll 
obtain a Table, of the Contents of the whole Back 
for every tenth of an Inch of its Depth, the laft 
of which will be the whole Content of the Veflcl. 

For Example^ Let there be a Back refembling 
a Parallelopipedon, whofe Length is 140 Inches, 
Breadth 120 Ii^ches, and let the Depths taken at 

S ten 
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ten difiereiit Places oroTs^wsys^ be as in the 
Margitit where the Sunk is 48^9^ this di« 
vidcd by 10, the Number of Dips, cm* which 
is here the fame things removing the decio- 
mal Point one place towards the left Hand^ 
gjlves 4,89 for the Jticaa Depth. 

Next to tenth the {kfne» becouie die Bafe 
of tluif Back is a Redbangie 140x12022 
16800 js the Area therdDf in Inches^ Which 
divided by 282, girea 59,57451^ fiir the 
Content in Gallons ; at I Inch depth there^ 
fore 5,95745 is the Content at -nsth of an 
Inch det^ ; and this reduced into BarreUi 
fl. f, J. Gail. 
Firkins and Gallons, is o, o, 5,95745 1 $ Gai* 
Ions being i Firkin^ and 4 Firkins i BaotrreL 
'This fet down in the following Manner, viT^t 



4,8 
5 

4,6 

4f9 
4»5 
4.7 

4>9 
4S,9 



i 


D^h 


. *. Conttnt in 


i 

J 

i 

1 


,1 - 
,2 - 

»3 - 

,4 - 

:i: 

,7 - 

.« - 

»9 - 
1,0 - 


•■ i 5.95745 
0:1: 3^1490 
6:4: 1,87235 
0:2: 7,82980 

• 3 • 5^7^7'i-S 
1:0: 3,74470 
1:1: 1,70215 

1 « I : 7,65^60 
t : «, : 5,61705 
t : 3 ' 3.57450 


■ 


4.89 - 


9 ' : 3,31936' 



And multiplied by 2, 3, 4, 5, (fc. to ic, giveS 
the Contents of this Back for every tcntfi of an 
Inch in Depth, which is fufficient for Ufe, fo wcf 
havte only to the centhing for an Inch, added 

the 



Jibe wiiole Contenr; which is fband by nluitiply^ 
ing the iafl: Numlierhy the mean Depth 4^89. 

Anid this will be fufikjent for Backs whdp 
lBn^9 are egual iiaiiil^ Figure3» ^<i their ^des 
iiceight 5 but fliopl^ they be odierwife, ^ris nccel^ 
lary to find the 'Content for every Inch of the 
I^epth^ by taking the Dimenfions in the Middle 
of every one of them^ after which you may proi 

ceed as abovc^ only the Operationi or the Num- 
*ber that is to be multiplied by 2, 3, 4, 5, g^ 

&?r. will be different for every Inch of Depths 

but the Minuet is tHe fame in all. - 

Of Gauging MALTi 

In making Malt they ufe a Ciftern, Cbuch and 
Flboir, each of which is generally in the Shape of 
a Parallelopipedon, fo that if the Area of the Bafe 
jcrfaoy ^of them in Inches be^mult^Hgd -by thp 
Pqjth of the MaJt, (in ;;Iie lame Meifarei) you 
-will >have the Quantity of .Malt in cubic inchcsj, 
^pd this divided by ij 50,42^ , or multiplied by 
^OQCVjr^^ii the Quotient, or Pro^uft will be th<gi 
jyteaiurc of the fame \n l^uinels. But ^e mufl: ob^ 
4erve that Nialt being a ,dry Spbftance, does^qt 
Jikc what is Liqui4» f^ni a Plane ^t t% Top, pa7 
J:a[Uel to thci Horizon, fo.thut ^tis the Ofi^cer!s bufi- 
40^fs tocfcimine carefully if the Mal;fter has 1^^ 
his JXJ^lt^ven 5 if not^ he muft{cbnfi<;ier tvh^t is 19' 
i)e gljowM for the Irregularity : Now the Method 
t9 dp thart, is ri>e ianie with what we ga?<re befbrp 
icf taking the mejan t)cpth gf a (Cooler, which^ 
by taking a fofficiept Number of Jjepths cirofsf 
way^, jai>d at each Angle of the Figure form'd 
.ther^iby, for then the )Si^»i of all thp 'Depths di- 
vided by their Nmkcr^ will give xi\^ naan Ileptl^ 

S a oic 
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or fuch aohc^ that the Area of the Bafc being mul* 
tiplicd thereby, and that by ,0004^51, this laft 
Pro^^uft will give the Quantity of Malt in BuHiels. 
How this may be effcfted by the Slidihg-Rule, 
lias been fufficicntly explained before, {Pag. 52, 
53« 54* 55*) fo that it would be needlefs to iafift- 
any longer on it in this Place. 
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Of Gauging Coppere, Stills, and Curve-fidcd 

Tuns. 

1, Sri Gauge a Copper which is Broadeft at ^ap. 
Sec Fig, 69. 

RuUTT^Pl K E Crofi-Diameters, that is, two per^ 
j^ pendicular to each other, at the Top 
(AB) at the Bottom {q y, where a Plane would juft 
touch H, the Vertex of the Crown) and alfo o- 
thers (at K) exaftly in the middle betwixt the 
Top ( AB ) and Bottom ( j j ). Then add the 
Produft of the Top-Diameters, the Prpduft of 
the Bottom-Diameters, and four times the Pro- 
duffc of the Middle-Diameters together, let thiis 
Sum be multiplied by (GHj viz. the Height of 
the Copper from* its Top (G,; to the Vertex of 
the Crown (H,^ and that by ,6604642, or divide 
it by 2114,32, the Product, or Quotient will be 
jhe Meafure of the Copper, all but what is re- 
quired to cover the Crown ; and this muft be 
found by Ineafuring in Water : then this added to 
the former, will ftiew the Quantity of Liquor the 
faid Copper will hold. 

11. 
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II. ^ofneafure a Slill, or Copper^ when the Top 
is not tbi Broaiejt. (Fig. 70.) 

Rule. Sgppofethe fame divided into two Fru- 
ftums, by 4 Plane paffing thro^ the broadeft Pare 
(LLJ and let each of thefe Fruftums be mea- 
furcd bylhe laft Rule, then the Liquor required 
tp cover t;he trowq being added to the Sum of 
the Meafurcs gf the two !• ruftums will be the Mca- 
fqre of (he Copper or Scill propofed. 

This Solution is deduced from Corol, 4. to 
Prop. 6. pag. 191. But if the Veffel is very large, 
you may divide the Diftance betwixt the Top 
aiid moft bulging Part, as alfo that betwixt the 
Bottom and moft bulging Part ihto 2, 3, or 
more equal Parts, and. take Crofs- Diameters at 
each Point, then find the Meafure by ufingtbe- 
Theorem ftanding ^cainft 4 or 5 Ordinates, Pa^e^ 
187. but the Rules af)ovie will be found generally 
iufficient for gau|ging any Still, Copper, or Curve-* 
fided Tun to be met with in Prafticc, therefore 
we fliall proceed to illqftrate them by Ej^mpfes. 

fyamp. I. Let ABCD {Fig. 69O be a Copper 
broadeft at the Top, whofe Height from the Top 
G, to the Vertex of the Crown H is 36 Inches, 
and let the Point K be taken cxaftly in the Mid- 
dle betwixt G and H 5 and fuppofe the Crofs-Diji- 

fHi . rixo,oi f iii»oi 
metersatjK fbe-j ii3,Ofand<ii4,o> then for 

CG 3 Cii(S,oJ f 115*5^ 
this Copper we have the followiAg .Operation, 
TheReftangle of the Top-Dia-> \ qS o 

meters, viz. 116x115,5 = 5 ^339v» 
The Redangle of the Bottom- 1 122100 

Diamet. viz. 1 1 o x 1 1 1 = > ^* 

4 Times the Reftang. of the Mid. I -. 

Diam, wz. iijx II 4 X4 := J ^^^ * 
TiieirSum . - - - 77136,0 

S i Mul. 
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Multiplied t^y the ^eigl^t 



dives i - -; - 
Arid this by ,000^^642 {mv^ - 



tki(Qnght nmer 77136,0 



36 



462816 
231408 



} 



Give? the Meafurt bf the Part 

AByj in yf/^ Gallofis 

To which add the Liquor re- J 

" quiry to cover the Crown - J 



2776896 
2464000,0 

1^187584 



And you*n have the Content of > ^ 

the whole Copper, -y/^:, . J n^7^os5^ 
Ex4fnp. n. Let ABCD {Fig. 7a) be a Tun' 
where the greateft Bulge i$ nor at the Top A% 
b^t lower down as at LL, and \^ the whole 
Height GH hp 36 Inches, as before ; of which 
the Diftance of the Bulge LL, viz. G6 ijs 15; 
Inches, and confequently OH=:2i Inches, alfo let 
the Points KK' be taken fri the middle betwixt 
the Points GO ahd OH, and Crofs-rDianieter ta- 
ken at the points G, K, O, K', H, which fuppofe 
jis .here under ; viz. let the Crofi- Diameters^ 



then iot this Turf 




we have the fpUowing 



9??^ 
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OPERAtlDK.. 

TfheRcftangle of the Top-Dia-l 
meters, viz, 80,5x808 = J 

The ReAan. of the greateft Bulge- 1 
THameters, viz. 89 x 89,5 = J 

4 Times the Re&ang. of the Mid. > 
Diam. at K, viz. 85,5x8!5x4x:S' 

Their Sum ^ . . . 
Mdtit)lied by the Height 



And this by 90004642 



Qives the Meafureof Part ABLL ] 
in Ale Galloas ^ - I 

Again, 

The Re£bnglc of the Bociom-Di- > 

ameterS) viz. 63x8^,$ c - 1 

Thi:ReAan.of thegre;neft Bulge- 1 

DJkiqeterSyt^. 89K£^5 ea > 

4 Times the Redang. :of 1^ Mid. 1 

Diam. at K'^viz. j6y5x^7,X42c) 

Their $um j *\ - 

S4 



6504,4 
79^S>5- 

43881,9 

2194095 
438819 

658228,5 
2464000,6 

26329 

79^S*S 
30102,0 



(►*- 



4499« 



MxU 
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Brought over 44998 
Multiplied by the Height i- - 21 

44598 



9449581OO 
Ami this by ,0904642 (JnvexUi) 2464000,0 

377985 

5.6697 

3780 

^80 



Give5 the Meafurc of Fart CDLL 1 ,,« r,^ 

' i'a Ale Gillons - - I 4^8,649 

To which add thd Mq^furc of the l ^^^'. 

Part ABLL . . : \ 305>54 

Then addthi Liquor required toj 

cover the Crown - - 3 ^ 



And you'll have the Content of (hei ^.m « 
whole Tun in Ale-Gallons - \ 77^i»9 

Examp. 3. Let ABCD (%. 71.) be a Still 
where the greatieft Bulge is at LL, and let the 
whole Height GH be 42,8 Inches,, of which the 
Diftance of the Bulge LL, v/5:. GO is 22,3 Inches, 
and confeguently QH3X2o,5 Inches ; s^lfo^ let the 
Points K, K^ he taken in tl^e Middle betwixt the 
Points GO, and OH, and Crofs-Diameters taken 
at the Points G,^K, 6, K', H> which fuppofe as 
below, viz. let the Crpfe IXaraetcrs 




»then for this Still 
we have thcfpllowing 0^5*: 
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The Rcaacn^ of the Top Diam,l 
wz.^l X 21 = . - - J 

The Redan, of the Diameters of the ) 
greateft Bulge, viz. 47,8 x 47»3= > 

4 Times the Rcftangleof the Mid. I 
Diams. atK,' Wz. 4§,4x 46 x 4 = 3 

Their Sum ' - - . ', 
Multiplied bf the Height 



441 

2260,94 

"055.54- 
22,3 

" ■■ ■ ■ ■ ' ■ ■■■> 

3316662 

2a|iioS 



Gives the Mc^ur? of J?art ABLL * 246538,542 



Again, 

The Rcftangle of the Bottom Dla- \ 
meters, viz. 43,5 x 44 ==? J 

TheRedkan. of the Diameters of the! 
greateft Bulge, viz. 47,8 X47> 3 = > 

4 Times the Rectangle of the Mid. ) 

47x4== 5 



Diameters, viz. 4^Xi 

Their Sum - 

JMultiplied by the* Height 



«9H 
9260,94 

13010,94 
20,5 

I . 11 

6505470 
2602188 



- 266724,270 
246538.542 



513262,812 
This 
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Brought aver 513262,812 
This multiplied hy 0005666 {inv.y 6065000,0 

ti> 

30796 
308 



290,814 



!J^eft a^d the Liquor required to 1 
cc^Yer the Crown - • J 7r5 



Apd yotfU have the Content of the I «^q ^ • 
wWeStUl in Wine Gallons • J ^^^^^SH 

The Rate made ufe of (in or about hmdon) for 
gauging Stills, is to meafure the globical Fruftum^ 
of Part, from theNails to the Top, as by Rule 3. at 
Tage 132. foregoing; and then the Body, or rc-r 
maining Part, by takhig Crofs-Diameters at the 
Middle of cv^ry 6,' 8, or K) Inches: from thencr 
theif corrcfponding Areas are found, and muki- 
ply*d into their rcfpeftivc Depths, will give as ma* 
riy Gylii!klers, as are the Numbers of Dknneters ta-r 
ken ; the Sum of which Cylinders, added to the 
globical Frufttim above, and the liquor requited 
to xover the Crown, will give the Content of the 
Still required. 

Aifor Example^ Let ABCD {^fs^Fig. 71.) be a 
StilU whofc Depth GH is 42,8, andGK=7,3, 
confequcmly KH will be 35,5, and their refpec- 
tive middle Crois-Diaiheters^ follows. 



Op£- 
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Thi$ Rule for the globular Part holds true in i» 
e^, except when the lower Diameter is the Di- 
atneter of the generating Circle, which wasjuftly 
remarked to me fome tin>c ago, by my ingeni- 
ous Friend Mr. Geo, Fowel^ who has had many 

Years 
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Years Experience in furvcying the Diftilleiy, and 
is wen ikill'd in thefe kind of Specijlacions, and 
has clearly d^monftraced, if four times the Square 
of the Altitude be nbt equal to the Pifference of 
the Squares of the Diameters, (which he fays he 
never yet found) the great/eft Diameter wHI not be 
that of the Sphere. 

I (halt here fubjoin his Demonftration, for the 
Satisfaction of thofe chiefly, wko are concerned in 
that Branch of the Revenue, and have fo much 
CurtoHty as to know the true Ret^fon of what fo 
^ frequently occurs, and wouM not rely too much 
upon the Force of Cuftom, and take things for 
granted upon an implicit Belief only, when there 
is to be had moft evident and indutntable Prin^ 
ciples from Geometry, to found a certain Theo- 
ry upon. * 

Scholium I. 

Tp inch down curot-ftdtd Figures^ as Stillsy &c» re- 
prefenting the Frujium of a Sphere^ objerve the 
following Articles. 

I. As eight times the- Height of the proofed 
Fruftum, in Inches, is :to th^ Sum of its Bafe and 
Top-Diameters, fo is the Difference of thofe DjV-' 
meters to a fourth Number ; from which Num- 
ber increafed by one Inch, take half the (aid 
Heiglir, and' multiply the Remainder by. ,0272, 
refer ving the Produft. 

II. Multiply Che Square of half the Bafc,- or 
greater Diartietcr, by ,0136, and from the Pro- 
duct mcreafed by ,0090666, 6fr.: take half the 
— ■ I ■ t»^ ■» I . ..- . .■■ » il l . ■ ■ »■ ■■ » ' ■ II, .- 

• Fig. 7. Pkie^. Let AB*. greater Diameter, EK the 

refler, and DC « Height; then 111. _ £il = DC*,, tikat 

i/rAR*— EK*=4DC*. ^E.O^ [ ^ 

refcrved 
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refervcd Produd, the Remainder will be th* Wine 
Gallons at i Inch deep, which alfo referve. 

III. To the refervcd Produa found by Arricle 
I. add ,0272, and to that Sum add alia ,0272, 
and to this laft Sum ,0272, and fo on continually^, 
tin the Number of Additions^ or Sums thus founds 
arc equal to the Number of Inches in the Height 
of the Fruftum leffen'd by twQ. 

IV. From the rcferved Remainder take the re- 
fer ved Produft, and from the Remainder tbus^a- 
rifing, take the firft of the faid Sums (mentioftfd 
in Article II f.) and from the next Remairtder the 
iccond of thofe Sums, and from the next the thirds 
and fo on continually. 

V. Add the Remainders^ mentioned in the lafl: 
Article, continually together, in order as they 
follow i the Sum of the two firft will be tht Wine 
Gallons contained at 2 Inches deep, of the three 
firft at three Inches deep, i^cl 

Example. Let the Top-Diatneter be 21, and 
the Bafe 41, and the Height of the Fruftum 7 
Inches. ' 

Then it will be as 56 : 62 :: 20 : 22142, from 
which increafed by i, uking 5,5, there rcffa 
19,642 ; and this multiplied by ,0272, gives 
,53421 for * the rcferved Produft : And therefore 
the Square of half the greater Diameter by ,013^ 
being 5>7^5400> ^^ have 5,4573354i equal to 
the refervcd Remainder. 

The Work will ftand as follows ; 



Sms 



*7o 

>53426 
,0272 



Rmaindtrt 

6AS7S 
.5S43 



BASm 
4.94 3^7 



A->. 



,56«46 
,0272 

pi n H i y «> 

,58866 
^p272 

I I II ■»** 

,0272 

■ I' ' * 

J64306 

^272 

^67026 



4.9«30 
»56»4 

4,3616 

,5«86 

n ' r 

,6158 
3.1572 

2,5H« 
,6702 

■^y< I'll' n « 
1^440 





J 






I 


2 








( 




3 








4 


i 
1 


5 




6 




7' 



4»36»^t 

i4,74ao,t 
S.772^4 

««.5i495 
3»»57o* 

21,6720^ 
2,5^402 

24,18605 
1^84376 

> i" * ' III* • 
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7*d take^ the jyimenfims of a Stilh 
l^irfl: take its true Pe^pth from the Center of 
the fifing Crow.n H, tx> the Center of the Collar 

f, by laying a flat Rule, or the like, acrofe the 
Middle thereof, which $eing done, you niuft: de-^ 
duft the Depth of the Collar from the Depth fo 
taken ; by which means you^l obtain the true 
ileight GH. At the fame time you mayalfo 
find the Altitude of the globical Part or (Zone) 
ABEF, which is joinM to the Body of the Still 
EFCD with large Nails, fo that the Place of 
Contadt plainly appeal's by a Seam that goes qjuite 
round, and this is ufually done by extending a ftring 
diametrically in the S^m £F^ and by obferving 

■^herc 
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where it cuts your Dimcnfiori-Rod in K-; if ypu 
take that Number from the whole Depth, it iat ^ 
evident you'll not only have the Height of the 
Zone KG, bat^lfo KH. In the next place, quar-^ 
terlhe Still, and take Crofs-Diameters i^, rr in 
the-Middle of.every fix, eight, or ten Jnches, the "^^ 
latter is generally fufficient and moft expeditious. 

If you riiake uf^ of Theorem Page 191. at the -^ 
grcatcft Bilge, or broadeft Part of the Still LL. 
At the Top AB, and the Bottom qq^ where a 
Plane would juft touch H, the Vertex of the 
Crown (by the help of your Dimenfion-Rod) take 
*€rofs Diameters, alfo others, exadly in the.Mid^ 
die betwixt the greateft Bul^ LL, and each End, 
viz. AB and j^, as atKK', which are all the 
Dimenfions required j after this manner the fame 
•may be obtained for Coppers and curve-fidcd 
^Veffcls. • 

Addenda*. 

• I* Tho* we have already given all the Rule&for 
.gauging Tuns and Calks commonly phaftifed,»witJl) 
fomc others that have not been publilhM before. 5 
yet I thought it would not be improper to add 
what follows, which in fome Cafes may be of ufe. 

The Theorems Tarn going to offer, arc fct 
gauging Calks whofe Heads are unequal, and con* 
ftquently unequally diftant frorti the BDng or biit 
gingPart, in which Clafs fome or moft Stills, 
' Coppers, and Tuns- with curved Sides may be 
/ank'd. 

Let ABCD {Fig. y±.) beaVeffel made from fome 
of the Varieties mention*d Page 198. by cutting off 

rAD=* 

a Part Q'P from one End, and put 



Then if the original Calk was of the 





91^ T H £ O R 7 iflii . Ch.IV; 



b?5 






1*71? 












And haying by thefe Tbeorems got the Diftance 
of each H^ from the bulgii^ Part, the Content 
of botfa thefe Fruftoim will be found by Chap. i< 
Fsrt. 3. whofe Sum wiU be the Meafure of the 
ycflfcl propofed 

<:#fv/. From thefe Theorems 'twill be eafj to de- 
dood Rules for <:ompming a Diameter at a given 
Difianoe from the Buog^Circle for any of thofe 
Varieties, and from thence the Reafon of the Rule 
for Ullaging a (landing Cafk, Pa^e 233. 
3. Tcjlndibe trueCmttm af the GlobicalPart of 
Still in mn^ Gallons. 

* jRmU. To half the Sum of the Scraares of the 
Top and Bottom Diams. add 4 of the square of the 
Altitude^ multiply the Sum by the Depths and rfiis 
Froduft divided by 294* or multiplied by ,0034, 
and you^I have the Content in Wine Gallons. 

Exan^. Let the Top-Diameter be 21^ Bottom-* 
£)ia$n, 4i,a, and the Height 7,3 Inches. 

OPERATIOli. 

iixzi«44i, 41,2x41,2= 1697,44, and 7,3x7,3x1 



29+ 



= a7-« 



.•.=35,52 ^+-^,^2^^ +35.5^^ 
WiaeGallons, fuarly. 

II, ^i Method far computing Logarithns. 
We fliall now give the Rules for computing 
the Tabular Lqgarichms, as promifed Pagi it. I0 
f rder to which, let a^ b be any two Numbers, of 
which h is the greatcft, put a-^hzis^ and ^— ^=^ 
aUb affume »=r,8685889638 £5?^. then the Tabular 
Log, of a^ h are as follows, viz. h • ^ 
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"WBere A, B, C, e?r. denote the Term going b©: 
Fore refpe6HvcIy. But we may give an Appcoxi- 
xnation fufficient for making tHc Loarithms to 
more Plac^ ihj|n in moft Tables now ufcd. Thus 



Lta+^ •v.j. 



Thefe Approximations arc but Corollaries to a 
geni^ral Method of converting a Series converging 
ever fo flow into another converging fefter. We 
fhall illuftrate both by an fyampUf let the Loga- 
rithm of I X be required^ the Log, of rd is i, lience 
j;s2i» dssx i therefore by the Series this 
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^ L 


: a = 


1,00000000 




As; 


0,04136138 


.^^ = 


:d = 


3»a6 


1?B = 


C = 


5 



L:tf+A + B + C = 1,04139269=3 Log. 11 

T Or, 



•74 ^mBQt^Y mkl O^IV, 
Or^ Ij the Approxunatiott ,;,f^ = gjgfi ^ 

to which add i, the Log. of io, tl^cn we have 
1,04139269 for the Log- of ;;, as found by the. 
Series. 

^•if a and 4+2 are Vfo even K^mbers,* ihe^ 
0+1 is an odd Number, put y=^2a*+4a+t^ 
then the Lc^. of a-tri is expreHbd bf this. Series, 
viz. 

L:^i^L:*-^+^Xj4t^ 

^c. which converges fo faft, that^tis fcar^e worth 
while to ufe any Arts to r^er it more eafy in 
prafticc 5 however, fomc may be definoqj to.havf 
^ AjpfH'Oximation, which is as fpUow;s, viz. 

T . -T-— T . ^^^ ^ « V ^ nearly i op 
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STABLE of the Areas /Segments. 



j 


F.S. 


Stg.A-e^i. 


r.s. 


Seg.Jrfo. 




ooi 


QOOO42 


034 


OO827I 
O0863J 




2 


0001 19 


35 


1 

i 


3 


0002 I J 


36 


00900$ 


1 ^^ 


4 


000337 


37 


00938 j 


1 


5 
6 


.000470 
000618 


38 
39 


009764 
OIOI4J 




7 


00077^ 


40. 


01053^ 




8 


000951 


41 


01093* 




9 


OOI 135 


42 


OI1336 




010 


001325^ 


43 


011734 




II 


001533 


44 


012142 




12 


OOI74Q 


45 


012554 




13 


001968 


46 


OI2971 




14 


002199 


47 


013392 




'5 


002438 


48 


013818 




16 


002685 


49 


014245^ 




'7 


00294a 


50 


014681 




i 18 


003202 


5* 


01511^ 




! 19 

■ 20 


003471 
003748 


52 

. 53 


015561 
01600;^ 




21 


00403 f 


54 


01645:^ 


' / 


22 


00432^ 


55 


oi69ir 


• 


• 23 


004618 


56 


017369 




24 


004921 


57 


017831 




25 


00523Q 


58 


018296 




• 26 


005546 


59 


018766 




^2 


005867 


60 


019230 




28 


006194: 


^ 61 


019716 




29 


006527 


62 


020196 




r 30 


006865 


63 


020689 




31 


007209 


64 


021168 




32 


00755^ 


65 


•021659 




33 I 007915 


66 


022154 


' 




T 2 




067 



^76 Tb^rnEOKY and 

V. S. %. jAvm V. S. 

104 



067 
68 
69 

-70 

71 

72 

73 
74 
75 
76 
77 
78 

79 
80 
81 
82 

83 
84 

^5 
86 

57 
88 

89 
90 
91 
92 
93 
94 

96 
97 
98 
99 
100 

lOI 

102 



022652 
023154 
023659 
024168 
024680 • 

0257^4 

026236 
026761 
027289 
027821 
028356 

02889^ 

029435 
029979 

030526 
031076 
031629 
032186 

032745. 

033307 
033872 
034441 
03501 I 

035585 
03616^ 

036741 . 

037323 
038909 

038446 

039087 

039680 
040276 

040875 

041476 
04Z08Q 



05 

06 
07 
08 

09 

10 
II 

12 

13 
14 

15 
16 

»7 

18 
19 

20 

21 
22 

23 
24 

25 
26 
27 
28 

29 
30 
31 
32 

33 
34 
35 
36 
37 
38 



Gh.iV, 

Seg.Jr»a. 
04268.7, 
043296 
043908' 
04452a 
045*39 

045759 
046381 

04700^ 

047632 

048269 

048894 

04952 S 

050165 

050804 

051446 

052092 

052736 

053385 
054036 
054689 

055345 
056003 
05^663 
057326 
057991 
058658 
059327 

059999 
060672 

061348- 
062026 
062707 
063389 
064074 
064760 
065449 
139 
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»F.& S^.Ana. ^.A Sf^.Jb^a. 


■ 


>39 


o56i4b 


175 


092313 




140 


066833 


176 


093074 




141 


067528 


177 


093836 




142 


068225 


178 


094601 


• 


"43 


068924 


179 


095366 




144 


069625 


180 


096134 


" 


H5 


070328 


i8z 


096903 




146 


07103^ 


182 


097674 




147 


071741 


183 


098447 




r48 


072450 


184 


099221 




149 


073161 


185 


0999^<* 




150 


073874 


186 


100774 




151 


074589 


I87 


»oi553 




152 


075306 


z88 


102334 




^53 


076026 


189 


103116 




154 


076749 


190 


103906 




^55 


077469 


191 


104685 




156 


078194 


192 


105472 




^57 


078921 


^93 


106261 




158 


079649 


194 


ici^osi 




159 


, 080380 


^95 


107844 




160 


081112 


196 


108636 




i6i 


081846 


197 


109430 




162 


082524 


198 


119226 




163 


083320 


199 


11102^1 




164 


084059 


200 


111823 




165 


084801 


20t 


112624 


" 


166 


085544 


202 


113426 




167 


086289 


203 


I 142 30 




168 


087036 


264 


"5035 


' 


169 


087785 


205 


I 15842 




170 


08853^ 


io6 


ii66sa 




171 


089287 


207 


117460 




172 


090041 


208 


118271 




^73 


090797 


209 


ii9c>oo 




174 


09 » 554 ^ 


210 


119897 
211 



87? 



r.s. 
»^« 

212 
213 

"I 

210 
217 
218 

! 219 
220 
221 
222 
223 
224 
225 
226 
227 
228 
229 
230 
231 
232 

233 

^35 
236 

.237 
238 

^39 
240 

241 

242 

243 

.244 

,245 
246 
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eh.rv. 


' Stf. Arta. 


r.5. 


s^.4fftf. 


12071a 


247 


15095I 
151S16 


121529 


,248 


122347 


249 


I5268O ; 


123167 


250 


153546 


123988 


251 


154*" 


124810 


252 


i55?»o 


125634 


253 


150H9 


126459 


254 


157019 


127285 


.^5^ 


157890 


12S113 


256 


15^762 


128942 


257 


159036 


129773 


258 


, 160510 


130605. 


259 


161386 


131438 


260 


. 162263 ' 


132273 


,261, 


j63u<? 


133108 


. 262 


164019 


n39^S 


263 


164899 


134784 


264 


, 165780 


«35624 


265 


. 16666$ 


136465 
137307 


266 
267 


167545 
1684^0 


138150 


26S 


169315 


138995 


269 


170202 


139841 


270 


171089 . 


140688 


271 


171978 


'4153^ 


272 


172867 


142387 


273 


173758 " 


143238 


274 


174649 


144099 


275 


1.755431 


144944 


276 


176435 


^Arsm. 


277 


^77339 


146655 


278 


17822 s 


1475" 


279 


179122 


J48371 


289 


180019 


149230. 


:28i 


180918', 


150091 


282 


18x817, 




. 


28| 



f 
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a88. 

29Q 
291 
292 

293 
*94 

29^ 
295 

297 

298 

299 

301 
302 

303 
304 
305 
306 

307 
30S 

3<>9 
310 

3»i 

3.1a 

3.13 
3>4 

.3.15 
3-1/5 

317 
3«« 



182718 


3«9 


215733 


ij^l? 


3«0 


216666 


I8452X 


321 


217599 


18&J29 


322 


218533 


323 


219468 


i%7*34 


324. 


220404 


1^140 


325 


221401 


189047 


3261 


222277 ■ 


189955 1 


327 


223215 


19Q864 


328 


224154 


191775 ; 


329 


225093 


192^84 


330 


226033 


19359^ 


^31 


2*6974 


194509 


332 


227915 


19542? 


3^33 


228858 


19^337 


334 


229801 


19725^ 


335 


230644 


19816$ 


336 


231389 


1,99085 


337 


232034 


2CX)9?t 


^38 


^32579 


201.^32 


339 


23302(J 


201841 


340 


235473- 


202761 


341 


236421 


203681 


342 


237369 


204i6p5 


343 


23831a 


205527 


344 


239268 


2064^1 


345 


240218 


207376 


346 


241169 


208301 


347 


242121 


^09227 


348 


243074 


^19154 


349 


244026 


?iio.8as 


350 


24498Q 


21201^ 


35' 


245934 


!^i294Q 


352 


246889 


213871: 


353 


247«45 


2,1489^ 


354 


248801. 


T4 
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r.s. 


S^.Jrta. 


r.s. 


Sig. Area. 


355 


^^9757 


39^ 


284568 


356 


250715 


39^ 


28^544 


357 


251673 


393 


286521 


359 


252631 


394 


287498 


359 


253590 


395 


288476 


360 


^5^550 


396 


289453 


361 


^555^0 


397 


290432 


3^2 


256471 


398 


29x411 


363 


^57^33 


399 


292390 


364 


^5^395 


400 


293369 


365 


^59357 


401 


29.4349 


366 


260320 


402 


295330 


367 


261284 , 


4<J3 


29631 I 


368 


262248 


404 


297292 


369 


263213 


405 


298273 


37O' 


264178 


406 


299255 


371 


265144 


407 


300238 


372 


26^111 


408 


30I22d 


373 


267078 


409 


302203 


374 


268045 


410 


303 1 8;^ 


375 


269013 


411 


304171- 


376 


269982 


412 


30515^ 


377 


270951 


413 


306138 


37^ 


271920 


414 


307125 


379 


272890 


415 


3081 id 


380 


273861 


416 


309095 


381 


274832 


417 


310081 


382 


275803 


418 


,311068 


383 


276775 ^ • 


419 


312054 


384 


277748 


420 


3 1 3041 


385 


278721 


421 


314029 


386 


279694 


422 


315016 


387 


280668 


423 


316004 


388 


281642 


424 


316992 


389 


282617 


425 


317981 


390. 


28359a 


426 


318970 
427 
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S. F. %. Ana. 


F.S. Stg.JrM. 


' 


427 


319959 


464 


35673P 




428 


320948 . . 


465 


357727 




429 


321938 


466 


358725 




430 


322928 


467 


359723 




431 


323918 


468 


360721 




432 


324909 


469 


361719 




433 


325900 


470 


362717 




434 


32889? 


471 


3637'5 




435 


32788? 


472 


364713 




436 


328874 


473 


3^57^^ 




437 


329866 


474 


366710 




438 


330858 


475 


367709 




439 


331850. 


476 


368708 




440 


332843 . 


477 


369707 




441 


33383^ 


478 


370706 




44a, 


334829 


•479 


371705 




443 


335822 


480 


372704 




444 


336816 


481 


373703 


■ • 


445 


337810 


482 


374702 




446 


338804 


483- 


♦375702 




447 


339798 


484 


376792 


i 


448 


340793 


485 


377701 


J 


449 


3417^7 


486 


378701 




45P 


342782 


487 


379700 




451 


^43777 


488 


380700 




452 


3U77^ 


489 


381699 




453 


345768 


490 


382699 




454 


346764 


491 


383699 




455 


347759 


492 


384699 


f 


456 


348755 


493 


385699 




457 


349752 


494 


386699 


I 


458 


350748 


495 


387699 


1 • 


459 


351745 


496 


388699 


1 


460 


352751 


497 


389699 




461 


353768 


498 


390699 


( 


462 


35479s 


499 


391699 


• 


463 


355732 


500 


392699 



It 
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It Will be cafy from what was faid above, for 
the Reader to apply thefe Theorems of himfelf. 

^. Sfeekig Silver, Soap,, Candles, Starch, and 
feverill other Cohimodities, are charged According 
to Weight, and fome Frauds having been com- 
mitsed by uTing falfe Scales,, the Officer oi^ht ta 
take pardcular Care in that Point, as to fee if the 
Beam play equally free on 'both Sides Ap Ful- 
crum ; he ought alio tafee if the fi^achia are e-t 
qua! m Length, arid the Beam equaUy heavy on 
both Sides i for any of thefe bemg different, will 
caufe the Wci^t to vary from Truth i for which 
Purpofe *ti». i^QOght convenient td .add the fol- 
lowing 

PROPOSITIOtV. 

fbe ff^eigbts (^ any Body taken in each l^dte of a 
Ballance cf ungual Bracbi^ being ^veti^ to Jnd , 
its true ff^eigbt. 

S O L U T ]( O N . 

Multiply the two Weights togetJier^ and eiaraft 
the Square ^oot of theProdudl, that will be the 
Weight of the Body propofcd. Wig. 7 j. 

For let the Weight of the Body be at, and ^hcn 
it is put in the Scale A, let it wcJdi v> 5 but when 
put in the Scale B, let it weigh W 5 then from the 
known Law ifi Mecban. we have thefe Proportions, 
viz., DC : CE : : «; : x,and DC : CE r : ;v : W,, 
therefore te; : ^ : : y : W, or **=3wx W, that is 

i<=i/wxW. ^ E. 0. 

CoroL Hence we may alfo find the Proportion, 
o ftheB radxia's of thefe Scales, for DC : CE : : * : 

N. R 
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N. B. ^Tis thought proper to add the following Remark 
to Scholium 2. Pag. 256. 

The Bottopis of Common Brewers large Backs 

do generally warp after they have been a little 

time ufed, and become more and more uneven as 

they gcow older, cfpeciatly fuch as are not every 

where well and equally fupported ; many of them 

are fo large and uneven, that 'tis hardly poffible 

to find a true Medium of the Depth of the Wort, 

i^ithout taking a very great Number of Depths, 

^d fome are fo fituate, that it is difficult to take 

jDepths in every Part where it may be neceflary, 

and therefore it is a common Praftice to take one 

Pepth at a Place in the Back (clofe to the SideJ 

which may be always mod conveniently come at i 

then fee all the Wort let down into a Tun, in 

which it may be exaftly gauged, and (if the Dip 

taken in the Back does not happen to be a mean 

one^ nurk on the Side of the Back fuch Addition 

or Abatenient as will make the Gauge of the Wort 

in the Back equal to the Gauge thereof in the Tun, 

which is called fettinga Back by feeing the Wort 

come down ; and this is frecjuently done, becaufe 

mod: large Backs are contmually fettling more 

one way than another. Befides, 

The Dimenfions of large. Backs are (for want 
of more proper Inftruments) generally taken with 
inched Tapes, which are feldom very exadlly di* 
yided, and the Alteration of Weather affedls them 
in their Lengths ; and a very fmall Error in the 
Pimenfions of fuch a large Veffel, caufes a confi- 
derable one in its Area : but by letting the Back 
as above, there will be a G)mpenfation in the 
Pepth for any Error that may asLppc^n in taking 
the other Dimenfipns. So we fhall here put a Pe- 
riod to this Trcatifb, , 

I I N I S, 
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